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Po3gin 1 BekTopna ajrebpa Ta aHaJITUYIHA
reoMeTpisg B mMporpami 3 BUIIOI MaTEeMATUKN

1. Bexkropu. JliniiiHi omepariil HaJT BEKTOpaAMU.
2. JliniitHa KOMOiHAIS BEKTOPIB.
3. Teopemu po3kJiaay BEKTOPIB Ha ILIOIIKHI i B IPOCTOPI.
4. Jliniitno He3asiexkHi cucremu Bekropis. Basuc. Opronopmosa-
Huit 6azmuc.
5. Kyt mix Bektopamu. CucrtemMu KOOpIUHAT.
6. Cxansgprmit 706yTok B R? i foro BmactuBocTi.
7. Josxxuna BekTOpa. Bigcramb.
8. Bekropuuii 106yTok. OCHOBHI BIacTUBOCTI.
9. Mimannit 106yTOK i ioro BIACTHBOCTI.
0. TeomerpuuHnuii 3MicT piBHAHB 3 IBOMA 1 TPhOMa 3MiHHUMH. AJI-
rebpaiuni Jinii @ TOBEpXH.
11. PiBHAHHS TpIMOI HA ILTOIIIHI.
12. PiBusanug nuowuuu i upsaMoi B upocropi (BekTopHa it Koopiu-
HartHa dopmn).
13. Jlimii #i moBepXHi APYTrOro MOPSAKY, iX KAHOHIYHI DIBHSIHHS i
BJIACTHUBOCTI.
14. TlonspHi KOOp AUHATH.



2 BekTopHa ajarebopa

2.1 BekTopnu ii BigHOmIeHHs MiXK HIMH

Bexmopom HA3UBAETHCA BIAPI30K, KiHI SKOrO B3ATi B MEBHOMY MOPSIKY:
OTWH KiHEITh BBAYKAETHCS TEPIUM i HA3UBAETHCA NOYUAIMKOM BEKTOPA, & APY-
ruit KiHemp — KiHueMm BEeKTOpa. BekTopu mo3uav9aoThes abo OIHIE OYKBOIO:
a, abo neoma: AB, e A — nouarok, a B — kinenp Bekropa (puc. 2.1). Bekrop
HAIIPSMJIEH BiJI OYATKY JI0 CBOIO KiHIIS.
BekTop Ha3uBaETHCA HYABOBUM, AKINO HOTO MOYATOK 1 KiHEIb 30iratloThCs.
HynnoBuit BEKTOp HEe Mag BU3HAYEHOTO HANMPAMY i mo3HadaeThes 0.
Joeatcunoro |a| BeKTOpa a HA3MBAETHCS BIJCTaHb MiXK Or0 MOYaTKOM i
kineM. JloBxkuHa HYJIHOBOrO BEKTOpA JI0piBHIOE HyJesi: |0 = 0.
BekTopu a i b dopierroroms onun onnoMy 1 3anucyors a = b, SKIO OfuH
3 HMX MOXKHA JICTATW 3 JAPYroro napajieibHuM iepenocom (puc. 2.1). ko
BEKTOPU JIOPIBHIOIOTH OJIMH OJIHOMY, TO BOHM OJIHAKOBO HAlIPAMJIEHI 1 MalOTb
OJTHAKOBY JOBXKWHY.
BekTopu a i b HazuBamTh KoAtHEAPHUMU i TIH-
A B wyTh a||b , Ko BOHE PO3TANIOBAH] HA MAPATETbHIX
D MpsAMEUX, 30KpeMa Ha OfHi# i Tift camiit mpawmiit. Hy-
' : JIbOBHII BEKTOP MOKHA BBaXKATH KOJiHEApPHUM Oy/ib-
SIKOMY BEKTOPY.

S a Komineapui BekTopu a i b HasuBaoTh cnieHa-
npamaerumu i tumryts a 11T b, akmo micas cywi-
€HHS IIapaJieIbHIM IIePEHOCOM II0YaTKiB BEKTODIB

Puc. 2.1: a= AB I p p p

ixHi KiHIl PO3TAIIYIOTHCSA 3 OHOr0 OOKY Bis IX CITiIb-
HOTO Tovarky (puc. 2.2).

Ao KiHIi BEKTOPIB PO3TAINYIOTHCA MO Pi3Hi OOKHU Big IX CHOIIBHOTO MMO-
garky (puc. 2.2), TO BEKTOPU HABUBAIOTH NPOMUAEHCHO HANDAMAEHUMUY 1
mumyTh a T| b. HyaboBuit BEeKTOp MOXKHA BBayKaTH K CIIIBHAIIPAMICHAM, TaK
i IPOTUIIEKHO HANPAMIEHUM Oy/b-IKOMY BEKTODY.

6



2. BekTopHa anare6pa 7

Puc. 22: bTTc,all b

BekTopu a, b i ¢ HazuBaOTL KOMNAAHAPHUMU, FKIIO BOHU MIiCTATHCH
B NapaJiebHUX ILJIOIIMHAX, 30KpeMa B ofHiil 1 Tili camiii nsommui (puc. 2.3).
HysnboBuit BeKTOp MOXKHA BBa2KATU KOMILJIAHAPHUM OY/1b-AKHAM JIBOM BEKTODAM.

2.2 Jliniiiui onepaiuii HaJ BeKTOpaMu

JiHitiiHuMu onepayiamu HAT BEKTOPAMU HA3WBAIOTHCS OMEPAIlil J0JaBaHHSI
BEKTOPIB i MHOXKEHHS BEKTOPA HA YHUCJTIO.

HomaBaHHsa BEKTOpa a 10 BEeKTOpa b 3a npa-
8UAOM TMPUKYMHUKA [IOJIATAE B TOMY, IO TPe-
6a mapaJjelbHUM MEPEHOCOM CYMICTUTH KiHelb Be-
KTOpA a 3 oYaTKOM BeKTopa b i mpoBecTu BeKTOD
3 HOYATKy BEKTOpa & B KiHelb BeKTopa b (puc.
2.4, a)). [lobynoBanuii TaKuM YUHOM BEKTOD Ha-
3UBAETHC CYMO0 BEKTOPiB a i b i mo3nagaernbes
a + b. Takum 9YMHOM MOYKHA JOJABATH OYIb-sKi
BEKTODH.

JomaBaHHsa BEKTOpPa a 0 BEeKTOpa b 3a npa-
8UNAOM NLAPANEAO2PAMA TIOTATAE B TOMY, III0 TPe-
0a mapasesbHIM MePeHOCOM CYMICTHUTH MOYAaTKH BEKTOPiB a i b i mposectn
BEKTOpP-JiaroHaJb 3 ix crmisbaOro mo4darky. lleit BekTop Oyze cymMoi0 BEKTOPIB
aib (puc. 2.4, 6)). 3a TpaBWJIOM MAPAJIEIOrPAMa MOMKHA JIOJABATH TiIHKU
HEKOJIiHeapHi BEKTOPH.

Q4%

Puc. 2.3:

BJIACTUBOCTI OIIEPAIIIl TOJABAHHS BEKTOPIB
1°a+0=a.

22a+b=>b+a.

2.2. JlimiiiHi omepariil HaJ BeKTOpaMu
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Puc. 2.4: IlpaBusia: a) TpuKyTHUKA, 6) TapaJjesorpama

32a+(b+c)=(a+b)+c.

JloBeieHHS BUXOIUTH 3 pUC. 2.5.

(a+b)+c=a+(b+c)

Puc. 2.5:

42 a|lb = (a+Db)|a,b, npuvomy, axwo a 17 b, mo (a+b) 17 a,b i
|a+b| = |a| + |b|, a, axwo a 1] b, mo a+ b e cnishanpamaenum 3 maxcu-
MasvHum 36 dosotcunoro eexmopom a abo b i |a+ bl = ||al — |b]|.

BekTopom —a, npomusestcHuM BEKTOPY a, HA3UBAETHCA BEKTOD, M KO-
ro 1) (—a)| a, 2) |—a| = |a| (puc. 2.6).

2.2. JlimiiiHi omepariil HaJ BeKTOpaMu
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—a

Puc. 2.6: Bektop —a

BJIACTUBOCTI BEKTOPA —a

1° Jlaa ompumaHHs eexmopa —a mpeba Yy 6eKMOPE & NOMIHAMU MICUAMU
NOYaAMOK & KIHEUD.

2° —(—a) = a.
32 a+(—a)=0.
4 a=—-a<=a=0.

Piznuuero a — b BexkTopiB a i b HAa3WBAETHCS BEKTOpD, JJIs SKOTO a =
=b+ (a—Db).

Teopema 2.1. Sdxwo cymicmumu nowamku eexkmopie a i b i nposecmu ee-
KMop € 3 Kinus eexmopa b 6 wineudb 6exmopa a, mo makxuil eexmop byde pi-
anuyero eexmopise a i b (npasa wacmuna puc. 2.7).

Zosedenns. Mdilicno, b+ c=airomy c =a—b. O

Teopema 2.2. /las ompumanhs eéexmopa a — b mpeba do sexmopa a dodamu
sexmop —b (puc. 2.7).

[osedenns. b+ [a+ (=b)] = b+ [(—b)+a] = [b+(-b)]+a=0+a =
=a. O

Teopema 2.3. Cnpasedausi nepienocms
lla] = |b]| < |a+b| < |a| + [b].

Zlosedenns. BummBae 3 BIaCTUBOCTI CTOPiH TPUKYTHUKA: JOBXKWHA CTOPOHU
TPUKYTHUKA MEHII, Hi)K CyMa JOBXKWH JBOX IHIMUX CTOPiH, aje OLIbI, Hixk
MOJIY/Tb IXHBOI Pi3HHUIIL. O

2.2. JlimiiiHi omepariil HaJ BeKTOpaMu
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Wl
[

Puc. 2.8: ITobyTok BekTOpa Ha YUCIIO

dobymxrom eexmopa a Ha YUCAO \ HABUBAETHCS BEKTOD Aa TaKWii, 110
1) |Aa| = |A]|al], 2) (A\a) ||a, npryomy, skimo A > 0, To (Aa) 1T a, a gxmo A < 0,
To (Aa) 1| a.

BJIACTHUBOCTI AOBYTKY BEKTOPA HA YUCJIO

1° da=0<—= X=0Vva=0.

Heobxignicts. Ilpunyctumo cymporusme: Aa=0 A X # 0 A a # 0. Toxi
|[Aa| = |A||a| # 0. Lle cymepednTs NPUMYINEHHIO, IO A& — HYJIbOBUII BEKTOD.
HocrarHicTh 0OYeBUIHA.

2° (-1)a= —a.
Buniusae 3 o3uaueHHs BEKTOpa —a.
32 A(pa) = (Au)a.

Haa A = 0V u = 0V a = 0 piBricts oueBugHa. Po3rismemo immmi msi
moxksmBocti. Hexait ciogarky 1) Ap > 0. Toxi A (ua) 17 aA (Aw)a 11 a. Tenep
Hexail 2) Ap < 0. Toxmi A (ua) ]l aA (Ap)aT] a. B obox sumagkax |\ (pua)| =
= [Mlpal = [A[|ul|a] = |Aul|a] = [(Au) a].

42 (A +p)a= da+ pua.

2.2. JlimiiiHi omepariil HaJ BeKTOpaMu
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Hoga A = —u vV Au = 0V a = 0 piBuicts oueBuana. Po3rnsnemo mBi
moxkimBocti. Hexait cmowarky 1) Ay > 0. Toxmi |(A+p)al = A+ plla] =
= (A + [l Jal = [Alla] + il Ja] = |%a] + [pal = |Aa+ pal, npouy, A
A>0Ap >0wmaemo (A+p)allan(lat+pa) Taama dN<0Ap<0
maemo (A+p)a 7] a A (Aa+pa) 7] a. Temep Hexait 2) Ay < 0 A A >
> |u| (mas susmagenocri). Tomi [(A 4 p)al = A+ ullal = (A = |u|)la] =
Z lfal — ullal = Pl — |ual = |ha+pal, mpuomy, (A+g)a 11
11T daAn (Aa+ pa) 17 Aa.

52 A(a+b) =Xda+ Ab.

Posrnsimemo  (puc. 2.9) gBa romorerumunux rpukyTHuka: AOAB i
ANOA'B’ 3 xoedinienrom romorerii A < 0.

A/

Ab

B a+b (a+b)=Xa+ b
O B’
a
b
A
Puc. 2.9: A(a+b) = Xa+ A\b
3a sakomamu romorerii OA’ = —AOA, OB’ = —\OB, A'B’ = —\AB.

Ale OA+AB =a+b=0B, OA’'+ A'B’ = \a+ )b = OB’ = \OB =
= Aa+ b). Aunajsioriuno noBoguThCs TBEepIXKeHHs Jya A > 0 ia || b.

6° xwo a||b i a # 0, mo ichye edune wucao A\ make, wo b = Aa, npusomy,

A:{uwm7mm,
~[bl/lal, bTla

OueBugno. Hanpukmazn, ais b 17 a maemo

bl_| bl b
Dol = Plja = o], 21
" ] al

alla :>Ha 17 b.
al

2.2. JlimiiiHi omepariil HaJ BeKTOpaMu
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€auHicTh Yncma A goBemeMo Bim cymporuBHOro. Hexail icHye umciao p # A
Ttake, mo b = pa. Bixnimemo ocramuio piBHicTh Bif piBrOCTi b = Aa, Buiine
0 = (A — p)a. Ockisibku p # A, 70 BuxomuTh, o a = 0. Ie cynepeunrs ymosi
BJIACTUBOCTI.

Bupasa 2.1. Poswupumu npasuio mpukymuuka 00 npasuit MHO20KYMHUKG
0 dodasanms Giavus, HidC 060X 6eKMOPI6.

Bupasa 2.2. Hezati a i b nexoaineapni i BC = 4(fa — b), AB = aa/2,
CD = —46b, DA = a + ab. 3natimu o ma 8 i dosecmu, wo BC|DA.

Bnopasa 2.3. Tpu sexmopu a, b ¢ ¢ € cmoponamu mpuxymuukae. Bupaszumu
MeDiaHYU MPUKYMHUKG 36 00NOMO2010 YUT 6€KMOPIE.

Bupasa 2.4. /laa ymosu nonepedtvoi 3a0a4i supasumu Mediany mpurymHu-
Ka misvku wepes dea eexmopu: a i b.

2.3 Teopemu po3Kaamy

JiHitiH010 KOMOIHAULENO BEKTODIB a1, . . ., &) HABUBAETHCS BUPA3
Arag + -+ Agag,

ae A1, ..., Ay — JificHI 9ucHa, sdKi HA3WBAIOTHCA KoediuteHmamu ATHITUHOT
KombiHauii. Jlinifina koMOiHAIS HABMBAETHLCA MPUBLAALHONO, SKIIO BCi 11
Koe(irieHTH TOPIBHIOIOTH HYJIEBi; B CyIPOTUBHOMY BHIIAIKY BOHA HA3UBAETHCS
HEMPUBLAADBHOTO.

K10 BEKTOP A € MiHINHOI KOMOIHAIIE BEKTOPIB A, ..., ag, TO KAXKYTh,

0 BiH Po3KAGdAGEMDBCSA 33 MU BeKTOpaMu. Bupas
a=\aj;+ -+ \a

HA3UBAIOTH PO3KAGOOM BEKTODA & 38 BEKTOPAMHU A7, . . . , Ak, IACAA AL, . .., \jp —
roeiuieHmamu po3Kaady.

Teopema 2.4 (poskiany Ha upsamiit). Bydv-axutli éexmop, koaineaprudi neny-
ABOBOMY BEKMOPY, PO3KAGIAEMBCA 3G OCMAHHIM | MAKUT Po3KAad E0UHUT.

Josedenns. Hexait BekTop a3 # 0, a BekTop al|la;. 3 Biaactusocti 6 100yTKy
BEKTOpA HAa YHCJIO BUXOJMTD, IO iCHY€E €IMHE INCI0 A TakKe, MO a = Ajay. [

Teopema 2.5 (poskiany Ha miomnwmni). Bydv-axut eexmop, xomnaianaprui
060M HEKONHEAPHUM BEKMOPAM, PO3KAGIGEMDBCA 36 HUMYU T MAKUl Po3Kaad
edunu.

2.3. Teopemmu po3sKJamy
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Zosedenns. Hexait BekTOpu a, a1, as KOMIJIAHAPHI, IPUYIOMY, BEKTOPH a1 1 as
HekosiHeapHi. [lapane pHrM TEpEeHOCOM CyMiCTMMO MOYATKM ITMX BEKTODPIB B
rouni O (puc. 2.10).

az
a10 N

Puc. 2.10: Po3kaang Ha MIOMIUHI

Yepes kinenp P BeKTOpa a IPOBEAEMO MPsAMi, MapajebHi BEKTOpaM aj
i ag. dKmo BeKTOpPWM a; i as He TMEPETUHAIOTHCA 3 TPIAMUMHU, MPOIOBKUMO
iX 70 mepeTuHy 3 NUMU NpaMuME i Hexait N — TOYKA MEpeTHHY BEKTOpa aj
abo #Oro TPOJIOBIKEHHS 3 TMPsAMOI0, a M — Taka K TOdYKa /JId az. JOTUpPUKY-
tauk OM PN — napasesnorpam. Toxi, ockinbku MP || a;, NP || ay, aicraemo
MP =M\a;, NP = pa,. 3Biacu # BUXOIUTH PO3KJIAT BEKTOPA & 33 BEKTOPAMH
a; 1 as:

a:OM+ON:MP—|—NP:/\a1 —|—/J,ag.

Hoeenemo, mo meit po3kaan eawnuii. [IpumycTuMo CynmpoTHUBHE: BEKTOD a
Mag IIIe OJWH PO3KJIAI:
a = aaj + fag,

MpUYOMY, HAIPUKIAI, o = A. BigniMmemo ocramui qBa piBHAHHS:
0=A\—a)a; + (p—P)as.

3BigcH 3HAXOIUMO, IO

(k—5)
a; = ———<ao.
1 A—a) 2
Ile cymepeunTsh HEKOJTIiHEAPHOCTI BEKTOPIB a1 i as. O]

Teopema 2.6 (poskuajy y upocropi). Byde-sxull eexmop poskaadacmocs 3a
MPLOMG HEKOMNAGHADHUMU BEKMOPAMUY | MAKUT PO3KAGD €QUHUT.

Zlosedenns. Hexail BekTOpu ai, as, az HEKOMILIAHAPHI, & BEKTOp a — Oyib-

skuit. TlapajebHUM TEePEHOCOM CYMICTHMO TOYaTKH [UX BEKTOPiB B To4ri O
(puc. 2.11).

2.3. Teopemmu po3sKJamy
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ag

az

N
Puc. 2.11: Po3knaz y mpoctopi

Yepes kinenb K BeKTOpa a MpoBeAeMO MPSAMY, TapajebHy ag J0 TePEeTUHY
3 IJIOLIMHOIO, B sIKiil po3TalioBani BekTopu a;i as (a3 i ag nekosineapni). Hexaii
P — Touka meperuny. Bekrop OP kommianapuuii HeKOJiHEAPHUM BEKTOPAM
a; i ag. 3a HomepesHbOK TEOPEMOI0 BiH Ma€ PO3KJ/aJl 3a LUMU BEKTOPaMU:
a = Jaj + pay. Ockinbkn PK || a3, o PK = pas. Toxi a = OP + PK =
= Aaj + pag + pas.

Hosenemo, mo neit po3kaan eauauit. [IpumycTuMo cynpoTuBHE: BEKTOD a
Mag€ I1e OJUH PO3KJIAJI;

a = aa; + faz + vas,

MPUYOMY, HAPUKIAI, o = A. BimHiMmemo ocramui qBa piBHAHHS:
0=(0A-a)ar+(p—pBaz+(p—7)as.
BuxoanTh Taka piBHICTB:

(1 —P) (p—")

e R

(A—a)

as. (21)

K10 BEKTOPW a5 1 ag KOJIiHEApHi, TO TTpaBa YacTUHA IIi€l PiBHOCTI IM TexK
KosineapHa. lle o3Hadae, 1110 BEKTOpP a; KOJiHeapHWil BeKTOpaMm as i ag. Tomi
BiH M 1 KOMIIJTAaHADHUIA.

ko as }f as, To upasa yacruna (2.1) Hanexkurb Tii camiii miomuni, aKiit
HAJIE?KATh BEKTOPHU Ao 1 ag, AKINO CYyMIiCTATH IX modarku. TaKuM UWHOM, Be-

2.3. Teopemmu po3sKJamy
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KTOpW ajp, as i ag KoMmmiaHapui. lle cymepeunTs yMOBiI Teopemu i JTOBOIUTH
€IMHICTb PO3B’A3KY. O

BekTopu aj, ag, . .., a, HABUBAIOTHCA ATHIUHO HE3AAEHCHUMY,, TKIIO T1Tb-
KU 1X TpuBiayibHa JiHifiHA KOMOiHAIisS JOPIBHIOE HYJILOBOMY BeKTOpY. B cympo-
TUBHOMY BHUMAJKY BOHM HA3WBAIOTHCS ATHIUHO 3AAEHCHUMY. FIKITIO BEKTOPH
JIIHIWHO 3aJI€XKHi, BiAIyKaeThCd X HeTpUBiaIbHA JIiHIMHA KOMOIHAIS, 0 T0-
PIBHIOE HYJIBOBOMY BEKTODY:

Aaj+Aas+ ...+ \a, = 0. (2.2)

Lle o3navae, mo xo4a 6 oxun 3 KoedinieHTiB JiHiliHOT KOMGiHAIIT (HAIPUKIIA,
A1) He gopiBuioe Hysiesi. Toni BeKTOp a; MOXKHA BUPA3UTH 4Yepe3 iHIIl BEKTOPH:

aj=——az—...— —ay,, (2.3)

TOOTO JAiCTATH WOrO JTHIIHY 3a/I€KHICTD Bif WX BEKTOPIB. JKIIO K BEKTOPH JIi-
HiliHO He3aJIeXKHi, 3pobUTH 1e He BIACThCs, 00 B piBHOCTI (2.2) BCi KOedinienTn
niHifTHOT KOMOiIHAIIT TOPIBHIOIOTH HYJEBI.

Teopema 2.7. Cucmema 3 001020 8eKMOPa AIHITHO 3aiencHa MO T MINDKY
moodi, Koau ueli 6eKMop HYALOSUT.

JHosedenns. Heobxinuicrs. JlinifiHa 3a71eKHICTh B JAHOMY BHUIAJIKY O3HAYAE,
[0 BUKOHYEThCA piBHiCTH Aja; = 0, npudomy A; # 0. Toni a; = 0.
Hocraruicts. Hexait a; = 0. Tozxi merpusianbia JiniiiHa KOMOiHAIS TOPiB-
HIO€ HYJILOBOMY BEKTOPY: 1-a; = 0. 3 mpOro BUILIMBAE, IIIO BEKTOP a1 YTBOPIOE
3aJIEXKHY JTHIHHY KOMOIHAIIO. O

BucuoBok 2.1. /J[asa eexkmopie na npamit cucmema 3 00H020 6exmopa modi
1 MiAbKU M0odi 6Yde NHITHO HE3ANEHCHOMN, KOAU Uell 8EKMOP HEHYALOBU.

B meroquaHuX pekoMeHIanisx [5] moBemeni Taki Teopemu.

o

Teopema 2.8. /l6a 6exmopu Ha NAOUUHT NMHITUHO 3a4edCHE MOJL T MIALKU
mooi, KOAU BOHU KONHEAPHI.

BucHoBok 2.2. /[sa 6exmopu Ha NAOWUHE ATHITHO HE3aAAeHCHT MO T MIALKU
modi, KOAU BOHU HEKOAIHEAPH.

o

Teopema 2.9. Tpu sexkmopu 6 NpPocmopi AHITHO 3anrexchi modi U MisbKU
modi, KOAU BOHU KOMNAGHAPHI.

2.3. Teopemmu po3sKJamy
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BucHoBoK 2.3. Tpu 6ekmopu 6 npocmopi AiHitHo-He3aAeHCHT MOodT Tl MIALKY
modi, KOAU BOHU HEKOMNAGHADPHI.

3 PO3IVISHYTUX TBEP/KEHb MOXKHA, 3POOUTH 1€ OJIMH BUCHOBOK: HA MPAMiii,
ILJTONTHHI 200 B IPOCTOPI OYIb-sIKHil BEKTOP MOXKHA PO3KIACTH 3 BiIIOBIIHOIO
JIIHIHHO-HE3aJIE2KHOIO0 CUCTEMOIO BEKTOPIB.

Bupasa 2.5. Poskaacmu eexmop s = a+ b + ¢ no mpvom HexomniaHaprum
eexkmopam m =a+b —2c, n=a—b, p=2b + 3c.

Bupasa 2.6. /losecmu, wo 6ydv-saxa cucmema 3 n > 4 eexmopis AiHITHO
3ANENCHA.

Buopasa 2.7. Bidomi poskaadu 060x 6eKmopie p i q MO MPboM HEKOMNAGHAD-
HUM exmopam a, b i c:

p = oma+ B31b+ ¢,

2.4
q = aza + b + yc. @4

HKa 3aA€2CHICMD NOBUHHG ICHYBAMU MINHC KOCPIUIEHMAMU UYUT PO3KAAIIE,
akwo 1) p=q, 2) a|lb, 8) |p| = |q|?

2.4 Dba3sucn
Kym a,b miosrc sexmopamu a i b (puc. 2.12) o3Ha4a€TbCH TAKUM YUHOM:
1) kyr He Bu3Hauenuil, skiwo a = 0, abo b = 0; 2) KyT JOpPIBHIOE HAWMEHLIO-

My HEBiJI'€MHOMY KYTy MiXK TPSIMUMH, H3 SIKUX PO3TAIIOBAHI BEKTODPH, SKIIO
CyMICTUTH 1XHI TTOYATKH.

a,b

Puc. 2.12: Kyt Mixx BeKTOpamMu

2.4. Basucu
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BJIACTUBOCTI KYTA MI2K BEKTOPAMU

—

1°. 0<a,b<m.

— -

2°. a,b=D>b,a.

) 7

3°. a,b=0<=allb.
4°. ab=r1<=allb.

Ba3ucom HA3BUBAETHCS CUCTEMA 3 JIHIWHO HE3AIEKHNUX YIOPIIKOBAHIX Be-
KTOPIB.

3 [onepeHbOrO BUILIUBAE, IO OA3UCOM Ha MPsAMiil € Oy/ib-siKUil HEHYILOBUH
BEeKTOp €, 10 HAJEXKWUTL T npawmiit. bBaswc nosnadaernesa
< € > 1 BeKTOp € Ha3WBAEThCH OAZUCHUM.

Ha myommuni 6asucom € Oyap-siKa mapa HEKOJIIHEAPHUX YIOPSAIKOBAHUX Be-
KTOPiB, IO HAJIEXKATh Ml miomuHi. ba3uc Ha mIOMIHI MO3HAYIAETHCA < €1, €3 >,
Jie €1, €y — HEKOJIIHeapHi BEKTOPH, sKi HA3UBAIOTh Ha3ucHumu. 3 yrnopsii-
KOBAHOCTI BEKTOpPIB 0A3MCy BUILINBAE, IO HA TIONMHI 6asucn < ej,es > i
< eg,e; > — pisni. Hexait mogarkm BEeKTOpPIB €1 i ey cyMileHi mapaaeTbHuM
[EPEHOCOM 1 ¢ — KyT IOBOpOTY (IIPOTH IOJAMHHUKOBOI CTPLJIKM) BEKTOPA €] 110
cyMileHHs 3 BeKTOpoM eq. fkino 0 < ¢ < 7, To 6a3uC HA3UBAETHCS NPABUM,
a i —7 < o < 0 6a3uc HasuBaETHCA AteuMm (puc. 2.13).

€2
€1

®
€ €2

a) 6)

Puc. 2.13: Basucu na miommHi: a) npaswuit, 6) miBuit

Bizbmemo ynopsinkoBaHy TpiiiKy BEKTOPIB a, b i ¢, modaTku SKuX CyMiIeHi
mapaseIbHIM repeHocoM. Taka Tpilika BEKTODIiB HA3WBAETHCS nPpasoro, SKIIO
3 KiHIg BEKTOPA C MOBOPOT BiJl BEKTOPA a 110 BeKTOpa b Ha KyT a, b crmocrepira-
€TbCsl BUKOHYBAHUM TPOTU TOJUHHUKOBOI CTpiiKK. B cymporuBHOMY BHmaIKy
TpiiiKa BEKTOPIB HA3UBAETHCA A16010.

B npocropi 6a3ucom € Tpiiika Oyab-IKUX yIOPSIKOBAHUX HEKOMILIAHAPHUX
BeKTOpiB: < €1, eq,e3 >. Ili Bekropu nazusaioTh 6a3ucHumu. Bpaxosyiouu

2.4. Basucu
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YIOPSIIKOBAHICT 0A3MCHUX BEKTOPIB, 3 TPHOX HEKOMILJIAHAPHUX BEKTOPIB MO-
JKHA, CKJIACTH IMCTh pi3HuX Oa3uciB. baswmc Ha3uBaeTHCA NPAsUM, SIKIIO HOTO
BEKTODU yTBOPIOIOTH [IPaBy TPifiKy BEKTOPIB, 1 At6UM — Ko JiBy (puc. 2.14).
I ma momuHi, i B mpocTOpi 3BUYaiHO BUKOPUCTOBYIOTHCA MPaBi basucu.

€3 €3

€1 €2

Puc. 2.14: Baszucu B mpocropi: a) npaswuii, 0) jiBuii

3a TeopeMor MpO PO3KJIAJ BEKTOPA Y MPOCTOPI BUXOAWUTH, IO OYIb-AKWii
BEKTOD a y TIPOCTOPi MOXKe OyTH PO3KJIAJEHUM 33 BEKTOpamu 0a3ucy:

a= \e; + \ey + Azes,

i Takuit po3kaa €aquauii. TaKuM 4MHOM, BCTAHOBJIIOETHCHA B3AEMHO OJHO3HAYHA,
BiAmoBinHicTh MiXK BeKTOpamm B mpoctopi 1 Tpifikamu uncen (A1, A2, Az). e
JIO3BOJISIE BBECTH < Iy?KKOBHIl 3aIMC BEKTOPAY

a= ()‘1) A?v A3) é )\lel + )\282 + )\363.

Anaioriyso 3anucyoThCs BEKTOPH Ha, ILIOIIMHI:

a= ()\1, )\2) é /\161 + )\262.

Yuciia A1, Ag, A3 HA3UBAIOTb KOMTLOHEHMAMU a00 KOOPOUHATNAMU BEKTOPA
a.

ITOKOMIIOHEHTHUII 3AIINC BJIACTUBOCTEN BEKTOPIB
I JIIHINHUX OIIEPAIIIN HA I HUMUI

Hexaii B opronopmoBanomy 6a3uci < e, eq, €3 > 3ajaHi ABa BEKTOPU & =

= (A, A2, A3) 1 b = (1, p2, p3)-

2.4. Basucu
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12 s dodasarnsa (sionimanns) deox eéexmnopis a i b mpeba dodamu (sidnamu)
iTHi 610N06I0HT KOMNOHEHMU:

atb= (A% pu1, o % pg, Az £ pu3) .
HiiicHo,

atb=(\e; + \ex + Aze3) & (uie + poes + pses) =
=M tp)er+ A tu)er+ (A3 pz)es =
= (A1 £ p1, Ao £ pi2, Az £ pu3) -

2° ,ﬂ./l,.}l MHOHCEHHA 6EKMOPA HA “YUCAO mpe6a HA UY€e HYUCAO TOMHOHCUTIU ect
U020 KOMNOHEHU:
Aa = ()\)\1, A)\Q, )\)\3) .

JloBOAUTHCSA AHAJIOTIYHO TOMEPEIHIA BIaCTUBOCTI.

3. Bexmop modi 1t miabKu modi MAE HYADOBT KOMNOHEHMU, KOAU 61H HYAbOSUTL:
a=0<= A =X =XA3=0.
Heobxinnicrs. dxiio z = (0,0,0), 1o mist Oyub-AKOr0 BEKTOPa & MAEMO
z+a=(04+A,0+ A2,04+ A3) = (A1, A2, A3) = a.

A 1e o3nauag, mo z = 0.
HocratuicTs. [11g HYyIHOBOTO BEKTOPA AiCTAEMO:

O=a—a= (A — A1, 2 — A2, A3 — A3) = (0,0,0).

4° Bexmopu modi U miavku modi dopienooms 00ur 00HOMY, KOAU MAIOMD
00HaK061 610N06I0HI KOMNOHEHTU:

a:b<:>)\1:u1,)\2:y2,/\3:u3.
HiiicHo,
a:b<:>a—b:0<:>()\1—ul,)\g—u27)\3—u3):(070,0).

Toni 3 momepeaHbOI BIACTHBOCTI BUILIUBAE, MO A\; — p1 = 0, Ao — po = 0,
Az — pz =0, i, Takum 4uHOM, A1 = fi1, A2 = U2, A3 = 3.

2.4. Basucu



2. BekTopHa anare6pa 20

5° Bexmopu xoaineaphi modi 1 miavku modi, KoAU iTHI KOMNOHEHMU NPONOD-
A1 Ao A3
alb<—=—="2=—,
M1 H2 M3

: 0 L .
NPUNOMY, 66ANHCAEMBCA, WO GidHOWENHA § He nopywye nponopyitnocmi. Ila

84GCMUBLCMD YMOYHWEMDBCA MAKUM YUHOM.

aTTb:»H(i)ﬁ>O, Aiy i £ 0,

?

aTLb@H(i)ﬁ<0, Aiy i # 0.

?

dAxmo a = b = 0, To iXHI KOMIOHEHTH HYJIBOBI i 38 JOMOBJIEHICTIO BJa-
crusicTh Bukonyerhcs. Hexaii renep a|lb, a # 0. Toxi icaye uucio A Take, 1o
b = Aa, abo p; = A1, pe = Mg, us = Ag. Le it noBonuts Bi1acTUBICTS.

2.5 CucremMmn KOOpAWHAT

KaxyTp, mo Ha mpsaMiit 3adaHO HANPAM, SKIIO BKA3AHO BEKTOP, PO3TAIIO-
BaHmit Ha mifi mpamiii. Ileii BEKTOp HABMBAETHCSI HANPAMHUM BEKMOPOM
IIPSMOI.

Biccro Ha3WBAETHCS TIPSIMA, HA sKiil 3amaH0 HanpsaM. Bick vacTo 3006paxy-
IOTDh 33 JIOTTOMOT'OI0 CTPLIKH, KA TTOKA3y€ TaKUM CaMUil HApAM, IO i HATIPSAM-

Huil BekTOp (puc. 2.15).
/

Puc. 2.15: Bicb [

Opmom oCi HA3UBAETHCS BEKTODP OJMHUYHOL JI0BXKUHU (OAMHUYHUI BEKTOD),
HAIPIM AKOTO 30ira€ThCs 3 HAIIPAMOM OCi. ZIKIIo HAmpsaM HA OCi 33/ 1aHO BEKTO-
poM a, To ii oproM Gyze BeKTOp € = a/ |a|. BeKTop e HA3MBAIOTh TAKOK OPTOM
BEKTODA a.

Kymom Mmioc 6eKmopom a i 8iccto | Ha3MBAETHCH KyT MiXK BEKTOPOM
a i opTowm e oci I: a/,\l 2 a,e.

APinnoro cucmemoro KoOpOUHAM HABUBAETHCS CYKyHHICTH TOUYKU O
(nowamox wxoopdunam) i 6azucy < ej,eq,es >. Hexait M — zneska ro-
uyka, Toai Bekrop OM nHaszuBaerbcs i1 padiyc-eexmopom. Koopdunamamu

2.5. CucreMn KoopJIUHAT
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mowxku B adiHHIi cuCTeMI KOODAWHAT HA3MBAIOTHCS KOMIIOHEHTH 11 paJiyc-
BekTopa. Akuo OM = (x,y, z), TO TOYKa 31 CBOIMU KOODIMHATAMU MO3HAYA-
erbes gk M(z,y, z) (puc. 2.16). Koopaunara x HasuBaeThcs abcuyucoro, y —
opduramoio, a z — anaikamoro touku M. IlouaTrok KOOpauHAT Ma€E HyTHOB1
koopzuuaru: O (0,0,0).

M(z,y,z)

€3

€1 Yy

Puc. 2.16: Cucrema KoopauHar

Oci, 1m0 BUXOOATH 3 MOYATKY KOOPAWHAT i TMapaJiesibHi 6a3MCHUM BEKTO-
paM, HA3UBAIOTHCA KOOPOUHAMHUMU OCAMU i MAIOTH YTOYHIOYI HA3BH, IO
BiJIMTOBi/IaIOTH Ha3BaM KOOPJAWHAT TOYKH. Tak, HANpPWKJIAJ, BiCh, mapaJjesbHa
0a3MCHOMY BEKTOPY €1, HA3MBAETHCS BiCCIO abCIHC.

Bazuc < e, ey, e3 > HA3UBAETHCA OPMO20HAABHUM, FKINO Oa3uCHI Be-
KTOpH [apamu nepuenaukyisgpai. OproroHaabHuil 6a3uc HA3UBAETHCS OPINO-
HOPMOBAHUM , SKITO OA3NCHI BEKTOPU MAIOTh OJUHUYHY JTOBIKUHY.

Adinna cucrema KOOpAWHAT 3 OPTOHOPMOBAHUM 0Aa3MCOM HA3UBAETHCS de-
KAPMOoB010 NPamorymmoro (abo NpocTo 0eKapmosorn) Cucmemoro Ko-
opdunam. I 6azuc nosnasaersca < i,j,k >.

ko xoua 6 oaMH KyT MiXK napamu 0A3MCHUX BEKTODPIB HE JOPIBHIOE 7 /2,
TO CHCTEMa KOODJIUHAT HABUBAETHCS KOCOKYMHOIO.

2.6 BekTopu B JekapToOBiii cucTeMi KOOpAWHAT

Hexaii A(xa,ya,24), B(zB,yB,2p) — noBinbai Touku, a = (aj,as,as) —
JOBLIBHUI BEKTOP.

2.6. BekTopu B gekapToBiii cucTeMi KOOPAMHAT
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1° Jlas ompumManis KOMNOHEHM 6EKMOPG, 360aH020 KOOPIUHAMAMUY NOYATIKY
U Kinua, mpeba 610 KOOPOUHAT KIHUA SIOHATIU KOOPOUHGTNY NOYGTIKY:

AB = (zp — 7a,yB — YA, 2B — 24) -
Buxoaurs 3 Toro, 1o

AB = OB - OA = (25,yp,28) — (A, YA, 24) =

= (B —TA,YB — YA, 2B — 24),

JuB. puc. 2.17.

€3

€2

€1

Puc. 2.17: 1o BnactuBocTi 1

22 Jlosotcuna eexmopa dopieHIOE KOPEHIO K8a0PAMHOMY 3 CYMU K6adpamie 11020

KOMNOHEHM,:
la| = y/a? + a3 + a3.

CymicTUMO TIO9aTOK BEKTOpA a 3 MOYATKOM CHCTEMW KOODJIWHAT 1 MO3HA-
qumo OM = a1i, MN = asj, NP = ask. Toxi |a|] 6yae noBxunowo aiaronasi
UPAMOKYTHOrO napaJeseninena (qus puc. 2.18), s SKOro BUKOHYETHCs PiB-

HICTb
a=a1i+ asj+ ask = OM + MN + NP.

TakuMm 9uHOM,

la| = |OP| = \/OM? + MN? + NP2 = \/cm

2.6. BekTopu B gekapToBiii cucTeMi KOOPAMHAT
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z
k
P
aa3 j
@) Y
aj
M % N

Puc. 2.18: /loBkuHa BEKTOpa a

3% Bidcmans mioic deoma moukamu 00Pi6HIOE KOPEHIO KEAOPAMHOMY 3 CYMU
K6adpamis PidHuUb 6idN0GIdHUT KOOPIUHAM MOYOK:

|AB| = \/(CCB —x4)’+ (yp —ya)® + (z5 — 24)>.
Buminsae 3 nonepenHix BIaCTUBOCTEN.

Bupasa 2.8. 3adani sexmopu a = (1;5;3), b = (6;—4;—2), ¢ = (0; —5;7) ¢
d = (—20;27; —35). Tpeba nidibpamu wucaa «, (3 iy max, wob eexmopu aa,
Gb, vc i d ymeoprosasu 3aMEHEHY AGMAHY ATHINO, AKUO NOYGMOK KONCHOZ20
N00AABULOZ0 BEKMOPA CYMICTIUMUY 3 KIHUeM Nonepedubozo.

Bupasa 2.9. IIJo mosicha cmeepdicyeamu 6i0HOCHO PO3MAULYEAHHA MPLOT
mouwok A(r1), B(ra) i C(rs), axwo iz padiyc-eexmopu noe’asani cnissionoue-
HHAM: ar] + Oro + yr3 = 0, npuvomy o+ 3+ v = 0.

Bupasa 2.10. 3adani nepwi dei xomnonenmu x = 3, y = —9 eexmopa p i
G020 modyas |p| = 12. Snatimu uel eexmop.

2.7 llongpHa cucTema KOOpAWHAT

Ioaspror cucmemoro kKoopduram Ha NIONMHI HABUBAETHCH CYKYIHICTD

2.7. IlongpHa cucreMa KOOPAWHAT
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TaKUX O0’€KTIB IIJIOMIMHU: TOYKNA P, 10 HA3WBAETHCSI NOAIOCOM; Ta OCi p, STKa,
BUXO/IATH 3 IMOJIIOCA, 1 HA3UBAETHCA NOAAPHON 6tccro. KoopnuaaramMu TOYKA
M BBaxKarTh /Bl BeIUYHHN: NoAApHUl padiyc p > 0, akuil € BiAcTaHHIO Bif
touku M 1o nomioca P; i noaapruti Kym @, Akuil € KyTOM MiXK ITOJISPHOIO
Biccio i1 Bigpiskom OM (puc. 2.19).

M(p, )

P

Puc. 2.19: [longapua cucrema KoopauHAT

Heit xkyT HairgacTiie BUMipIOETHCA B pajliaHax i MPOTH TOAUHHUKOBOI CTPLI-
ku. s p = 0 KyT o He BusHavenwuil (B OLibImocTi BUnaakis Touky M B TakOMy
pa3i OTOTOXKHIOIOTH 3 IOJIOCOM), & JJIsd IHIIMX 3HAYEHb PaJilyCa BU3HAYAETHCSH
3 To4HiCTIO 10 KyTa 27k, k € Z. 3Bu4aifHO MOJSIPHUIT KyT OOMEXKYETHCS ia-
na3oHoOM 3HaveHb [0;27), abo (—, 7]. e ycyBae HEOIHO3HAUHICTS.

Beegemo Ha mIoOmmHI 3 MOJSPHOK CHCTEMOIO KOODAWHAT Ie ¥ JIEeKAPTOBY
CUCTEMY KOOpJAWHAT, cyMmicTuB Ii modaTrok (O 3 MOIIOCOM, a JOJATHY IMiBBiCh
Ox — 3 nonsgprolo Bicco. 3 puc. 2.20 6agumMo, 110 JeKaAPTOBL KoopauHaTu (z,y)

M
B )
p s
: psing
olp pcos A P

Puc. 2.20: IlonsapHi # geKapTOBI KOOPAWHATH

roukn M BUpaxkaroThcst depe3 ii mosnsipHi KoopauHaTh (p, ) 3a dopMmynamu

2.7. IlongpHa cucreMa KOOPAWHAT
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(x =0A, y=0B):
T = pcosy, y = psine. (2.5)
B cBoro "epry mosspHi KOOPIMHATH BUPAYKAIOTHCA depe3 JeKapTOBL TaKUM
amaOM (¢ € [0;27)):

He Bu3HaveHunit; x =0, y=0;

5 z=0,y>0;
. TQerZ, o= 37”; =0,y <0

arctg Z; x>0, y>0;

7 + arctg £; x < 0;

21 + arctg Z; x>0, y<DO.

Ile Bumnusae 3a teopemoio Ilidaropa 3 rpukyrauka OMA: OM? = OA? +
+AM?, p? = 2% + y2. Kpim Toro,

T pcosp

y _ psing

Jlesiki KpUBi B MOJSAPHill cucTeMi KOOPAWHAT MAIOTh OLJIBIT MPOCTI PiBHSIHHS,
HIXK B JIEKapTOBiil cucTeMi KOOPIWHAT.

IIpukaam 2.1. 3anucamu 6 NoaapHit cucmemi K00pIUHAM PIBHAHHA KOAG,
ake 6 dexapmositi cucmemi xoopdunam mae pisnanng 2 + y?> = R2.

Posé’azanna. IligcraBuMo B 3a7aHe PIBHAHHSA KOJA 3aMiCTh X 1 ¢ X BUpasu 3
dbopmya (2.5):

p?cos? o + p?sin® p = R2,

p? (cos® ¢ +sin® ) = R?,

2 _ p2
p = R )
p=R.
Ocranne piBHSHHS 1 € PIBHAHHSM KOJIA B TOJSPHIN CUCTEMI KOODIUHAT. O

Bupasa 2.11. Busecmnu dopmyay sidcmani mioic dsoma moukamu A(p1, p1)
i B(p2,v2) 6 noaspuitc cucmemi xoopounam.

Bupaa 2.12. Odna 3 sepuwun mpuxkymuuxae OAB 3nazodumses 6 noatoci,
061 tnwi cymov mouky A(p1, 1) @ B(p2,p2). 3natimu naowy ybozo mpuky-
MHUKG.

2.7. IlongpHa cucreMa KOOPAWHAT
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Bopasa 2.13. B noaapniti cucmemi K00pouram 6Uu6ecmu PieHAHHA KOAG Pa-
diyca R 3 uenmpom 6 mowui C(po, po)-

2.8 Iloxin Bigpi3zka y 3agaHoMy BigHOIIEHHI
Kaxyrb, mo Touka M diaums eidpizox AB y 6i0HoOweHHT A, SKILO

AM = \MB.

OckibKu Jj1s Bijipiska Touku A # B pizai, To A # —1.

Puc. 2.21: A >0

Teopema 2.10. /Jlas eidpiska, 3adanozo ceoimu xinusmu A (ra,ya,za)
i B(xp,yB,28), koopounamu mowku M (Tar, Y, 2y ), WO HAAEHCUTD TP~
Mitl, Ha Akl 3HaTodumbCs 6idpisox AB, sidwykyromobes 3 Gopmya

A+ Axp ya + A\yp zZA+ Azp
Ty = — = ==,

T+x M7 T M T T
JHosedenns. 3 pisaocti AM = AMB Buxoguthb, 1o
Ty —2Aa =N —2Mm), ymv —Ya = A(YB —Ym),
ZM—ZA:)\(ZB—Z]w).

Po3p’a3yroun 11i piBHAHHS BiZHOCHO KOOpAWHAT TOYKM M, MiCTaEMO IIyKaHE.
O

BucHoBoK 2.4. Koopdunamu cepeduru 6i0pidka, Axi 6i0no6idaroms 3Ha%eHHIO
A =1, moocra 3naimu 3a Gopmyramu

_xat2xB _ Ya+ys _zatzB
xM*Ta yM*T7 ZM*T

2.8. Ilogia Bigpiska y 3aJaHOMY BIJHOIIIEHHI
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Puc. 2.22: A <0

Ao A > 0 (M nanexurs Binpiszky AB), 10 KaxKyTh, wo To4ka M aiurb
Bifpi3ok AB BHyTpimHiM C10COOOM.

Akuio A < 0 (M HaIeKUTH NPOJOBKEHHIO BIIPi3Ka), TO KaXkKyTh, [0 TOYKA,
M ninurte Bigpizok AB 3oBHimHiM cnocoboM (puc. 2.22).

BuopaBa 2.14. 3uatimu gepuiury mpukymuuka, AKUWO cepedun 020 cmopit
maxi: P(3;—2), Q(1;6) i R(—4;2).

BupaBa 2.15. 3adano eepwunu  00HOPIOHOT  mMPurymmHol naGMIGKU
A(z1,11), B(ze,y2) i C(z3,ys). Busnawumu xoopdunamu ii yewmpa mac.
B« a3i6xa Lewmp mac 3Haxodumsvcea 6 mowyi nepemuny mediah.

BupaBa 2.16. 3adano sepwunu  00HOPIOHOT MPUKYMHOL MAGMIEKU
A(x1,y1), B(xa,y2) @ C(x3,y3). dxwo cnoaywumu cepedunu it cmopin, mo
YMBOPHEMBCA HOBG 00HOPIOHA MPUKYMHA naamieka. Jloeecmu, w0 yenmpu
Mac 060X NAAGMIBOK 3012a10MbCA.

B % a 3 1 6 ¥ a. Buxopucmamu pesyabmam nonepeonsvoi enpasu.

2.9 CkangpHuii 100yTOK BEeKTOPiB

2.9.1 O3spauyeHHd 1 BJaCTUBOCTI

Craasprum 006ymxom BEKTOpIB a i b HA3WBAETHCS YUCIIO

A 0, a=0Vb=0:
a-b= —
|a]|b|cosa,b, a#0,b#0.

CkansipHuii 106y TOK BEKTODPIB MMO3HAYAIOTH TAKOXK (a,b).

2.9. CkauagpuHnii 1o00yTOK BEKTOpPIB
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BJIACTUBOCTI CKAJIAPHOT'O 1OBYTKY BEKTOPIB
1°a-b=b-a.
OueBuaHO.
22 A(a-b)=()a)-b=a-(\b).

,ZLHH A>0 MaeMO a, a,b= )\a b = a, /\b a st A < 0 cipaBeiuBo )\a b =
=a, A, \b = 7 — a, a,b. B OCTAHHBLOMY BHUITAJIKY

(Aa) - b = |\a| |b| COS):l-,\b = —X|a| |b| cos <7T - ;T)) =
= Ma||b|cosa,b=A(a-b).
32 (a+b)-c=a-c+b-c.
JliBa gacTuHa piBHOCTI MEPETBOPIOETHCA HA
(a+b)-c=]|c||la+ D] cosafb\,c,

a ImpaBa 4aCTHHA — Ha

a-c+b-c=lal|c|/cosa, ¢+ |b||c|cosb,c =

=|c| <|a| cosa,c + |b| cosl;,\c) .

Takum amnHOM, Tpeda JOBECTH, IO

la+b|cosa+ b,c = |a|cosa, ¢+ |b| cosb, c.
Aue ne BunuuBae 3 puc. 2.23 (Bekropu He 000B’sI3KOBO KOMILIAHAPHI), 60

|a+ b|cos a:b\,c = AD

la| cosa, ¢ + |b|cosb, ¢ = AF + BE = AF + FD = AD.

420<ab<f<=a-b>0, F<ab<r<+=a-b<0
OueBuaHO.

52 a2 = |a|®.

2.9. CkauagpuHnii 1o00yTOK BEKTOpPIB
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Pwuc. 2.23: /loBenennsa BIacTUBOCTI 3

Hiticuo, a® = |a| |a| cos 0 = |al®.
BekTopm a i b HasusaioThes opmozonasbHumu (mo3HAIAETLCT a L b)),

SKITO 1X CKaJIsApHUil 700yTOK mAopiBHIOE HyseBi: a - b = 0. Takum uunOM,

alb<=a=0vVb=0Vva,b=

us
5"
3 o3HAYEHHS CKAJSIPHOTO JT00YTKY BUILTHBAIOTH (DOPMYIIH

— a-b
cosa,b = m7

la| =+va-a.

2.9.2 CkangpHuii 100yTOK B OpTOHOPMOBaHOMY Oa3uci

B opronopmoanomy 6a3uci < i,j,k > ckanspumit 100yTOK BeKTOpiB a =
= (a1, a2,a3) i b = (b1, ba, b3) obumcmoeThest 3a HOPMYIO0

a-b= a1b1 + 0,21)2 + CL3b3,
00
a-b= (ali + G,Qj + agk) . (bli + b2j + bgk) =
= a1b1i% 4 a1boi - j + a1bsi - K+asbij - i+ asbej’+asbsj - k+
+ asbik - i+ agbok - j+asbsk®.

OckinbKy KBaJApaTH OJUHUYHUX BEKTOPIB JOPIBHIOIOTH OJWHWIN, & CKAJISIPHI
JO0yTKM pi3HUX OA3MCHUX BEKTOPIB — HYJ/EBi, TO ¥ BUXOAUTH JOBOIKYBAaHA

dopwmya.

2.9. CkauagpuHnii 1o00yTOK BEKTOpPIB
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Tomy moBKWHA BEKTOPA B TAKOMY Oa3uUCi TOPiBHIOE

la] = y/af + a3 + a3,

KyT MiK BeKTOpaMu & i b BU3HAYAETHCsI 3 PIBHOCTI

a1by + azbs + azbsz

COS;T): 2 2 2 2 2 2’
Vai +a} +a3\/b3 + b3 + b3

a YMOBa OPTOTOHAJIBLHOCTI BEKTOPIB HAOMPAE BUTIISIY

a_l b<= a1by + asbs + aszbz = 0.

2.9.3 [IIpoeknia BekTOpa Ha Bich (HA BEKTOD)
Cxaasproro npoexuyiero sekropa a Ha Bich | (Ha BekTop b) HazuBaeTbhCs

ckasapHuil 100yTOK BeKTOpa a Ha opT oci e (Ha opT Bekropa b):

Pr;a=a-e, Prba:a~m,

(muB puc. 2.24).

Prba

Puc. 2.24: CxajsgpHa TPOEKIlis BEKTOPA

Bexmopnoro npoexuiero BeKTopa a Ha Bich | (Ha BeKTOp b) Ha3UBaETHCA
ckaJIApHuil J0OyTOK BEKTOpa a Ha opT oci e (Ha opT BekTopa b), moMHOXKeHWI

Ha, OpT e:
— — b b
Prja=(a-e)e, Prpa= (a-) —.
bl ) [b]

2.9. CkauagpuHnii 1o00yTOK BEKTOpPiB
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BJIACTUBOCTI IPOEKIIIT
12 Crasapruti MHOHCHUK MONCHG BUHOCUTIU 3-TE0 3HAKY NPOEKULI:
Pr; (Aa) = APr a.
BumninBae 3 anHagorigHOl BJIACTUBOCTI CKAJISAPHOTO H00YTKY.
22 Ilpoexuia cymu eexmopie dopieHIoe Cymi ITHIT NPoeKyit:
Pr;,(aj+as+---+a,)=Pr;a; +Pr,as+ -+ Pra;.
BumninBae 3 BiAmoBigHOI BIACTHBOCTI CKAASIPHOTO 00y TKY.

3% B opmonopmosaromy basuci Komnonenmu eekmopa a = (ay,as,az) € G020
NPOEKYIAMUYU HG KOOPOUHAMHT OCL:

a; =Pr oza, a3 =Prpya, a3 =Pr g, a.

Hiiicno, Hexail opToOHOpMOBaHHUiT Oas3wc Mae BHUIIAN < €1,€z,e3 >. Tomi
Pr o, a = (a1e1 + azes + ases) e = ay.

4 ¢ B opmonopmosaromy 0a3uci 00UHUMHUT GEKMOP a MGE BU2AA0
a = (cosa,cos 3,co87), de cosa, cos, cosy — maK 36aHi HANDAMHI KO-
cunycu oci (sexmopa a, a makodc 6ydv-axozo eexmopa b 11 a), na axid
MICTNUMBCA BEKNOP A, NPUOMY,

a=a,0z, =a,0y, 7y =a,0z
cos® a4 cos® B + cos?y =1,
puc. 2.25.

3 momepemHbOl BIACTUBOCTI BHILIMBAE, IIO JJIA OPTOHOPMOBAHOIO 06a3ucy
< e1,€e3,e3 > i ommHNYHOTO BeKTopa a = (aj, az,a3) HOTO TepIa KOMITOHEH-
Ta a; = Pro,a = a-e; = |aj| |e1| cosa = cosa. AHajorivuHO 1t periTu

~

1 1
KOMITOHEHT.

2.9.4 3acrtocyBaHHA CKaJIIPHOTO J00YyTKY

Pobora cunu F npu mepemimensi MaTepiaabHOI TOYKH y3I0BXK BiZpi3Ka mepe-
mimenasa MIN mopiBHIOE cKaJagpHOMY HOOYTKY CHJINM HA BEKTOP MEPEMIITeHHS:

W =F-MN =Pr yn F - [MN].

2.9. CkauagpuHnii 1o00yTOK BEKTOpPIB
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Puc. 2.25: JIo HanpaMHAX KOCUHYCIB

Pr MNF

Puc. 2.26: Pobora cunmm

TobTo Taka pobOTa JTOPIBHIOE TTPOEKIIT CHJIM HA HAIPSAM TEPEMIIIIeHHs, CKAJIsIp-
HO [TOMHOXKEHOI Ha JOBXKUHY BEKTOpa mepeminients (puc. 2.26).

Hexait kpi3p miomumuky S 31 CTaI010 MBUIKICTIO V PYXAETHCS ra3 abo pimm-
ua. ITorokom II nmporo raszy abo piauau Kpi3hb IIOMUHKY S B HAIPAMi BEKTOPA
n,|n=1,nl S, nazusaerbcs cKajusapHuii 100yTOK BEKTOPA V HA BEKTODP 1,
MOMHOKEHUI Ha, MJIOIUHY TIOMUHKY (puc. 2.27):

II=v-n-u.S=Pr, v -unS.

Ockinbku h = Pr ,v € BUCOTOIO IuIiHIpa, [0 MAa€ OCHOBOIO IJIOMIUHKY S, TO
MTOTIK TOPIBHIOE KiTBKOCTI ra3y abo piaumm, IO MPOTIKAE KPi3b S B HANPIMI n
3a OJIMHUIIIO Yacy.

BupaBa 2.17. 3natimu kym mioic 00UHUNHUMY GEKOPAMYU €1 1 €3, AKULO
gidoma nepneHduKYAAPHICTI® 6exmopie a = ey + 2e2 i b = Hey — 4es.

2.9. CkauagpuHnii 1o00yTOK BEKTOpPIiB
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.

h=Pr,v.

Puc. 2.27: IloTik Kpi3sb NIOMMHKY

Bupasa 2.18. Busecmu gopmyary cxaraprozo dobymxy 080T eexmopis Yy Ko-
CORYMMIT cucmemi KoopouHam.

Bupasa 2.19. Iloznauwumu uepes a i b cmoponu pomba, axi eurodsmov 3i
CNiAbHOT 6epuuHU, 1 dosecmu, w0 dia20HaAT POMOG 83AEMHO NEPTLEHOUKYAAPHI.

BupaBa 2.20. 3uatimu npoexuito 6exkmopa a Ha 6icb, W0 MGE 3 KOOPIUHG-
MHUMYU OCAMU PIBHL 20CMPL KYMU.

Bnpasa 2.21. /Jlosecmu, wo
Pra(b+c)#Pr,b+Pr,ec.
Bupasa 2.22. 3narwuu npoekuii eexmopie na odny G my camy 6ico:
Pr;a=5 Pr;b=-3, Pr;c= -8, Pr;d =6,

YU MONCHA B6ANCAMU, WO Ui BEKMOPU YMEOPIOMb 3AMEHEHY AAMAHY ATHT0 P

2.10 BekTopHuii 100yTOK BEKTOPiB

2.10.1 O3sHadyeHHd # BJIACTUBOCTI

BexmopHum dobymxom [BOX BEKTOPiB a i b Ha3uBaETbCA BEKTOD
a x b, saKuit 3a70BOJIbHSIE YMOBaM (IHB. pHC. 2.28):

) ax bl 0, a=0Vb=0:
a = —
|a| [b|sina,b, a#0,b#0.

2.10. BekTopHuii 706yTOK BEKTOPIB
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c=axb

Puc. 2.28: BekropHunii 700yTOK

2) (axb)La(axb)Llb,

3) Bekropu a, b i a x b yrsopiooorb upaBy Tpiiiky BeKTOpIB.

BekTopHnii 100yTOK TakoX MO3HAYAETHCS [a, b).

Axmo BekTopu a i b HEKOJiHEAPHI, TO MOIYJ/Ib IXHBOrO T00YTKY IOPIBHIOE
JIONI IapaJiesiorpama, o0y I0BAHOrO Ha [UX BEKTOPAX sK Ha CTOpOHAX (pPHUC.
2.28), a TaKOXK JOPIBHIOE MOJBOEHIN IUIOIIl TPUKYTHHUKA, TAK CaMO HOOyI0Ba-
moro Ha a i b:

Smap = |a X b|,

1
STP:§|aXb|.

BJIACTHUBOCTI BEKTOPHOI'O JOBYTKY BEKTOPIB

12axb=0<«<=a]|b.

HeoGxianicTs. Ak axb = 0, ro |ax b| = |a||b] sina, b = 0. ITe MOkMEBO
TiTbKHU TOI, Koo abo a = 0, abo b = 0, abo Sinﬁ) JOpiBHIOE HysTI0, ab0 7. B
yCiX mUX BUIAIKAX BEKTOpH a it b Kosmineapmi.

Hocraruicrs. Hexait a || b. Toxi a6o a = 0, abo b = 0, a6o sinz;,—l\a JIOPIBHIOE
HyTI0, a00 7. B koxkHOMY pasi a X b = 0 3a 03HaYEHHIM BEKTOPHOTO J00YTKY.

22 axb=-bxa.

3 O3HAYEHHS BEKTOPHOTO M00YTKY BUILIUBAE, IO HOTO MOIYJ/Ih HE 3aJIEXKUTh
Big mopsaaky mHOXKHUKIB. Ockijbku BekTOopr a X b i b X a meprnenaukyisapHi
onmHiit i Tiit camiit MJIOMIKHI, IO BU3HAYAETHCA BEKTOpaMu a i b, TO BOHK KOJTi-
HeapHi. AJjie BOHM IIPOTHJIEZKHO HAIIPpsiMJIeH], 00 IpaBi TPifiKK yTBOPIOIOTH CaMe
BekTOpu a, b, ax bib,a, —axb.

2.10. BekTopHuii 706yTOK BEKTOPIB
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32 (Aa) x b=ax (A\b) = A(a x b).
Bes nosenenns.

42 (a+b)xc=axc+bxec.
Be3 moBenenns.

5° Jaa dexapmosuzr opmisixi=jxj=kxk=0,ixj=k, jxi=-k,
ixk=-j,kxi=j, jxk=1ikxj=-i

BractusicTh € HacHiIKOM O3HAYEHHS BEKTOPHOrO MOOYTKY i IOmepemHix
piaacruBocreit. Puc. 2.29 momomarae i1 3amam’sitaTu: sIKINO WTH BiJ OIHOIO
BEKTOpA JI0 JIPYTOro 3a CTPLIKOIO, TO iX BEKTOPHHI JOO0YTOK [OPIBHIOBATHME
TPETHOMY BEKTOPY, a SIKIIO UTU MPOTH CTPIJIKHA, TO BEKTOPHUN HOOYTOK JTOPiB-
HIOBATHME TPETHOMY BEKTODY, Mepel SKUM Tpeda MOCTABUTHU 3HAK «MIHYC».

Puc. 2.29: o Bnacrusocri 5

62 (axb)xc#ax(bxc),
60, nanpukiasi, (ix i) xk=0# -k =1 x (i x k).

2.10.2 BexkTopHUii 106YTOK B OpTOHOPMOBaHOMY Oasmuci

B opronopmoBanomy 0Oasuci < 1i,j,k > BekropHmii 700yTOK BEKTOpIiB a =
= (a1,a9,a3) i b = (by, ba, bg) obuucaOETHCH 38 HOPMYIIOIO

i j k
axb=|a ay a3 |,
b1 by b3

OCKITTbKH, BUKOPUCTOBYIOYH TIOIEPETHIO BJIACTUBICTH, MAEMO

axb

(ali + asj + a3k) X (bli + boj + b3k) =
a1b1il X i+ a1boi x j + a1bsi x k+

2.10. BekTopHmuii 706yTOK BEKTOPIB
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4+ ashij X i+ ashaj X j+ asbsj x k+
+ a3b1k X1+ a3b2k X j + a3b3k x k=
= (a2b3 — ang) i + (a3b1 — albg)j + (a162 — CLle) k=

i j k
a a a a a Qa

—| T i+ P k= ap az ag
b2 b3 bl b3 bl bg

by by b3

2.10.3 3acrocyBaHHA BEKTOPHOTO TO0OYTKY

ko TBepe Tino 3akpimteno B Toumi O, a 1o Toukn M npuknanena cuna F, to
BUHUKAE 00EPTAIBHUI MOMEHT M, SKUH 3HAXOAATH 33 JIOMOMOI0I0 BEKTOPHOIO
no6yrky: m = OM x F (puc. 2.30, a)).

Jliniitna mBUAKiCTS vV TOukM M TBEpIOro Tija, M0 00EPTAETHCS 3 KYTOBOIO
MIBUIKICTIO W, JOPiBHIOE V = w X T, 1e r = OM, a O — nesika HEpyXOMa, TOYKA,
0Ci, HABKOJIO gKOI Tijio obepraerbes (puc. 2.30, 6)).

m=0MxF

F
0 a) 0)

Puc. 2.30: a) obepranbuuii MOMeHT, 0) iHifiHA MIBHAKICTH
Cua F, 3 K010 cTajie Mar"iTHe mMoJjie i€ Ha eJIEKTPOH, JOPiBHIOE

F=SvxH,
C

Je € — 3apsi eleKTPOoHa, V — Horo meuakicTs, H — Hampy»KeHicTh MAarHiTHOTO
[I0JIst, C — €JIeKTPOUHAMIYHA CTaJIA.

2.10. BekTopHuii 706yTOK BEKTOPIB
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Bupasa 2.23. Jaa AKUT YMO6 PIBHAHHA Az = a1 X X MGE PO36 A30K 6I1OHOCHO
x? CKkiavku ichye po3e’askic?

Bupasa 2.24. /Jlosecmu, wo sexkmopHutll dobymox eexmopa a Ha nepneHouKy-
AAPHUT 00 HHO20 0P N PIBHOCUALHUT NOBOPOMY BEKMOPA & HA NPAMUT KyYm
30 200UHHUKOB010 CIMPINKON 8 NAOWLUNE , NEPNEHIUKYAAPHIT opmy 1.

Bupasa 2.25. [lepesipumu, wo eexmopHne muodcenns 0aH020 6eKMopa a Ha
sexmop b wmooice bymu 3amineHo MPLOMA ONEPAUTAMU:

1) npoexmysannam 6exmopa a Ha NAOUWUHY, NEPnendurysapny 00 b;

2) Mo6opomMoOM 0TMPUMAH020 Ti0 “aAC NPOEKMYBAHHA GEKMOPL HE NPAMUL
KYm 34 200UHHUKO0B010 CIPIAKON 6 YKA3AHIT NAOULUHI;

3) MHOMCEHHAM NOBEPHYMO20 BEKMOPA HA MOOYAL MHONCHUKE D.

2.11 Mimanuit 100yTOK BEKTOPiB

2.11.1 O3sHadeHHd # BJIACTHUBOCTI

Miwanum dobymxom (a,b,c) rpbox BekTOpiB &, b i € HA3UBAETHCs CKAJIAD-
Huil 100yTOK BEKTOPHOrO J00yTKY JIBOX BEKTOPIB HA TpETiii:

(a,b,c)é(axb)-c.

Mimrannii 706y TOK TaKoXK MO3HAYAETHCS abc.
BukopucToByroun 03HaUEHHS CKAJIAPHOTO I BEKTOPHOTO J00YTKIB BEKTOPIB,
Mimrauni 106yTOK MOXKHA TTOJATH Y BUTJISIL

(a,b,c) = |a x b||c|cosd = |a||b

sin - |c|cosf = Sh, (2.6)

e o = :;,B, 0= aﬁc, S = |a||b|sin ¢ — nutoma ocHoBU napasieseninena
ABCDA'B'C'D’', h = AE = |c| cos § — itoro Bucora (puc. 2.31).

Takum 9wHOM, MOIY/Ib MIIIIAHOTO O0YTKY BEKTOPIB OPiBHIOE 06’€My mapa-
neserinena, abo moaBoeHOMYy 00’eéMy TpukyTHOI ipusmu (ABD A’ B’ D’ ua puc.
2.31), abo mecrukparaomy 00’emy nipamimu (A’ ABD wua puc. 2.31), nobymoBa-
HUX Ha BEKTOpaxX AK Ha pedpax:

Vﬂap = |(a7b7c)|7
1

Vi = 5 (a.b.e)].
1

Vnip = 6 |(a,b,c)\ .

2.11. MimaHnii 706yTOK BEKTOPIB
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Puc. 2.31: Mimanuii 106yToK

ITosicauTu Tpeba TiMbKKM OCTAHHIO PIBHICTH, SKa BUILIABAE 3 (popMys1 00’emiB
pu3mMu i nipamiju:
1
3w =
3Hak MIMaHoro HOOYTKY MOB’sS3aHUil 3 TUM, IKOIO € Tpiifka BEKTOpiB a, b,
C — TIPaBOIO Y| JIiBOIO:

1 1
h Vaap = 6\(a,b,c)|.

Wl =

1
Vaip = gSABDh =

Vaap, < a,b,c > — mpapa Tpiiika BEKTOPIB,
(a,b,c) ={ papa TP P (2.7)

Viap» < a,b,c > — miBa Tpiiika BEeKTOPiB.

ificHo, 3HaK MilIaHOro AO0YTKY 3a/eKUTh JIMILE Bij 3HaKY cos f 1 Tomy mima-
HUM 10OYTOK JOMATHUN, KOJIM BEKTOP C MA€ HAMPSIM BiJl TIJIONIUHU BEKTOPIB a i
b Takmit camuii, 110 # BeKTOp a X b, To06TO, KoM Tpilika BeKTOpiB a, b, ¢ € mpa-
BOIO. AHAJIOTIYHO JOBOIUTHCS, IO MilTaHuil 100YTOK JIiBOI TPIMKU BEKTOPIB —
Big eMHunii.
BJIACTUBOCTI MIIITAHOT'O IOBYTKY BEKTOPIB
12 (a,b,c) =0 < a, b, ¢ — KomnAGHAPHI.
Heobxinnicrs. Hexait (a,b,c) = 0. 3 dbopmynn (2.6) Buniusae, mo toxi

(a,b,c) = |a x b|c|cosf = 0.

2.11. MimaHnii 706yTOK BEKTOPIB
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Ile MOXXIMBO B TPhOX BUIIATKAX:

l)]Jaxbl=0=axb=0=a|| b,
2) Jc]=0=c=0,
3) cos§ =0=c L axhb.

3 ycix BUIAJIKiB BUILIUBAE, 10 BEKTOPHU &, b, ¢ KOMILIaHAPHI.
Hocraruicrs. Hexaii Bekropu a, b, ¢ komianapui. Toai, sikio Bunajiku 1)
i 2) me maroTh Micus, To Mae Micte Bunaznok 3). Tobro 06or’s13k0B0 (a, b, ¢) = 0.

22 (Aa,b,c) = (a,Ab,c) = (a,b, Ac) = A (a, b, ).

BurmBae 3 BiAMOBIIHWX BIACTUBOCTEHN CKAJISIPHOTO Ta, BEKTOPHOTO J100Y-
TKiB.

32 (a,b,c) = (b,c,a) = (c,a,b) = — (b,a,c) = — (c,b,a) = — (a,c, b).

K10 BEKTOPH KOMTIJITAHAPHI, TO BJIACTUBICTH MOYKHA BBAZKATH JIOBEJIEHOIO.
B mporunexuoMy BHULIAQIKY HA BEKTOpAaX MOXKHA MOOYAyBATH MapaJsieserninesn,
MOIY/Tb 00’eMy sSIKOro He Oyze 3ayiekKaTh Bif MOPSAKY MHOKHHUKIB B MIITaHO-
My JT0OyTKY i JOPIBHIOBATHME MOJYJII0O OCTAHHBOrO. 3HAK MIIIAHOTO JODYTKY
3a BiacTuBicTio (2.7) TOAI BUBHAYUTHCH JIUILE OPIEHTALIEI0 TPifiKK BEKTODIB
(mpaBa BoHA 4u JiBa). AHAII3YIOUH 110 OPIEHTAIIIO, MICTAEMO JOBOIZKYBAHY
BjacTuBicTh. 3amam’starn 11 MOXKHA, 3a JOMOMOIOI0 pHC. 2.32: AKINO HTH 33
CTpiJIKAM¥, TO Tepe/ MillanuM J100yTKOM Tpeba CTABUTHU 3HAK <«ILTIOCY, a HaB-
IMaKu — 3HAK «MIiHYC».

Puc. 2.32: Jo Bnacrusocri 3

2.11. MimaHnii 706yTOK BEKTOPIB
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2.11.2 Mimanuii 100yTOK B OpTOHOPMOBaHOMY Oa3muci

B opromopmoBanomy 6asmci < i,j,k > wmimanumit 100yTOK BekTOpiB a =
= (a1,a9,as3), b = (b1,ba,b3), ¢ = (c1, 2, c3) 06uucHIOETLCH 38 HOPMYIIOI0

ap az as
(av b7 C) = bl b2 b3 5
C1 C2 C3
OCKIiJTbKY
i j k
(a,b,c)=(axb)-c=|a ay a3 |-c=
b1 by b3
a a a a a a
= 2O T T T k(i enj + osk) =
b2 b3 bl b3 b1 bg
a1 az as
a a a a a a
=C1 2 3 — Co ! 3 +c3 ! 2 = b1 bg b3
b2 b3 b1 b3 b1 bg
C1 C2 C3

BopasBa 2.26. J[osecmu kKomnianapricms eexmopie a, b i C, Axuo 8uxonye-
MbCA PLEHICTD
axb+bxc+cxa=0.

Bupasa 2.27. /losecmu, wo 0as 6ydv-axur a, b i ¢ eexkmopua—b, b —c i
c — a xomnaanapui. Sdrxut eomempuunutl 3micm yvboz2o daxmy?

Bupaa 2.28. /[osecmu momoostcHocmi:
a) (a+c,b,a+c) = —(a,b,c).
6) (a—b,a—b—c,a+2b—c)=3(a,b,c).
6) (a+b,b+c,c+a)=2(a,b,c).
2) VY(a, B) (a,b,c+ aa+ Ob) = (a,b,c).

2.12 Iloasiituuit BeKTOpHUiL 7O0OYTOK

[ToasiitauM BeKTOPpHUM J00YTKOM TPHOX BEKTOPIB a, b i ¢ Ha3UBAETHCSA BEKTOP-
Huil TOOYTOK BEKTOPHOro MoOYyTKY JBOX BEKTODPIB Ha Tperiil: (a X b) X c.

2.12. TIloaBiitHuii BeKTOpHHU 100y TOK
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[Tongiitanit BEeKTOPHUI JOOYTOK Ma€ TakKi BIACTHUBOCTI.

BJIACTUBOCTI IIOABIMHOI'O BEKTOPHOT'O JJOBYTKY
12 (axb)xc=b(a-¢c)—a(b-c).

s dopmyna € po3KIaIOM MOABIHHOTO BEKTOPHOIO JODYTKY 38 BEKTOPAMHU
ai b, 3 aKUMHU BiH KOMILTAHAPHUIIA.

2% (axb)xc#cx(axb).
32 (axb)xc#ax(bxc).
3 ycima BJIaCTUBOCTSMHE MOTOAUMOCH 0€3 JOBEICHHS.

Bupasa 2.29. Yu moorcha 3HAUMU 6EKMOP T, W0 600HOYAC 300060ADHAE 060M
pisHAHHAM: XA = « i X X b = ¢, de a, b, ¢ — 3adani sexkmopu i o — 3adanuii
cxansnp?

Bopasa 2.30. Ilouamku mpbox HekOMNAGHAPHUL 6exkmopis a, b i ¢ cymiuse-
Hi. Jlosecu, Wo NAOUWUHG, W0 NPOTOJUMb uepe3 KiHUi YUT 6eKmopie, nep-
nenoukyAApHa sexkmopy a X b+ b x c+ ¢ x a.

Bnpasa 2.31. /losecmu momostcHocmi:
a) (axb) x (cxd)=c(a,b,d) —d(a,b,c).
6)ax(bx(cxd))=(axc)bd—- (axd)bc.
a,b,d) (a,b,e)

_ |«
o) @bo@de) = 4 (ce

2.12. TIloaBiitHuii BeKTOpHHU 100y TOK



3 EaemeHTM aHAJJITUIHOI reoMeTpil

3.1 bBasosi nouarra

AnajituyHa reoMerpid BUBYA€ reOMeTpudHi 00’€KTH B CHCTEMI KOODIAUHAT, B
SIKil 111 00’€KTH MOYKHA OTOTOXKHUTHU 3 MHOXKWHAMU TOYOK, IO 33 I0BOJIBHSIOTH
piBHsHHAM (YU CHCTE€MaM DIBHSAHB), a00 HEPIBHOCTAM (YU CHCTEMAaM HEPIBHO-
creit). Binbim Toro, reomerpudHuM O6’€KTOM BBAXKAIOTH CaMe DIBHsHH#, abo
HepiBHicTh. Ile B meBHOMY ceHCI 3pydHO it e(DEKTHUBHO, X049a B JAEIKHX BHUIIAJ-
Kax IPU3BOJUTH JI0 TOrO, IO T€OMEeTPUYHUN 00’ €KT MOXKe B3araJii He icHyBaTu
(60 oMy BIITIOBIAE TTOPOKHS MHOKHWHA TOYOK ), 00 BUPOIKYBATUCH, HATIPU-
KJIaJ], KpUBA MOXKE CTATU TMAPOI0 TOYOK, aJjI€ BCE OJHO BBAKATHUCH «KPUBOKOY.

Takum 9uHOM, TIEPII 33 BCE HA, MJIOIIMHI BBOAUTHCA JTBOBUMIpHA JEKAPTOBA,
cucrema Koopausar (x,y), a B mpocTopi — tpuBuMipHa (z,y, 2).

JIinie10 Ha NAOwWUuHT HABUBAETHCS MHOXKHUHA TOYOK, KOOPAMHATH SIKHUX
(z,y) 3anoBonbHsAOTH piBHAHEA F (2,y) = 0.

IIpukiazn 3.1. Koso padiycy R 3 yenmpom 6 mowyi (a,b) sadaemvcs piena-

(x—a)*+ (y—b)* = R (3.1)

Pose’azanna. JlificHO, KOO Ma€ TaKy BJIACTHUBICTD, IO OyIb-Ka HOrO TOYKA
M (x,y) 3maxomurbea Ha Biacrani R Bin nenrpa koma A (a,b). Toxi [IMA| =

= R, abo \/(x —a)> 4 (y — b)® = R, 3BiKn MiCas miIHECEHHS 10 KBAAPATY i
BUXOJUTH DiBHAHHS (3.1). O

IIpuknaan 3.2. fxa ainis 610n06idae PIGHAHHIO (x2 — 1)2 +1y2 =07

Posé’asanmns. OQ4ueBUIHO, JiBA YACTUHA DIBHSAHHS CTA€ HyJIeM TOMI ¥ TLIbKH
roui, ko 22 —1 = 01y = 0. Tomy «iiniero» B ganomy Bunajgky rpeba
BBazkaTyu mapy touok Mj (—1;0), My (1;0). O

42
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Hpuknan 3.3. Txa ainia sidnosidae pienanno (x —1)> y2 =02

Pose’asanna. Bei Toukn 3 abcmucoro © = 11 Bei Toukm 3 opauHaramu y = 0
OyayTh 3aJ0BOJIbHATH DiBHSHHS. ToMy «JIiHi€0» € mapa npavmux: © = 1 Ta
y = 0. O

Ipuknan 3.4. fdxa ainis eidnosidae pisnanmio x> +y> = —12

Posé’asanns. Cyma KBaapariB 6yIb-sIKUX BEJUYUH HE MOXKe OyTH Bij €éMHOIO i
TOMY <«JIIHIEIO» € MOPOXKHS MHOXKHWHA TOYOK. Taka JiHig HABUBAETHCA YABHUM
KOAOM. O

IToseprHero Ha3uBAETHCH MHOXKUHA TOYOK, KOOPAUMHATH AKUX (T,Y, Z) 3a-
JIOBOJIbHSIOTH piBHsAHHS F (2,9, 2) = 0.

JIinier0 8 npocmopt € nepepi3 ABOX MOBEPXOHBb, TOOTO MHOMKHHA, TOUOK,
KOODJMHATHU AKUX (T,Y, 2) 33J0BOJIbHIIOTH CUCTEM] DIBHSIHb

Fl (J?,y,Z) 207
F2(337y72’) =0.

@Di2ypoto Ha IJONMHI HABUBAETHCA MHOXKHUHA TOYOK, KOODIUHATH SAKHX
(z,y) 3a00BOJIBHAIOTH CUCTEM] HepiBHOCTEl

IIpukaan 3.5. Ilobydysamu na naowuni @izypy, wo 3a0aHG CUCTEMON He-
pisnocmeti 2 —y <0, y+ 22 —1<0.

Poze’azanma. Tlepiry HepiBHICTB cHCTeMY MOYKHA TIOJATH Y BUTIAM y > x2. Ile
O3HAYAE, 10 TOUKY (Birypu MaOTh OPAWHATH OLIbIIi, HiXK OpAUHATH apPadOIn
y = 22, T06TO TOUKH hirypu posTamosani sumie rpadika miel mapabonn. Ipyry
HepiBHiCTH 3ammmemo y Burisai y < 1 — 2. Buxomurs, mo toukum dirypu
posramosani Huzkde rpadika mapabomu y = 1 — x2. Takum wuHOM, Biryporo €
obacTh, o6MeskeHa nBoma mapabonamu (ams. puc. 3.1). O

Tinaom HA3UBAETHCS MHOKWHA TOYOK, KOODAWHATH SIKUX (I, Y, 2) 38/I0BOJb-
HSIOTH CHUCTEeMi HepiBHOCTE

3.1. Ba3soBi moHaTTda
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Puc. 3.1: [To npuknamy 3.5

3.2 AnarebpaiuHi kpusi it moBepxHi

JocmikeHHs TOBITBHUX MHOXKWH TOYOK, IO 330BOJIBHAIOTH PiBHSAHHS, a00
iX CUCTEeMU, € HEOCSKHOIO 3a4a4et0. ToMy 3 1€l MHOXKWHU BUJTYIaIOTh T IMHO-
JKWHY TOYOK, sIKi yTBOPIOIOTH TaK 3BaHi anmredOpaidni kpusi abo anrebpaivmi
IMOBEPXHi.

Anzebpaiunoro kKpueoro (AtHI€10) HA WIOIKMHI HA3UBAIOTH MHOXKUHY TO-
YOK, KOOPJAWHATH SKUX 33JI0BOJIBHSIIOTH PIBHIHHS

Ayahy 4 ApaPy? =0,

OPUYOMY, TIOKA3HUKM — HeBia emui i uncaa, n = max(k +1,...,p + ¢) Ha-
3UBAETHCI CMENEHEM PIBHAHHS, 8 TAaKOXK nopsadkom atnit. Hanpuxian,
piBasinHg Kosa (3.1) € piBHSIHHSAM APYroro CreneHs, a came KOJo — ajreOpai-
YHOI0 KPUBOIO IPYTOTrO TOPSIKY.

Anz2ebpaiuHor0 NoBePITHer0 HA3MBAITL MHOXKWHY TOYOK, KOOPJAWHATH
SIKUX 3a[0BOJIbHSAIOTH PIBHSAHHS

APyl o ApaPyls” =0,
MPUYIOMY, BCi TOKa3HUKKA — HEBiT €MHI il Jucia,
n=max(k+l+s,....p+q+7)

HA3WBAETHCSA cMeNneHem PIBHAHHI, 8 TAKOXK NOPAIKOM NOGEPTMHI.

3.2. AuareGpaiuni KpuBi ii TOBEpXHI
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3.3 Aunarebpaiuni JiHil mepioro nopaaky

3.3.1 BekTopHe piBHIHHS TIPAMOIL

Hexaii npsiMa 3 HanpsaMHUM BEKTOPOM a = (a1, asz,as),a # 0, IpOXOauTh 4Ye-
pe3 rouku My (29, Yo, 20) 1 M (x,y, z), paalyc-BeKTOpU SIKUX MO3HAYUMO g 1 T,
Bianosizao. Ockinbku Bekropu a i MM kosineapsi, 60 po3ramioBani Ha OHil
i it camiit mpsimiit, To 3 (¢) MM = ta. 3 puc. 3.2 6aunmo, uo r —ro = MM
i Tomy

r —rg=ta.

Mo (0, Y0, 20)

Puc. 3.2: JTo BeKTOPHOTO DPIBHSIHHSA MPSIMOL

[le piBHSAHHS HA3UBAIOTH BEKIMOPHUM PIBHAHHAM NPAMOT. [lepexonsun
JI0 KOOPJMHATHOIO 3ALHUCY, JICTAEMO 3 HbOIO CHCTEMY CKAJSPHHUX PIBHSAHD

r — xg = a1t,
JIJIsI TLTOIITHHA
ISt IPOCTODY Yy — Yo = ast, (3.2)

z — 2o = agst.

[Mepri gBa piBHSAHHS HA3UBAIOTHCA NAPAMEMPUYHUMY DIBHAHHAMY TIPS~
MO% Ha IJIOMIKUHI, a BCl TPU PIBHAHHSA HA3UBAIOTHCI NAPAMEMPUYHUMU DI6-
HAHHAMU NPAMOT 8 npocmopt. 3MiHHA { HA3UBAETHCS TAPAMETPOM.

3.3.2 PiBHgHHSI IpPaMOI HA MJIOMIMHI

Hexait a = (a1, az) — HanpsaMuuii BekTop npsimoi Ha mromuHi. Ockinbkn a # 0,
T0 a1 # 0V as # 0. dkmo a; = 0, 10 3 mepiioro pisHgHHs (3.2) BUILIUBAE,

3.3. AuareGpaiuni JiHil mepHIIoro mopaaKy
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o * = . lle — piBHSHHS BEPTUKAJIBHOI MPSIMOI, 0 TPOXOJUTH Y€Pe3 TOUKY
(20,0) (puc. 3.3, a)). dAkuio xk as = 0, TO 3 HApyroro piBHsAHHsA (3.2) BUXOIUTD,
o 4y = Yo. lle — piBHAHHS TOPU3OHTATHHOI IPSAMOI, TII0 TTPOXOAUTD 9€Pe3 TOUKY
(0,90) (puc. 3.3, a)).
Hexaii Teniep a1 # 0Aas # 0. 3 mepImoro ta Ipyroro piBHAHL MOYKHA, 3HANTH
mapaMeTp t i oTpuMaHi BUpa3u 3PiBHATH OJWH 3 OJHUM:
T—%o _Y—Yo

a1 az

. (3.3)

Take PiBHSAHHS HABUBAETHCH DIBHAHHAM NMPAMOL, WO NPOTOIUMDB “epe3
mouky My (xo,y0) © mae nanpamruti eexmop a (puc. 3.3, 0)).
Hexaii xinumem Bekropa a € rtouka Mj (z1,y1). Tomi a = MeM; =
= (x1 — Zo,y1 — Yo) 1 piBHAHHs npamoi (3.3) crae TakuM:
T—%o _ Y—Yo

1 — o Y1 — Yo

Bouo nazuBaerbes pi8HAHHAM TPAMOT, 110 LIPOXOAUTH Yepes3 Al TouKu (puc.

3.3, 6)).

Yy Yy
Y=Y
Yo
a
M (x1,y1)
=20 Mo (x0,yo0)
x x
ol 0
a) 6)

Puc. 3.3: PiBusnnsa npsamMoi, mo npoxoauTs Yepe3 3a/aHi TOUYKH

Voro mozkHa mepenucaTu sk

Y1 — Yo
Y—Y = (z —20),
r1 — o
abo
y—yo=k(x—1x0), (3.4)

3.3. AuareGpaiuni JiHil mepHIIoro mopaaKy
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ne k= (y1 —yo)/ (x1 — xo) = tg e, a ¢ — KyT Haxuyry Tpamoi 1o oci Ox (puc.
3.4). Pisuganus (3.4) Ha3UBAETHCHA PIBHAHHAM NPAMOT, U0 NPOTOIUMD Ye-
pe3 3adany mouky i mae 3adanuli kymosul xoepiuytenm. Ile piBHaHHS
MOXKHA TIEPETBOPUTH HA Yy = k& + Yo — kxq 1, mo3HauuBmm b = yg — kxg, gicTatu
PIBHAHHSA

y=kxr+b,

L0 HA3UBAETHCHA PIBHAHHAM NPAMOL 3 Kymosum koediuienmom. Beju-
gnHA b € «3aCiYKO0I0», IO 3aJuIIac IpaMa Ha oci Oy, Komu 11 neperunae (puc.
3.5).

Puc. 3.4: k=tgyp

\b y="kx+b

0

Puc. 3.5: PiBaannsa npsamol 3 kyroBum Koedinienrom

3 dopmyau (3.3) micraemo pisHicTb as (z — xo) —a1 (y — yo) = 0, abo asx —
—a1y + a1yo — asxg = 0. B nosnavennsx A = as, B = —a1, C = a1yp — asxo
BUXOJIUTDH piBHHHHH

Az + By +C =0, (3.5)

3.3. AuareGpaiuni JiHil mepHIIoro mopaaKy
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A? + B? £ 0, aKe HA3UBAETHCA 3A2AAbHUM PIBHAHHAM NPAMOT. BOHO TI0-
Ka3ye, M0 IPsAMa, HA TJIONIHHI € aJredpaldHoIO JIHIEI0 MepIoro mopsiaKy.

Teopema 3.1. Pienanna (3.5) sadae npamy wa naowuni. Bydv-axa npama
Moofce bymu 3a0aHa MAKUM DIGHAHHAM.

BucuoBok 3.1. Bexmop n = (A, B), axuil Ha3u8aembscs HOPMAAAIO 00 NPsi-
MO%, € nepnenduryasprum do nei (puc. 3.6).

Yy
M (z1,y1)

Ar+By+C=0
Mo (0, yo)

@)

Puc. 3.6: 3aranbHe piBHIHHS TPsIMOT, BiICTAHDb BiJ TOYKH

KOOPJIMHATHU 3a/10BOJIbHAIOTDL IbOMY PiBHSHHIO:
Axg+ Brg+C =0.

Bignimemo 1e piBHgHHsa Big piBHgaaa  (3.5) 1 gicramemMo  piBHICTB
A(x —29) + B(y —yo) = 0, niBy 94acTuHy KOl [EPENUIIEMO y BUIVIAIL CKa-
JIAPHOTO T0OYTKY BEKTOPIB:

(A,B) - (x = x0,y — yo) = 0. (3.6)

Ockinbku Touka M (x,y) posramoBana Ha npamiii (3.5), TO BeKTOp
(z — xg,y — yo) MOXKHA BBaXKATH 11 HAIIPAMHKUM BEKTOPOM (Ha IpsiMiil po3Tariio-
BaHO 0€3J1iY TOYOK, TOMY 3 HUX MOXKHA 3aBXK/M B3dTH TaKy, I KOl & 7 Xp).
Toni piBusuns (3.6) o3HaYaE UEPHEHUKY/IAPHICTL PAMOL 1 BEKTOpA HOpMa-

Ji. O

3.3. AuareGpaiuni JiHil mepHIIoro mopaaKy
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Hexait B piBHstHHI (3.5) BimbHuit wren # 0. Ilepenecemo ioro B mpasy
JaCTUHY DIBHSHHS 1 MOMIIMMO 00uABI yacTunu piBHanug HA —C':

€T Y
A |
—C/A T /B
IMosnauumo a = —C/A, b = —C/B i HajaM0 OCTAaHHBOMY DIBHSHHIO BULJISIILY
r y
Yo
a + b

Ile piBHAHHS HA3WBAETHCA PIBHAHHAM NPAMOL 6 610pi3Kaxr Ha ocax. Be-
JIMYWHA a Ta b € «3aciukamMu», IO 3aJIUINAE TIPAMa Ha OCAX KOOPAMHAT, KOJIH
neperunae ix (puc. 3.7). Hanpukman, skmo y = 0, 0 £ = a, To6TO npaMa
neperunae Bice Ox B Touni (a;0).

o

Puc. 3.7: Pipagauna mpaMol B BiIpi3Kax Ha 0CIX

3.3.3 Kyt mix aBoMa IpgIMUMU HA ILJIOMIIHI

Bizsmenmo aBi mpsmi I1: y = kix+ b1 1 lo: y = kox + by 1 po3riigremMo 3a1ady, K
suaiitu KyT @ Mk numu (puc. 3.8). Heit Ky BiapaxoByerbes Bijg upsmoi Iy 10
TIPSAMOI [o B TOMY HAIPSAMi, B IKOMY BUKOHYEThCS HARKOPOTIIHiT TOBOPOT Bij oci
Oz o oci Oy. Hexait oy — kyT Mix mpsmoro (1 i Biccio Ox, a ag — Taxwmit cammuit
KyT ajs mpsamol lo. 3 puc. 3.8 6agmmo, mo s tpukytanka MNP kyT as €
30BHIIIHAIM 1 TOMY JOPIBHIOE CyMi ABOX BHYTDIITHIX KYTiB a1 1 : ag = avg + .
Takum 9uHOM, = Qg — Q1 1

tgas —tgag

tgp =tg(az —aq) = Ev—

Ase ky = tgaq, ko = tgas i Tomy

3.3. AuareGpaiuni JiHil mepHIIoro mopaaKy
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Puc. 3.8: KyT mix npavMuvu

3 orpuMaHoi (hOpMYIN BHIHO, IO YMOBOIO MAPAJIETHHOCTI TPSIMUX € PIBHICTH
k1 = ko,

60 Toxi KyT ¢ nmopisuioe 0.
dxmo kyT ¢ =, T0 g = 1 + 5 1 32 popmynoo 3BeeHHa

T 1
tgag = tg (041—1—7) = —ctga; = — ,
2 tgay
TOOTO 1
ko = ——. 3.8
2 o (3.8)

e € ymoBOIO MIEPIEHAUKYIAPHOCTI TBOX MPSAMUX.

Kyt mix gBOMa IpsiMuMu, 1X MapasIebHICTD 1 HEPIEHINKYIIPHICTD MOXKY Th
OyTH BM3HAUYEHI TAKOXK 33 JOMOMOTOK HAMPSIMHUX BEKTOPIB MpsMuX, abo ix
HOpPMaJIEN.

3.3.4 Biacramp Bia TOYKHU 0 IPAMOIL

Bidcmannio 810 mouku 00 Npamoi Ha3UBAETHCs JIOBXKHAHA IE€PIEH UK Y15
pa, OILYIIEHOIO 3 TOYKHU HA IIPAMY.

3.3. AuareGpaiuni JiHil mepoIioro mopaaKy
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Hexait npsma 3anana 3aranbauM piasaasM Ax + By + C = 0 i Tpebda
3HaiiTH Bixcrane 10 Hel Bif Touku M (21,y1). [losnaunvo n = (A, B) — Be-
krop HopMmaui npsamoi, d = MoMy, ne M (zg, yo) — OCHOBA HEpHEHAUKYIIAPA,
oiyieHoro 3 rouku M; na upsamy (aus. puc. 3.6). O6uuciaumMo cKajpsgpHuil 10-
OyTOK BEKTOPIB n i d, BpaXOByOUH, IO BOHU KOJIIHEAPHI i TOMY KyT MiXK HUMU
JIOpiBHIOE a00 HYJII0, a00 7. 3 0IHOTO OOKY

n-d=|n||d|cosn,d =+ |n||d]. (3.9)
3 immmoro 60Ky

n-d=(ADB)-(r1—20,y1 —Y) = A(x1 —20) + B (y1 — %) =

3.10
= Axy + By, — (Axo + Byo) = Azy + By, + C, (3.10)

OCKiTbKY TOUKA My MiCTUTHCSA Ha MPAMiit 1 TOMY 11 KOOPAMHATH 33/ TOBOJTHHSIIOTH
piBusuag Azg + By + C = 0. 3 dopmyn (3.9) 1 (3.10) orpumyemo piBHicTb
+ |n||d| = Azy + By: + C, a nani, 3 ypaxyBanusiM TOro, o |n| = v A2 + B2,
JICTaEMO

VA1 B2

s dopmyna Ha3uBaETHCS POPMYA0t0 8idcmamt 610 MOYKU 00 NPAMOL.

d| =

Buopasa 3.1. Tpuxymuuk mae sepwuny C (5;2) , pienanns deox Gozo cmopin
edbr —2y—3=0i2x+4+y—12 = 0, a 0dHa 3 U020 BUCOT MAE DIGHAHHA
4z +y— 18 = 0. 3natimu Kym misc cepednboro AIHIEI0, UL CNOAYUAE CMOPOHU
AC i BC i cmoponoro AC.

Bupasa 3.2. Jlogecmu, wo ymosy, 3a axoro mpu mowku Mq(x1,y1), Ma(z2,y2)
i Ms3(zs3,ys) Haaeorcams 00Hil NPAmIt, MOAHCHA 3ANUCATMU 6 MAKOMY 6UAADL:

Ty oy 1
T2 Y2 1 =0.

x3 y3 1

Bupasa 3.3. Jlosecmu, wo Gopmysy 0ri BUSHAUEHHA KYMG MINHC NPAMUMU
Az + Biy + Cy =0, Asx + Boy + Co = 0 moorcHa 3anucamu, Yy 6uzaadi:

A1By — A By

tgp =12 21
8Y = A A, — BB,

3.3. AuareGpaiuni JiHil mepHIIoro mopaaKy
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3.4 Ilaomimua

3.4.1 PiBHIHHS ILIOIMWHNI

Bizbmemo Ha TIOMUHLI p JABa HEKOJIHEAPHI BEKTOPW U 1 V, TOYATKU SKUX
cymimeni B touni My (zo, Yo, 20), Ta we oxuy touky M (z,y,z) (puc. 3.9).
IIpoBenemo B Touky M, paiyc-BEKTOp rg, & B TO4Ky M — paziyc-BeKTOp T.

Puc. 3.9: BekTopHe piBHAHHS TIIONAHA

Toni 3a TeopeMoI0 po3KIaJAHHS JJIS TIJIOMIUHE BEKTOP T — rg = MM MoxHaA
PO3KJIACTH 33 BEKTOPAMH U i V €IUHUM CIIOCOO0M, TOOTO 3HANAYyThCA uncia t i
T, I IKAX Oy/e CIpaBenBa PiBHICTH

r—ro=tu+7v.

Le piBHAHHS HA3WBAIOTH BEKMOPHUM NAPAMEMPUIHUM DIBHAHHAM NAO-
WUHY, a BEJIMUYWHA ¢ 1 T — mapaMeTpaMH.
OueBnHO, IO BEKTOPHU U, V i I' — Iy KOMILIAHAPHI, TOOTO TX Mimanwmii mo-

OyTOK € HyJIeM:
(u,v,r —rg) =0. (3.11)

[e piBHSIHHS HA3WUBAIOTH BEKMOPHUM PIBHAHHAM NAOULUHU.

Hexaii BekTop u 3akinuyerncs B rouri My (1, Y1, 21), & BEKTOP V — B TOUII
M2 ($17y2,2’2). TO,ZI;i u = MOM1 = (Il — Zo,Y1 — Yo, 21 — Zo), vV = M()MQ =
= (z2 — %0,Y2 — Yo, 22 — 20). Kpim Toro, r —ro = (z — 20,y — Y0,z — 20). e

3.4. Ilnommua
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03HAYAE, 10 BEKTOPHE piBHAHHS rionmau (3.11) MOXKHa epenucaru y BULIIsiI
BU3HAYHUKA,
T—%o Y—Y Z—Z0
1 — o Y1 — Yo <1 — <o = 0. (312)
L2 —ZTo Y2—Yo 22— %20

OcranHe piBHSHHS HA3UBAETHCH PIBHAHHAM TAOULUHU, ULO NPOTOdUmMb
wepe3 mpu mouku (Mg, My 1 Ms).
SIKINO PO3KPUTH BU3HAUHUK 38 €JIEMEHTAMU MEePINoro Psiika, BUiIe pPiBHs-
HHS
Y1 — Y 21— %20 21— 20 T1— X0
(x —xz0) +
Y2 —Yo 22— %20 22 —Z0 T2 — o

(Y —vo) +

T —x —
I 1 0 Y1—Y% (z—zo):O.
T2 —Zo Y2 — Yo

[lozHauwBIY BU3HAYHUKHU B Tilf TOCJITOBHOCTI, B AKiff BOHHM 3yCTPidaiOTHCA B
piBusiHHi, yepe3 A, B, C, nicraHeMo piBHSHHS IUIONWHA Y BUATJISA

A(x—z0)+B(y—yo)+C(z—20) =0.

[le piBHSAHHS MOXKHA HA3BATU PIBHAHHAM NMAOULUHU, ULO NPOTOOUMb “e-
pe3 mouwky M.

Poskpurrsa nyxok jae Az + By+Cz+ (—Axg — By — Czp) = 0. Jonasiiu
no3uadennss D = —Axy — Byg — Czg, mpuiizemo 10 piBHIHHS

Az + By+Cz+ D =0, (3.13)

sIKE€ HA3UBAETHCS 3G2QAbHUM PIBHAHHAM TLAOULUHU. 3 HHOI'O BUILIUBAE, 110
TJTOIIWHA, € TIOBEPXHEIO TEPIIOr0 MOPSIIKY.

Haa sunagky A # 0, B = C = 0, maemo piBusausg Az + D = 0, abo
x = —D/A. le o3nauae, M0 /jid TAKOI NJIOMIMHU KOODIWHATA & € CTAJIOI0,
a KOODAWHATH Y 1 z MOXKYTb HAOUPATH OyIb-sKUX 3HAYEHb HE3AJIE’KHO O/IHA
Biz Oz1HOI, TOOTO ILIOIIKMHA BUXOAUTH IIapaJiesibHo 1omubi yOz i 1poxoauTs
gepe3 Touky (—D/A;0;0) (puc. 3.10, a)). Awamoriuno myst sunagxis A = 0,
B#0,C=0iA=0,B=0,C # 0 0yzemM0o MaTu NJIONUINHHU, TAPAJIEIHHI
koopauaaTHUM wiomuaaM 0z ta Oy, BiAMOBIIHO.

drmo A # 0, B # 0, C' = 0, 3arajbHe PiBHIHHS IUJIOMWHA CTAE€ TAKUM:
Ax + By + D = 0. Buxonurs, 1110 KoopauHaTa 2 MOXKe OyTH Oy/Ib-sKOI0, a KO-
opiaMHATH T 1 y noB’si3aHi piBHsaHHAM LpaMol Ha mwiommui xOy. Taka miomuna

3.4. Ilnommua
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mapasenbna oci Oz, a i1 mepepizom 3 mwaomuuo rOy € mpsiMa, 3 PIBHIHHIM
Az + By + D = 0 na uiii miomuni (puc. 3.10, 6)). Ananoriyuo piBHsAHHS
Ax+Cz+ D =0m1a By+ Cz+ D = 0 € piBHAHHSIMU ILIOIINH, MapaelbHIX,
BianoBizHO, KoopauHarHuM ocsiMm Oy ra Ox.

z z
i
[
[
|
[
Or--+——y Y
7/
7/
7
ZD/A Az +By+D =0
r x
a) 6)

Puc. 3.10: OcobuBi MOJIOKEHHS IJIONUH

dxmo xk A = B = C = 0, To Bce 3aJeXuTh Bix BimbHOrO wiexna D. s
D # 0 3arayibHe piBHIHHS [JIONUHY CTAE HEMOXKJIUBUM 1 «TJIOIMIMHAY € YABHUM
reomerpudauM 00’e¢kToMm. ms D = 0 maemo Ttoroxkuicts 0 = 0, sgky 3a10-
BOJIBHSIOTH KOOPAUHATH OYIb-sIKOI TOYKH MPOCTOPY. ToOTO i B 1bOMY BHIIAIKY
«IUIOIIMHAY IIE€PECcTae OyTH TAKOIO 3 TOYKH 30Dy €JIEeMEHTAPHOI MAaTEeMATUKH i
TIEPETBOPIOETHCA B TPUBUMIPHUI TTPOCTIP.

Teopema 3.2. Hexati A2+ B2+C? # 0. Todi pisnanna (3.13) sadae naousumy.
Byov-axa naouwura mooce bymu 3a0aHaG MAKUM PIBHAHHAM.

Bucuosok 3.2. Bexmop n = (A, B,C) # 0 Ha3usaemsvcs HOPMAAAIO 00
NAOWUHY | € NEPNEHIUKYAAPHUM 00 HEeD.

Zosedenns. Amasoriuno pisasuHIO (3.6) JJisi NPAMOI MOYKHA OTPUMATH DiBHS-
HHSA

(A»B»C)'(x_foay_yO»Z_ZO)ZO

TSt TITIOIIMHM, 3 STKOTO BUXOJNTh, 10 N~ (r — ro) = 0. OcKiabKu BeKTOpH (SKIIO
3BAXKUTHU HA JOBLIbHICTH TOUKU M) r — rg MICTATHCA B ILIOMIUHI, TO OCTAHHS
PIBHICTH O3HAYAE TMEPIEHANKY/SIPHICTD BEKTOPA N 1 TJIOMIWHM. [

3.4. Ilnommua
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Hexait B piBasuHi (3.13) Binbuuii wien D # 0. Ilepenecemo iforo B mpasy
9aCTUHY PIBHAHHS 1 MOMiINMO O0MIBI YaCTWHY piBHAHHS HA —D:

x Y z

=1
“p/A T ~p/BT “pjC
[Mosunaunmo ¢ = —D/A, b= —-D/B, ¢ = —D/C i HagaM0 OCTaHHBOMY DPiBHSIH-
HIO BUIVISIIY
x z
Ti¥iZon
a b ¢

[le piBHSHHS HA3UBAETLCA PIBHAHHAM NAOUWUHU 6 610PL3KAT HA OCAT.
Benmunnun a, b, ¢ € «3aciukamMus, 110 3aJIMITAE TIOMIMHA HA OCSIX KOOPJIWHAT,
KoJin Tx meperunae. Hampukian, sakio y = 0, z = 0, T0 = @, TOOTO TIOMWHA,
neperunae Bick Ox B Touni (a;0;0) (puc 3.11).

z

Puc. 3.11: PiBusiHHSA MIOMUHA B BiZpi3Kax Ha OCIX

3.4.2 Biacrasp Big TOYKHN 40 MJIOINUHU i
B3a€MHE PO3TAIILyBAHHS ABOX ILJIOINH

Bidcmanm1o Bif TOYKY 10 TIIONTUHU HA3UBAETHCS JOBKUHA, MEPIIEHIUKYIISPA,
OIYIIIEHOTO 3 TOYKM Ha IIomuy. Bincrans Bix Touku My (2, Yo, 20) A0 MIO-
[IMHY, M0 33/aHa 3arajbiuM piBHgHHAM (3.13), 06uncioerbes 3a HOpMyIIon0

_ ‘AZ‘O + Byg + Czy + D|

d
VAT BZ+ 7

3.4. Ilnommua
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Hexait aBi maomuuu p; i py 3amani piBasaaamu: Aix + By + Ciz +
+D; = 01i Az + Boy + Cyz + Dy = 0. OnauM 3 KyTiB Dy, p; MiK HEMI
BBaXKaIlOTh KYT MiXK IXHIMA HOpMaJISIMHU:

A1As + B1 By + C1Cy
VAI+ B+ C3\/AZ + B3 +C3

—_— —
COSP1, P2 = €COSNy, Ny =

e ny = (A, B1,C1), ng = (Ag, By, Cy). Inmmit KyT JONOBHIOE KYT D1, P2
0o T ¢ = T — p1, pa. HeBaxKko 3po3yMiTH, 10, BUXOASYN 3 KOJIHEAPHOCTI
## OPTOTOHATHLHOCTI BEKTOPIB HOpMaJeil, MOKHA BU3HAUYUTH MaPAJEIbHICTH i
MEPIEHIUKY/ISIPHICTD TLIOIIWH:

A _B_G
Ay By Cy’
1 J_p2<:>n1J_nz<:>n1~n2=0<:>A1A2+BlBQ+ClcQ=0.

p1 || p2 <= mn || np <=

Bupasa 3.4. Jlosecmu, w0 piSHAHHA NAOWUHU, AKA NPOTOOUNDL YePE3 TNOYKU
(z1,y1,21) 1 (22,Y2, 22) NEPNeHIUKYAAPHO NAOULUHI

Az + By+Cz+ D =0,
MOHCHA 3GNUCATNY Y 6UAAJL
Tr— X Yy—1y =z

To—T1 Ya2—y1 22—z |=0.

A B C

Bupasa 3.5. rxwo naowuna nporodums wepes mpu mouku (T1,Y1,21),
(z2,y2,22) 1 (x3,Y3,23), MO il PIGHAHHA MOHCHA 3ANUCATNIU Y BULAAJL:

r y =z 1
x z1 1
1 W 1 —0
i) y2 zZ9 1
z3 Yz z3 1

Bupasa 3.6. Obvwucaumu 6idcmans Midc NAOWUHAMY, ULO 3000HT PI6HANHA-
mu: 11e — 2y — 102+ 15=0, 11z — 2y — 102 — 45 = 0.

3.4. Ilnommua
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3.5 [IIpama B mpocTopi

3.5.1 Cucremu piBHIHb NPAMOT

VY upocropi HanpsMuuii BekTop a = (a1, as,a3),a # 0, npsamoi | Mae Tpu
kommnoHenTu. fAkuio a1 = 0, as # 0, ag # 0, 0 cucremy (3.2), BUKIIOUAIOYM 3
i1 piBHsiHb napamMerp t, MOXKHA IIEPETBOPUTHU HA TAKY:

T = Xg,
a 3.14
z=—3(y—y0)+zo. ( )
a2

Lle o3nauae, 1mo mpsiMa [ € mepepi3oM JIBOX TIONINH, CaMe PO3TAIIOBAHA B TIIIO-
ITIHI T =
— 3 / 3 A H

= xp 1 npoekryerbca B npamy [ 3 piBasuaam (3.14) wa mioumni yOz (ta-
KUM YMHOM, IpsMa napasesnbHa uiil monuni). et Bunanok inocrpye puc.
3.12. Anasoriuno, mist Bunagaky a; # 0, ag = 0, ag # 0 Mae MO npsimy, napa-

z

Lo

Puc. 3.12: [Tapanesnbuicts npsimol monmai yOz

smenbuy ol Oz, a misa Bunaiky a1 # 0, as # 0, ag = 0 mictaemo mpsmy,
mapaJsenbny mionmHi z0y.

3.5. IIpgama B mpocrtopi
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KO ABI KOMIIOHEHTHW HAPSAMHOTO BEKTOPA TPAMOI JOPiBHIOIOTH HYJIIO,
Hanpuknan, a; = 0, ag =0, az # 0, To cucrema (3.2) Habupae BULIIsLY

T = X,

Y = Yo,
z = 29 + ast.

Tpere piBHAHHS MOXKHA BIIKHHYTH, 00 BOHO O3HAYAE TIJIbKH T€, 10 KOOPINHATA,
z MOxKe OyTr OyIb-AK0M0. TakuM IIHOM, MPsIMa | € Tepepi3oM IBOX MJIOIINH & =
To 1y = yo, 00maBi 3 gxux mapaJenbHi oci Oz, TOMy it mpgMa TmapaJjelbHa i
oci (puc. 3.13). Anasioriuno, skmo a; = 0, as # 0, az = 0, npsma napaJejabHa

|
|
|
|
|
| Yo
*

Zo

(x()vyOaO)

Puc. 3.13: [Tapasenbricts mpsamMoi i oci Oz

oci Oy, a, ko a1 # 0, ag = 0, ag = 0, upsima napasensra oci Ox.

Hexaii reuep a; # 0, ag # 0, az # 0. AdKio B KO2KHOMY 3 TPbOX PiBHSHb
cucremu (3.2) BUpa3uTH napamerp ¢ Yepe3 iHIl BeJIMUuHY | 3pIBHATH OTpUMAaH]
BUPA3U OIWH 3 OJHUM, BUNIE CUMETPUIHUIN 3aITUC BUTJISATY

T — Xo Y—%Yo 2 — 20
= = , (3.15)
ai a2 as
SAKUN HABUBAETHCA CUCTMEMOIO PIBHAHD NPAMOL Y NPOCMOPL, ULO NPOLO-
dumob uweped moury My 1 mae Hanpamruli eexmop a. Ilonepenni suna-
KM MOX@KHA JIICTATH 1 3 I€l cUCTeMU, AKIIO JOMOBHTHUCH, 1110, KOJIU 3HAMEHHUK

JApo0y JOPIBHIOE HYJIIO, TO ¥ BiAIOBIIHUI YHCETBHUK TEXK JOPIBHIOE HYJIIO.

3.5. IIpgama B mpocrtopi
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Hexaii manpsmuuit Bekrop Mae Burian a = MeM;y, ne M (x1,y1,21) —
TOYKa, po3rarioBana Ha npsmiit. Toxi cucremy piBusub (3.15) MoKHA 3anucaru
TaK:

T—%o  Y—Y _ Z— %0

T1 — Zo Y1 — Yo 21— 20
Terep BoHA HABUBAETHCH CUCTNEMON PIBHAHL NPAMOL, WO NPOTOdUMB
yepea dei mouwru (My i M).

Axmro 3amani aBi mpsMi [y i lo 3 HATPAMHUME BEKTOPAMU, BiIMOBIIHO, a =
= (a1,a9,a3) i b = (by,bs,b3), TO OIUH 3 KyTiB MiXK NPAMUMY BU3HAYAETHCS
KYTOM MiXK IXHIMU HAIIPSIMHUMHA BEKTOPAMU:

— —- aiby + azbs + azbs
cosly,lo = cosa,b = .
Va3 +a} + a2 \/b3 + b3 + b3

Jpyruit KyT JOpiBHIOE @ = T — ll/jg. ITapamenbHicTh 1 MePHEHIUKYIAPHICTD
IPAMUX T€XK BH3HAYAETHCH PO3TAIIYBAHHSIM HANPAMHUX BEKTOPIB:

ap Gz  ag

BTl by
li1Llhy<=alb<=a-b=0<«= a1b + asby + aszbs =0.

l1 ||l2<:>a||b<:>

3.5.2 BszaemHe po3TalyBaHHA NPAMOI i NJIOMIUHI

Kyrtom ¢ Mixk mpsiMoio [ i TI7IONUHOIO P HA3WBAETHCS TOCTPHUI KYT MiXK MPSIMOIO

n(4, B,C)

Puc. 3.14: Kyt MixX mpsMoIo i TIIOMIITHOIO

a = (ay,a9,a3), a wiomuna mMae HopMaab n = (A, B,C). Cunyc Kyra Mix
MPSAMOIO 1 TIJIONUHOI MOXKHA, 004ucauT 3a HOPMYIIOI0

sing = ‘cos (Eiap)’ = |a~n|.
2 |af |n

3.5. IIpgama B mpocrtopi
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[TapaneabHICTL TPAMOI i TJIOMUHA O3HAYAE MEPIEHINKYIIPHICTH BEKTOPIB a i
n, a NepIeHINKYIAPHICTD MPAMOI 1 TIJIOMIHI — KOJIiHEAPHICTH a i n:

l|pe=aln<=aA+aB+a3C =0,

ap az as

A B C°

Bupasa 3.7. /Jlosecmu, wo PIBHAHHA NAOUWUHY, AKG NPOTOJUMb “epe3 nepe-
MUHHL TPAMI

llp<=a|n<

s T S T — T2 Y—Yy2 22— 22
Iy mi ni ’ lo ma T2 ’

MOAHCHA 3anucamuy Yy 6u2AA01

r—r1 Y-y 2—=2
ll mi ny =0.
la ma T2
Bupasa 3.8. /Jlosecmu, wo piehsrHs NPaAMOi, AKa NPOTodums wepe3 mouky

(z0, Y0, 20) napaseavro naowunam A1z + Bry + C1z+ D1 =0 i Asx + Boy +
+C5z 4+ Dy = 0 mooicha 3anucamu Yy 6uzasdi

T — To _ Y—1Yo _ Z— 20
B, Gy A Gy A1 B
By (O Ay Oy As  Bo

Bupasa 3.9. Jlosecmu, wo weobriona @ doCTamHA YMO6a PO3TAUYBAHHA
080T NPAMUL

L= Y-y 22— 2A T — T2 Y—Yy2 22— 22
Iy mi ni ’ lo ma T2 ’

6 00HIl NAOWUHI, € BUKOHAHHA PIBHOCT

T2 —T1 Y2 — Y1 22— 21
ll mq ny1 =0.
la ma T2

Bupasa 3.10. Jlosecmu, wo eidcmans 6id mouku A do npamoi, wo nporo-

dumnb uepes mouky B i mae HAnNpamHul 6eKMOp S, 6USHANAEMBCA POPMYA0IO
d=|s x AB|/|s|.

3.5. IIpgama B mpocrtopi



3. EanemeHTH aHaJIiTMIHOI reoMeTpii 61

Bopasa 3.11. Hexatli nepexpechi npami nporodamsv 6idnosidno wepes mo-
wku A(x1,y1,21) @ B(xo,y2,22). Hanpammi 6exmopu npamus Si i S 6i00-
Mmi. Jlosecmu, wo 6i0cmand MiIdHC NPAMUMY BUSHANGEMDBCS HOPMYA00 d =
= (Sl,Sz,AB)/|S1 X S2|.

Bupaa 3.12. 3natimu cniesidnowenmns, AKuM NOSUHHI 3600680AbHAMU KOE-
Piyienmu PIBHAHD NPAMOT

Ayx+ Biy+ Ciz4+ D =0,
Asx + Boy + Coz+ Dy =0,

wob us npama bysa 1) napasesvna oci Oy, 2) nepemunana 6ice anaikam;
3) sbizanacw 3 eiccro Ox.

3.6 AunarebpaiuHi KpuBi APpyroro mopaaKy

VY BinmoBizHOCTI 3 O3HAYEHHSM KPHUBA JAPYTOro TMOPSIKY € MHOXKHHOIO TOYOK
M (z,y), KOOPIMHATH AKUX 33/I0BOJIbHAIOTH DIBHSHHS

Az® 4+ Bxy+ Cy* + Dz + Ey + F = 0,

A? + B?2 4+ C? # 0. OCHOBHUME TaKUMF KPUBHUMH € eJIiMc, Timep6osa Ta mapa-
6oa.

3.6.1 Euainc

YKH JI0 JIBOX 3aJaHUX TOYOK, 10 HA3UBAIOTHCA POKYCAMU, € BENTMINHA CTATA,
Oinbina, HizK BiCTaHb MiK (POKyCAMH.

Beememo cucremy koopamHaT, B AKiil GoKycm GyayTh MaTH KOOPIWHATH
Fi (—¢;0), F»(c;0), ¢ > 0, noBinbHy TOUKYy esinca nmosnadnmo M (z,y) 1 BBeze-
Mo JBa Bektopr 11 = F1M = (2 +¢,y) i ro = FoaM = (x — ¢, y), gxi Ha3uBa-
0Tb PokaabHuMu padiycamu eninca. Toni cyma Bigcraneii Big Touku M mo
dokycis nopisuoBarume |rq|+|re| = 2a, ne @ > 0 — KoHCTaHTA, A BiAcTaHb MixK
dboxycanvn € |F1Fy| = 2¢. Ba o3nauennawm eqinca |r1|+ |ra| = 2a > |F1Fy| = 2¢

3.6. AureGpaiuHi KpUBi JPYyroro mopsaKy
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i romy a > c. IleperBopumo piBaicTb |r1| + |r2| = 2a B KoopauHaTHi# dhopmi:

\/(x +¢) +12 + \/(x — )+ 92 = 2a, (3.16)
\/(x+c)2+y2:2a—\/<x—c)2+ 2,
(@ +0)° +y* =40’ —dar/(z — O)* +y* + (z — 0)* + ¢,
w2+2xc+62:4a2—4a\/(x—c)2+y2+x2—2xc+c2,

ay/(x — ) + 42 = a® — zc, a2[(ac—c } — 2d%xc + 222,
a’z? — 2xca® 4+ a*c? + a*y? —2a%xc + 222,
(a®> — ) 2® +a®y® = a2 (a2 — 7). (3.17)
3 nosuauennsm b?> = a? — ¢? pipusnna (3.17) moxkna samucatu gk b’z? +
+a%y? = a?b?, abo, nogimusin Ha a2b?, AK

2 2
T Y

STl (3.18)

OcranHe piBHAHHS HA3WBAIOTH KAHOHIYHUM PIBHAHHAM eJinca, 60 BOHO B
JEeTKOMY PO3YMiHHI € HAUTTPOCTIITUM 3 HOr0 MOXKJIWBHAX PiBHAHB. MOXKHA TTOKa-
3arw, mo piBusauHg (3.16) 1 (3.18) eksiBasenTri. Bemwaunu a, b > 0 Ha3uBaIOTH
NAPAMEMPAMU €AINCA.

Hocaimumo ¢dpopmy esirica, BUXOAa491 3 HOr0 KAaHOHIIHOrO piBHAHHA. [lepr
3a BCe, AKIIO TOYKa (r,y) HANEXKWUTH emincy, To i touku (—z,y), (z,—y),
(—z,—y) Tex iomy Hamexkarnb. Ile O3HAUAE CUMETPIIO eJIilca BiIHOCHO Oceil
KOOPJAUHAT 1 HOro MeHTPAJIbHY CUMETPUYHICTH BiIHOCHO MOYATKY KOOPIUHAT.
Kpim Toro, 3 kaHOHIYHOrO PiBHSHHS [1iCTAEMO, 10, Koiu £ = =*a, 10 y = 0,
a kosm y = +b, ro x = 0. Takum uuHOM, eninc neperunae Bicb Or B TOYKAX
Ay (—a;0) 1 Az (a;0), a Bick Oy — B Toukax B (0; —b) i Bs (0;b). Po3s’sxkemo
KaHOHIYHE PIBHAHHS eJIinca BiTHOCHO y. MaTtumemo

b
y=+x—va? — 22
a
Baunwmo, 110 estinc icHye TiIpKY i TaKuX &, Ais AKX |z| < a. JKmo |z| 36116

nryerbes Big 0 10 a, o |y| 3menmyersbea Bin b no 0. [lepesiveni BractuBocri
esiinica Jal0Th OCHOBY st fioro mobyaosu (puc. 3.15).
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Yy

B2l M(z,y)

ry r

2
A1 A2

T
—a\ Fi(—¢0) O Fy(c,0) /@
Byl —b

Puc. 3.15: Eninc

Touku Ay, Ay, Bi, By Ha3uBalOTh 8EPUWUHAMUY €Jilca, Biapizok Ay Ay —
eeauKoto eiccro, Biapizok BiBs — manoto eiccio, Biupizok OA; — eeau-
K010 nieesiccto, a Bimpizok OBy — maaoto nissiccro. Touky O HA3UBAIOTH
UEHINPOM EJTITICA.

SAkuio B piBaanui (3.18) a < b, To dokycu esninca 3HaxousaThesd Ha oci Oy, 1
BiH BUTArHYTHIl B30BXK wiel oci(puc. 3.16, a)).

g a = b = R eninc nepersoproerbes na koso z2 + 32 = R2, a iioro
doKycrn — Ha MEHTp KOJIA.

Kanoniuanm piBHAHHAM eJ1inca iIHKOJIM BBAKAIOTh TAKOYXK PIBHIHHS

(z — 560)2 + (y — yo)2

a? b2 =1

sKe € PIBHAHHAM eJinca, 300pakeHoro Ha puc. 3.15 abo 3.16, a), napaJesbHum
nepenocoMm repemiiienoro Ha BekTop d = (zg,yo) (puc. 3.16, 6)); itoro neHTpoMm
e Touka O’ (xg, yo)-

Excuenmpucumemom e eninca Ha3WBaIOTh BiTHOMEHHS BiCTaH] MiXK #10-
ro ¢hOoKycamu 10 JIOBXKUHU HOTO BEJIMKOI OCi:

2c c
e=— = —.
2a a

Ockinpku ¢ < a, 7o 0 < e < 1. Bignomenus miBocei eJinca MOKHA BUPA3UTH

3.6. AureGpaiuHi KpUBi JPYyroro mopsaKy
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e

Fy

a) 6)
Puc. 3.16: Kanowniuni pi3HOBUIN €JiTICiB

qepe3 eKCIIEHTPUCUTET:

b_W—c"’_\/l_(C)g_m.

[¢ a a

3MeHImeH IO e BinoBinae 30inbmenns BigaOmeEHHs b/a, emine cTae MEHII Bu-
TATHYTUM Y370B¥XK KOOpAWHATHOI oci. [ Kojma MaeMo a = b, i TOIi eKCIeH-
TPUCHUTET cTae HaiimeHtuM: e = (.

3.6.2 T'imepb6oaa

I'inepb0.010 HA3UBAETHCA JIiHIS, IS SKOI MO/IYJIb PI3HUII BijcTaHeit Big 6y ab-
9UHA CTAJIa, MEHIIA, HiK BiJICTaHb MiK (POKYyCaAMH.

B cucremi koopauHar, B skiit bokyen marooth Koopanuarn Fy (—¢;0), Fa (¢;0),
¢ > 0, noBibHY TOYKy rimepOosu mozuadumo M (x,y) i BBEIEMO aBa Be-
kropu 11 = FIM = (z+¢,y) i ro = FoM = (z —¢,y), gaxi na3uBaorh
Porarvrumu padiycamu 2inepboaw. Toni Momyns pisHuni Biacraneil Bin
roukn M go dokycis gopisaioBarume ||ri| — |ro|| = 2a, ge @ > 0 — Kom-
cranTa, a Bigacranb mix dokycamu € |F1Fy| = 2¢. 3a o3nauenusm rinep6o-
m ||ri| —|r2]] = 2a < |[F1F3| = 2c¢ i romy a < c. IleperBopuMmO piBHICTDH
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|ri| — |r2| = £2a B KoOpAMHATHI dopMmi:

\/(x+c)2+y2— \/(x—c)2+y2 = +2a, (3.19)
V@4 + 92 =420+ \/(z —¢)* + 42,
(x+c)2+y2:4a2i4a\/m+(x—c)2+y2,
2?4 2w+ A =4a® +day/ (z — o) + 12 + 2 — 2wc + 2,
+ay/(z —¢)® +y2 = zc — d?, d® [(x —¢)? —|—y2] = 22c¢® — 2a%xc + d*,

a’z? — 2zca® + a®? + a®y? = 22 — 2a%xc + o,

(02 - a2) 2 —a?y? = a? (02 - a2) .

[Mosnaumsmm b> = 2 — a?, oCraHHE pIBHAHHS MOXKHA 3allHCATH SIK

b2z? — a%y? = a?b?, abo, nonimusiun Ha a2b?, AK

.132 y2

a2 b
Ile piBHAHHS HA3WBAETHCA KAHOHIUYHUM DPIBHAHHAM 2inepboau. MoxmHa
nokasard, mo pisaaxus (3.19) i (3.20) exsiBanmentri. Benuunun a,b > 0 zHazu-
BAaIOTh Mapamempamu 2inepboau.

Bazyrounck Ha KaHOHIYHOMY PiBHSIHHS TinmepOoJsin, JOCaiauMo (hopmy Iriel
kpuBoi. O4eBUIHO, 110, FK i einc, rimepbo/ia CUMETPUIHA BiTHOCHO KOODINHA~
THUX OCel i IMEHTPATbHOCUMETPUYIHA BiJHOCHO MOYATKY KOOPAWHAT. 3 KAHOHI-
9HOTO PIBHSHHS BUXOJWTbH, IO Iy £ = Fa Koopauuara y = 0. Takum qunOM,
rinepbosia neperunae Bicb Ox B roukax A; (—a;0), Az (a;0), ski HazuBarOTbHCH
sepwuHamu 2inepboau. Bupa3zumMo B KaHOHIYHOMY piBHsHHI rinmepboJid y
qepes x:

=1. (3.20)

y=+b (g)Q ~1. (3.21)

ko |z| < a, y He icHye, 30kpema, rinepbosa He neperunac pic Oy. Lle o3na-
4ae, 1o rinepbosia € CyKyIHICTIO ABOX JIHIH, gKi Ha3uBalOThLCA 11 8imKkamu.
Takox 3 dbopmynn (3.21) BumaMBaE, MO Y 3POCTAE, AKIIO 3POCTAE X 1, KOJIU
T — 00, TO Yy — 0O.

lNimepbosa Mae acuMnToTu. A CuMNMOMOI0 KpUBOI HA3BUBAETHCS MIPSAMA,
JIO0 KOl TOYKA, IO MPSIMYE IO KPHBiii B HECKIHIEHHICTH, HEOOMEXKEeHO HabJIH-
JKYETBHCH, Hi/le MOBHICTIO 3 npsaMoio He 30iratounch. Hexait > 0, y > 0 i noka-

2KEMO, IO IIPIMa Y = gx € acuMuToToio rinepbosu. ificHo, pidHuig opauHaT

3.6. AureGpaiuHi KpUBi JPYyroro mopsaKy
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TaKol MpsMOI i rimepbosn craHoBUTh (1uB. (3.21))

b e ()= ()" -1) b
b ()—1:b“ - .

seEr -1 s
Ocranns BeTMUNHA, IPSIMYE 0 HyJIs, SIKIIO & — 00 1 ToMy rinepboJia HeobMeske-
HO HAOJIMIKYETHCS JI0 TIPSMOL Y = ga;, KOJIU T — 00. ACUMIITOTa PO3TAIIOBAHA
HaI Tinep06010i0, 60

gx>b (2)2—1@(2)2>(§>2—1<:>0>—1.

CumerpuuHicTh TinepOon 103BOMSAE 3pOOUTH BHCHOBOK, IO TMPAMA, § = ga: €

aCHMITOTOIO TinmepOosn i a1t © — —o0, 1 o mpsaMa y = —gx TEXK € aCHUMIITO-
TOIO TimepOoJIn.

CdopmynboBasi BIacTHBOCTI rinepOoJn Jal0Th MiACTaBH s i1 300parkeH-
HA y BULJIAAL, IIOKa3aHoMy Ha puc. 3.17. IIpamokyrauk C’B’BC nasuaeTbcs

Y
y:—gm yzgm
B
B 0™ B ()
rp
A r2
1 A,
a x
Fi(—¢,00]~% @ Fy(c,0)
c' —b| B, C

Pwuc. 3.17: T'imepboaia

OCHOBHUM TIPAMOKYIMHUKOM 2inepboau, Binpi3ok A, A; — eeauroro eic-
c1o, Biapizok By By — maao010 8iccro, Biapizok OAs — eeaukroro niesiccro,
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a Bizmpizok OBy — manoto niesiccto. Touky O HA3WBAIOTH UEHIMPOM Timep-
60J1H.
K10 B cucTeMi KOOPAUHAT X i i TOMIHATH MiCIFIMHU, TO PIBHSIHHSA Tiepoo/n
Habepe BUIJISITY
2 g2 X
a? b2 '
e piBHSHHS TEX BBa’KalOTh KAHOHIYHUM, a BUIJISAIAE rinepbosa, sik Ha PUC.
3.18, a). Posrignauu qBa KAaHOHIYHUX BUIAJKM, HEBAXKKO MOMITHTH, IO Ii-
nepboJia OJIHY 3 KOOPAMHATHUX OCell neperutae (us BiCh HA3UBAETHCs OIUCHONO
eiccro 2inepboau), a Apyry — Hi (s BiCb HABUBAETHCH YABHOW BiCClO 2i-
nepboau,).
Bpaxkarorh KaHOHIYHWMUY i PiBHSHHS TimepOOJIHN, TEPEMIIIEHOT 3 TOJI0KEHD
wa puc. 3.17 1 3.18, a) mapaneabHMM [EPEHOCOM HA  BEKTOD

d = (20, y0). Hanpukanaz, mis apyroro BUnaKy piBHSHHs CTAE TaKUM:

(= _(12360)2 W —beo)2 Y (3.22)

puc. 3.18, 6). Hearpom rinepbonu (3.22) € Touka O’ (xg,yo)-

Y y
/N1
z |1 d )
(@)
N\ A\
a) 6)

Puc. 3.18: Kanoniuni piznoBumu rimepbos
Excuenmpucumemonm e rinep0oJii Ha3uBAKOTh BiTHOIEHHS BiAcTaHi Mixk

#ioro ¢oKycamMu [0 JOBKUHH HOTO BEJIUKOI OCi:

2c
e=— = —.
2a a
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Ockinbku ¢ > a, 10 e > 1. Bignomenus miBocei rinep0on MOXKHA BUPA3UTH
9epe3 eKCIEHTPUCUTET:

b:MZKC)?_l: =71
a a a

36ibIneHHIO € BianoBinae 36LiblneHHs BigHomenus b/a, rinepbona (3 piBHAH-
HaM (3.20)) ckopimte Bigxunsgerses Bif oci Ox.

3.6.3 IlIapabouna

JIO 33J]aHOI TOYKHM, [0 HABMBAETHCA (POKYCOM, NOPIBHIOE BijcTaHi 10 3a/1aHOL
MPSMOT, sTKa, HA3UBAETHCA QUPEKIMPUCOIO.

Bizbmemo cucTemy KOOpAWHAT, B SIKiil TEPIEHIUKYJIAD, OMYIIEHUH 3 TOJTIO-
ca HA IUPEKTpuCy MicTuThes HAa oci Ox, TPUIOMY HOTO CEPEIUHOI0 € TOYKA
O, pozramioBana 37iBa Bijg momoca. KO JOBXKUHY HONO HEPIEHIUKYIADY
noznauuru p, p > 0, 10 doryc byse maru xoopuunaru F' (p/2;0), a nupe-
KkTpuci Oyme Biamosimarn pisusHHS © = —p/2. [To3HAYNMO JOBIIBHY TOYKY
napabomn M (z,y) i BBememo Bektop r = FM = (x — p/2,y), sknii HaznuBae-
ThCsa PokanbHum padiycom napaboau. Bincrans Big Touku M mo doxkyca €

Ir| = \/(z — p/2)* + y2, a BiacTanb Bix Hiei TouK 10 AUpeKTPHCH € d = T+p/2.
3a o3naveHHaM napabonu |r| = d, abo

(@ —p/2)° +y> =z +p/2, (3.23)

2 2

2 —pr+ Lyt =t hpr+
y? = 2px. (3.24)

OcramHe piBHAHHS HA3UBAECTHCA KAHOHIYHUM PIBHAHHAM NAPAOOAU, BOHO
ekBiBasienTHe piBHAHHIO (3.23) 1 mOKa3ye, 110 MapaboJia € KPUBOIO APYroro mo-
panky. Benuuuna p HasuBaeThCA napamempom napabosu. 3 KaHOHIYHOIO
cuMeTpito BiaHocHo oci abernme. Bich cumerpil mapabosn HA3WBAETHCS 11 81¢C10,
a TOYKa TepeTuHy mapabosu 3 il Biccio cumeTpii — sepuwuroro napabonu. Ta-
KOYK MOYKHA TMODAYMTH, IO 31 3POCTAHHAM I 3HAYEHHS Y 3POCTAE 33 MOJLYJIEM.
3obpazkenns mapaboiu mokazaxe Ha puc. 3.19.

IlepecraBiaenns micigMu T 1 Yy B CHCT€Mi KOODIMWHAT, a TAKOXK B3aEMHOIO
PO3TAIIyBAHHS BiTHOCHO HMOYATKY KOOPAUHAT AUPEKTPHUCH 1 POKyCa JAIOTH 1€
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y
| d
] M(x,y)
|
|
JUPEKTPUCA r
p b
2 2
O X
F(%,0)

Puc. 3.19: ITapaboaa

TPU KAHOHIYHWX DIBHAHHS Tapaboyiv, SKUM BiJIOBITAl0TH 300parkKeHHsS TMapa-
6oJ1, Moka3aui Ha puc. 3.20, a)-B).

Kanoniuanmu BBazKaOTh TAKOXK PiBHAHHS MapabOosI, 3CyHYTHX 3 IX cTaHIap-
THUX TOJIOXKEHb, 110 Bi/INOBIIAI0TH BUMIEPO3IJISHYTHM KAHOHIYHUM PIBHAHHSIM,
napasiesibHuM 1epesocom Ha Bekrop d = (xg, yo). Haupukian, s napabosu
3 piBHsHHSAM (3.24) Takwuil 3cyB 1ae piBHSAHHS

(y —0)* = 2p (z — ). (3.25)
Bepmmnaoro mapabonu (3.25) € rouka O (xg, yo), puc. 3.20, r).

3a excuenmpucumem napaboau GepyTh oauHUI0O: € = 1.

3.6.4 PiBHguHg eJjinca, rimepbosn it mapabosan
B HOJIAPHIil cucTeMi KOOpAMHAT

Bci Tpu kpuBi B mossgpHiil cucTeMi KOOpAMHAT MaiOTh OHE it Te caMme PiBHIHHS

_ p
P =1 ceoso
—ecosyp
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x? =2qy,q >0

x? = —2qy,q >0

Puc. 3.20: Kanouiuni pizaoBuan mapadbos

Moxkna nokasaru, o 1e PiBHAHHHA, SKIIO
1) e < 1, Busnauae eninc

s ¢ € [0;27), mpudomy, p = b?/a;

2) e = 1, Bu3Havae mapaboiy s ¢ € [0; 27), npudomy, p € i1 mapamerpoMm

(muB. piBHAHHS 3.24);
3) e > 1, BusHauae oauy BiTKY rinep6osiu

2 2
a b2

npuyomy, p = b?/a.
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Bupasa 3.13. B eainc 22 /a® +y?/b* = 1 enucano mpuxymmnux Ay M Ao, 0dna
3 cmopin axoeo A1 As 3bizaemuvea 3 seaukoro eiccr. Bepwuna M pyraemoca
no eaincy. Busnauumu mpaexmopito, axy npu 4bomy nporooums uewmp 6a2u
mpurymnura Ay M As.

Bupasa 3.14. 3uatimu mHoocuny cepedutr GokarvHuL padiyc-6eKmopis, npo-
sedeHuT 3 Mpasoz0 Goxryca do 6cCix MOUOK 2iNepbosU

22 2 ,

a? b2 ’
Bupasa 3.15. IIpamutl kym ob6epmaemuvesa HABKOAO CEOET 6EPWUHU, W0 30i-
20EMBCA 3 BEPWUHONW Napabosu. Josecmu, wWo NPu MAKOMY PYCi NPAMG AiHIA,
WO CTOAYHAE oYKUY NEPEMUHY CTNOPIH KYMG 3 Napabosoro, medtc 06epmaemsCs

HABKOAO 0EAKOT MOUKY, AKA POZMAUOBAHA HA OCI NAPAOOAU.

3.7 TIloBepxHi

3.7.1 IIunainapuyHa TOBEPXHSA

LHuatHdPpUHOI0 NOBEPTHEI HABUBACTHCA MOBEPXHS, YTBOPEHA PYXOM IIps-
MOI, KA TePEeTHHAE 33aJaHy KPUBY, [0 HA3UBAETHCSI HANPAMHON, i BeCb Jac
3a/IMIIAETHCS [IAPAJIEILHOIO IPAMIl, IKa HA3UBAETHCA 61CCH UIIHIPUIHOL 110-
Bepxui. [Ipama, gka IJIKOM HaJEXWUTh Takiit TOBEpXHi i mapasjenbHa i1 oci,
HA3WUBAETHCS MBIPHON0 IED TOBEPXHI.

Hexaii Bich | Mmae Hanpamuwii Bekrop u = (p, g, ) i Touka My (zo, Yo, 20) HaA-
JIEZKUTD IMUWIHAPUYHIA noBepxHi S. 3 o3Ha4YeHHs IMJIIHIAPUYHOI IOBEPXHI TOII
BUILIUBAE, 110 W BCA OpAMa

T—Zo Y—Y <2— 20
p q r

HAIEKATH MHTHAPAIHIA MOBEpXHi, TOOTO € i1 TBipHOIO.

Touka M (z,y, z) Hanexkurh nuuinapuyniii noepxui S Toui i TiabKu TO-
Ji, KoM Ha HampaMmHuiit icuye Touka N Taka, mo M i N wanexarh ommiil i
Tiit camiii TBipuiii. OueBumHO, BUKOHY€eThCs piBHicTE ON = OM + MN (puc.
3.21). Amre MN || u i Tomy 3Hafimerbcs Take gucio ¢, s akoro MIN = tu.
Toni ON = OM + tu = (z + tp,y + tq, z + tr) i BuxoauTh, 1o Touka N Mae
koopaunaru N (x + tp,y + tq, z + tr).

Hexait mHanpsiMEa MUTIHAPUYIHOI OBEPXHI 3aaHA CUCTEMOIO PiBHSIHD

F (mvyvz) 207
FZ(zvyaz) =0.

3.7. IloBepxHi
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Puc. 3.21: UuninaprwaHa moBepxHS

Ockinbku Touka N HAJEKUTH HAMPAMHIHN, 11 KOOPIUHATH 33I0BOJIBHAIOTE IO
CUCTEMY:
Fi(x+tp,y+tg,z+tr)=0
1 (z+tpy+tq ) =0, (3.26)
Fy (x4 tp,y +tq,z+1tr) =0.

Takum anHOM, TOUKa M HAIEKUTH MATIHAPUAIHIHA TOBEPXHI TO/I i TIMbKHU TO/,
KOJIH 11 KOOPJAWHATH 33 I0BOTLHAIOTD ITI0 CUCTEMY PiBHAHB. TOMY, BUK/TIOYAI0OTN
3 OTPUMAHOI CUCTEMU HapaMeTp ¢, MOxKHa gicraru piBuanug F (z,y, z) = 0, ake
it Oyme PiBHAHHAM ITHTIHIPUIHOI TOBEPXHI.

Axmo nanpsiMaa 3a/aHa PIBHAHHAME

¢ (z,y) =0,
z=0,

TOOTO € KPUBOIO, PO3TAIIOBAHOIO B 1wiouii Oy, B dKiil BOHA Ma€ PiBHAHHS
¢ (x,y) = 0, aii Biccio € Bicb Oz, To ON = OM+tk = (z,y, 2z + t), ne k — opr

3.7. IloBepxHui
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oci Oz, Touka N gicrae koopauuaru N (x,y,z +t), a cucrema (3.26) nabupae
BUTJIALY

(P(xay) = 07
z = —t.

3 HBOTO BUIHO, IO KOOPAWHATA 2z MOXKE OyTH OYIb-SKOI i TOMY, BUKJIIOUAIO-
YW 3 CHCTEMHU JIpyTre PiBHAHHS, JICTAEMO PIBHAHHS NMUJIIHIPUYHOI TTOBEPXHI Y
BUTJIAI:

¢ (x,y) =0.

Orpumanuii pe3yIbTaT Ia€ MiICTABY 3AMUCATH TAaKe TPABUIIO.

Hrwo noseprna 3a0ana PI6HARHAM 3 060MA 3MIHHUMU, TO BOHA ABAAE
€00010 YUATHIPUWHY NOBEPTHIO 3 HANPAMHOIO, AKA € NEPEPIZOM TIOBEPTHL 3 KO-
OPOUHAMHOW NAOULUHONW0 MUL SMIHHUL, WO 8TO0AMb 6 PieHAHHA, 0 i1 6icclo €
K0OPOUHAMHA 6ICH Mi€] 3MIHHOT, AKOT HEMA 6 DIBHAHMHI.

3.7.2 KouiuHa noBepxHd

Koniunoro noseprrero (KOHYCOM) HA3UBAETHCs [IOBEPXHs, yTBOPEHA Py-
XOM HPSAMOI, KA HEPETUHAE 3aJaHy KPHBY, IO HA3UBAETHCH HANPAMHOWO, i
mpoxoauTh Yepe3 Touky M (g, yo, 20), KA HASHBAETHCS 8EPULUHOIO KOHYCA.
[Ipsma, gKa MITKOM HaJEKUTHh TaKiil TOBEPXHI 1 MPOXOAUTH depe3 ii BepIuHy,
HA3UBAETHCA 11 MEIPHOI0.

Hexaii Touka M (21,y1, 21) HaJIEXKUTH KOHYCY, TOA] if IPpsiMa, IO IPOXOIUTH
qepe3 Touku My, M7, TeX HaIEKUTH KOHycy. 1ToOTO Taka mpsMa € TBipHOIO i
i1 piBHAHHS MA€ BULJIS],

r—%og  Y—Yo _ Z— %0

Tr1 — Zo Y1 — Yo 21 — 20

Touka M (x,y, z) HasekuTb KOHi4HIi noBepXHi TOA] i TIAbKU TOAL, KOJIM HA
HanpsiMHi 3Hafinerses Touka N, mys skoi MIN || MgM (puc. 3.22). B mpomy
BUNAAKY icHye umciio ¢t rake, mo MN = tMoM. Ockinskn ON = OM + MN,
10 ON = OM + tMyM. Tomy Touka N Mae KOOPAUHATH

N(z+t(x—z0),y+t(y—vo),2+t(z—20)).
Hexait koHyc 3amanmii cBoeto BeprHoro Mo (2, Yo, 20) 1 HATPSAMHOO

F (mvyvz) =

3.7. IloBepxHui
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Puc. 3.22: Koniuna moBepxHs

Ockinbku Touka N HAJIEKUTH HAMPSMHIN, 1T KOOPAUHATH 33J0BOJIHHAIOTE IIiii
cucremi:

Fi(z+t(@—20),y+ty—yo),z+1t(z—2)) =0,
F(z+t(x—x0),y+t(y—yo),z+t(z—2)) =0.

Takum annom, Touka M HaIEKUTHh KOHIYUHIM MTOBEPXHI TOMI ¥ TiMBKH TOIi, KO-
Ji 11 KOOPJIMHATH 33/I0BOJILHAIOTH IIF0 CUCTEMY PiBHsHD. Bukitodaiodu 3 orpu-
MaHOI CHCTeMM mapamMerp t, micranemo pisHsiHs F (z,y,z) = 0, ske ii Oyne
PiBHAHHAM KOHYyCA.

kim0 HampsiMHA KOHYCA 33/1aHa CHCTEMOIO PiBHSIHD

¢ (r,y) =0,
z=h,

TOOTO PO3TAIIOBAHA B IJIONIMHI, MapaJjesibhiil koopauuarHiit mwiommui Oy, TO,
MACTARISIOYN B HEl KOOPAWHATH TOYKU [N, TiCTaEMO

(@ +t(z—w0),y+1t(y—1yo)) =0,
z+1t(z—29) = h.
h—z (h—zo)—(Z—ZO) _ h—=z

3 apyroro piBHsHHS t = = P P

BUPA3y 3aMiCTh t B TepIlie PiBHAHHS JIA€

g — 11 miacTaHOBKA IIHOTO

xr—x —
SD(T/OJF(hZo) Z_Zs,yoJr(hZo)Z_Zg) =0.

3.7. IloBepxHui
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Ile piBuauus i € piBHaHHAM KOHIYHOI moBepxHi. g xg = yo = 20 = 0 (Bep-
[IMHA KOHYCA € NOYaTKOM KOODIMHAT) OCTAHHE DIBHIHHS NEPETBOPIOETHCSA HA

0 (h%h%) = 0. (3.27)

3.7.3 IloBepxHsa obepTaHHHA

ITogepxrero obepmarrs HA3UBAETHCS TOBEPXHsI, YTBOPEHA OOEPTAHHSIM HAB-
KOJIO JIESIKOL OC, 1110 HA3UBAETHCH 81CCH0 00EPIMAHHSA, KPUBOL, KA € LIepepi3oM
TOBEPXHI TIJIONIAHOIO, IO MPOXOIUTH Y€pe3 BiCh 0DEpTAHHS.

Hexaii Biccio obepranms € Bich aImIikar, a KpUBOIO L, M0 00ePTaETHCS HAB-
KOJIO i€l oci, € nepepi3 nosepxHi obepranus mwionwmuoo yOz (puc. 3.23). Ipu-

z

<

Puc. 3.23: IloBepxusi obepTanus

3.7. IloBepxHi
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MyCTUMO, IO KpUBa ONMUCYETHCA CUCTEMOIO piBHHHb

¢ (y,2) =0,
z =0,

i rouka M (z,y, z) nasexurs noepxui obepranus. Tozai nepepis nosepxui mwio-
IINHOIO 2 = Zp JIa€ KOJIO OOEPTaHHS, HA SKOMY MIiCTHThCS Touka M, a Takoxk
rouka My (0,40, 20), po3ramoBana Ha Kpusiit L. Koopauuarn Toukn M 3am0-
BOJIBHAIOTH PiBHSHHS KPUBOI:

¢ (Y0, 20) = 0. (3.28)

Pagiycom xoma obepranus € Bimcrani Bim Touok My ta M mo oci abcruc: 7 =
=MN = MyN. Ane MN = /a2 + 4%, a MyN = |yo| i Tomy /22 + y2 = |yo].
OueBunHO TakOXK, WO z = 2o. lligcraBasroun Ui Bupasu B piBuaHHs (3.28),
JICTAEMO

gp(i x2+y2,z) = 0.

e i € piBHgHHSAM MOBEpXHI OGepTaHHA. 3 BUIVISLY IIbOIO DPIBHSIHHS MOYXKHA
3pobUTH TaKUil BUCHOBOK.

xwo 6 pieHAHHT € CYyMa K6aIPaAMI6 080T 3MIHHUL, MO MAKE DIGHAHHI
6idnosidae nosepTHi 00ePMAHHA, YMEOPEHOT 00EPMAHHAM KPUBOT HABKOAO OCT
miel 3MinHoi, Axa e e6iliwaa 6 3zadany cymy keadpamis. Cama Kpuea po3ma-
WOBAHA 68 KOOPIUHAMMHIT NAOULUHT 3MIHHUT, 00HA 3 AKUT He 8TOJUMbB 6 CYMY
Keadpamis.

3.7.4 AnrebpaiuHi mOBepxHi JAPYTroro MopgajaKy

VY BiAMOBIAHOCTI 3 O3HAYEHHSM TOBEPXHS IPYTOrO MOPSIIKY € MHO2KHHOK TOYOK
M (z,y,2), KOODAMHATU SKUX 33/[0BOJbHAIOTH DIBHAHHS

Az?> + By> + C2> + Day+ Exzz+ Fyz+ Gx+ Hy+ Kz+ L =0,

A2+ B2+ C?+ D?*+ E?+ F? #0.

3.7.5 Ejimcoix

Eaincotdom HA3UBAETLCS IOBEPXHsI, KA B JIEdKill cucTeMi KOOPIUMHAT MA€
KAHOHIYHE PiBHSAHHSA

3.7. IloBepxHui
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Benvuwnm a, b, ¢ > 0 HaA3WBAIOTHCA NAPAMEMPAMU EAINCOL0Q.
Hocainunmo dopmy emincoina memodom nepepidic. 3podUMO mepepi3 esinco-
ima 3a JTOMOMOroIo ILIoImuHu 2 = h. B mepepisi Buitae kpusa

2 2 2
T h
S+l
a b c
z=h.

ko |h| > ¢, To nepepizom Oyie MOPOKHS MHOXKUHA; AKIIO I = ¢, TO — TOYKa,
(0;0; ¢); saxio x |h| < ¢, TO nepepizom crane esinc
2 . 2o X
(as)®  (bs)*
z=h

)

e s = /1 — h?/c?. TIpudomy eminc 6ye THM GLIBITAM, YUM MeHHM Oyze |h|.
Haiibinpmmii estinic, skomy Bimmosigae h = 0, HA3UBAETHCS 20408HUM TLEPEPL-
30Mm eJincoiza. AHaJIOri9HO MOYKHA MMOKA3aTH, IO MEPEPi3n eJICcoina TIIOIIH-
HaMU, MMapaJIeIbHIMU IBOM iHINMM KOOPJAWHATHUAM IUJIOIIAHAM, B 3araJbHOMY
BHUIIAJKY Te€XK OyayThb ab0 MOPOKHLOI MHOXKHUHOI0, a00 TOYKOIO, ab0 eJIincoMm.
Takum unHOM, €JIMCoim Mag Ie ABa TOJOBHUX Tepepi3u.

[TapHicTh cTemeHiB 3MIHHUX TIOKA3ye€, IO €JIICOI € MOBEPXHEI0, CHMETPH-
9HOIO BiHOCHO KOODIWHATHUX ILJIOIIWH, KOOPINHATHUX OCEH 1 IeHT pajbHOCH-
METPUYHHUM BiJHOCHO MOYATKY KOODIUHAT.

Bce ue gae ocroBy s nobynosu enincoina (puc. 3.24).

Touku meperuny emincoiza 3 ocaMy CHMETPil HA3WBAIOTHCA HOTO 8epusu-
HAMU, BiIPi3KK, dKi BiH BiITWHAE HA OCAX CUMeTpil — foro ocamu, a MEeHTP
cuMeTpii HA3UBAIOTH UEHMPOM €AINcoida.

Ko a = b, TO KAHOHIYHE PIBHAHHS €JIIICOINa HAOUPAE BUTIISIITY

2 2 2
vy 2

2

a C

Maemo mOBepXHIO OOEPTAHHS eJIirca,

2 2
y: 22
St =1

x =0,

)

HABKOJIO KOOpAMHATHOI oci Oz, sika HA3UBAETHCI €AtNcotdom 00ePMaHHS.
Akmo a = max (a,b,c), To enincoin HasuBaerbcs cmuchymum (puc. 3.25,
a)), dKwo x a = min (a,b, ¢), TO enincoin HA3UBAETbCH BuUMSAZHYMUM (pUC.

3.25, 6)).

3.7. IloBepxHui
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Puc. 3.24: Enincoiz i #oro rojoBHI niepepizu

z z

x a) x 6)
Puc. 3.25: Enincoin obepraHus: a) CTUCHYTHIA, 6) BUTATHYTHI

3.7.6 VaBHuii emimcoisn

Yasnum eaincoidom Ha3UBAETHCs MOBEDXHsI, KA B NPUAATHIA cucreMi Ko-
OP/IMHAT MA€ KAHOHIYHE PIBHAHHHA

OckibKy HEMA TOYKHU MPOCTOPY, AKa, 330BOJILHIIIA O 11€ PiBHSIHHS, IOBEPXHS
Ha3BaHA YABHOIO.

3.7. IloBepxHui
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3.7.7 OpHOMOpPO>KHUHHUIL rinepboJIoia

O0dnonoposrcnurrum 2inepboaoidom HA3UBAETHCS MOBEPXHS, IKA B JIEKIi
cucTeMi KOOPJIMHAT Ma€ KAHOHIYHE PIBHSHHSA

2?2 22 .
a2 b2 2 '

Benvaunu a, b, ¢ > 0 Ha3UBAIOTHCA NAPAMEMPAMU TTIET TTOBEPXH.

JocmimkeHtst 0IHOMOPOXKHUHHOIO Timep00JIoiTa MeTOIOM Tepepi3iB MmoKa-
3y€, 10 BIH Ma€ IJIOLUIMHU CHUMETPIl, sKi € HOro 20408HUMU NeEpePI3amu.
TonoBuuit nepepis mwiromunoo xOyY € eincoM, SKuii HA3UBAETHCS 20PA0BUM,
iHIT 1B TOJIOBHUX Tiepepi3u — rinepbosn. KoopaunartHi oCi € ocsiMmu cumeTpil,
MOYATOK KOOPAWHAT — IEHTPOM CHMeTpil, a0 mpoCTO UeHMPOM OTHOIOPO-
JKHUHHOTO rinep6osioiga. Touku mepernHy OIHOMOPOKHUHHOTO TimepboIoina 3
OCAMH CUMETPil HA3MBAIOThCSA HOr0 8ePULUHAMU, BiIPI3KHU, SKi BiH BiATHHAE
Ha ocsAX cuMerpil — fioro diticHuMmu OcsaAMH, a BiAPI30K Ha oci cumerpii, AKy
BiH He IEPETUHAE, JIOBXKUHU 2C 3 LEHTPOM B HEHTPL OJHOIOPOKHUHHOI'O I'i-
mepboJI0iTa — HOTO YAB6HOMW BicCI0. 300paskeHHs i€l MOBEPXHi JWB. HA PHUC.
3.26.

Ao a = b, TO KaHOHIYHE PIBHAHHS OTHOIOPOXKHUHHOTO TimepOosoiza
HAOWPAE BUTJISAILY

22 +y? 22
— —3=1
a c
Magemo moBepxHI0 00epTaHHSA TimepOoII
g2 22 .
a2 2 ’
z=0,

HaBKoJIO 1T yaBHOI oci Oz. Ilg noBepxHs HA3UBAETLCA OOHOTIOPOHCHUHHUM
2inepboaoidom obepmarrs.

BaxkamBoio 0COOIUBICTIO OTHOMOPOKHUHHOTO TimepboIoina € Te, IO BiH sB-
Jisie o000 ATHITYaMY MOBEPXHIO. TaKOI MOBEPXHEI HA3UBAECTHLCS [IOBEPXHSI,
yTBOpeHa pyxoMm mpsmoi. IleperBopumMo KaHOHIYHE PIBHIHHSA OIHOIOPOKHUH-
HOrO rimmepOoJIoiia, TAKUM IHHOM:

22 2 22 X
a? b2 c? ’

3.7. IloBepxHui
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Puc. 3.26: Opgnonopoxuunumii rinepboI0iT

1,2 2’2 y2

a? 2 1_172’
E9CH-0D0y em

Ckuitaziemo crcteMy piBHSHB

- _Y
Al(l by> (3.30)
=5 (1+5):

Je A\ — moBinbHMI mapamerp. s KOHKPETHOro 3HAYMEHHSA A I CHCTEMa BH-
3HAYAE MPIMY JIHIIO, & 3MiHA MBOrO ImapaMerpa iMiTye pyx mpamoi. ko me-
PEMHOXKUTH DIBHAHHS CUCTEMU, BUiife piBusHHS (3.29) OXHOMOPOKHAHHOTO Ti-
nepboiioina. Tomy Oynb-sika Touka mpamoi (3.30) MiCTUTHCA Ha Il TOBEPXH.
[Mpsami (3.30) HABUBAIOTHCA NPAMOATHITHUMU MEIPHUMY OIHONOPOKHUH-

SRS ERSH S
Qlw olw

+
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HOTO rinepbosoina. Tak camo MOKa3yeThes, MO MPsMi

z Y
R 1 + ,) ,
c H ( b
z 1
$-30-1),
c W b
TEXK HAJIEXKATh OJHOMOPOKHUHHOMY TinmepOoJIOiay i TeXK HA3WBAIOTHCS HOTO

npsMotiHifHuME TBipHUMEU. OIHOMOPOKHUHHKN TinepOOosIOia, yTBOPEHU! CBO-
MU TPAMOIHINHIMY TBIDHUMU TOKa3aHO Ha puc. 3.27.

T
a
T
a

Puc. 3.27: [Ipsmomniniitai TBipHI OJHOMTOPOXKHUHHOTO TimepOoIoiTa

OaHOMOPOXKHUHHI rinepbosToiu 3HANILIN 3acToCcyBanHs B OyaiBauiTei. Te-
neBiziitna 6amrra na Illabonosi B Mocksi Oysra mobymoBaHa 3 CEKIIii OHOIIOPO-
JKHUHHUX TinepbosIoiniB obepranus 3a npoektoMm imxkenepa B.I. Illyxosa. Ils
CTIOPY/IA MOETHYE MIITHICTH KOHCTPYKIIT Pa30oM 3 TPOCTOTOIO 11 BUKOHAHHS.

3.7.8 JIBomopo>kKHUHHUII TintepboJIois

ZleonopootcHurHum 2inepboaoidom HA3UBAETHCSA TOBEPXHS, IKa B IEAKIii

3.7. IloBepxHui
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CUCTEeMi KOOPIWHAT Ma€ KAHOHIYHE PIBHIHHS

Beswaunu a, b, ¢ > 0 Ha3UBAIOTHCA NAPAMEMPAMU TIIE] TTOBEPXHI.

Ak i ogHOMOPOXKHUHAK TiepOOIOi, ABOMOPOKHUHHUN MA€ ILJIONIUHE CH-
MeTpii, sKi € Horo 20408HUMU nepepidamu. IIpasia, TOJIOBHUI Tepepi3 MmiIo-
muao xOYy MOPOXKHii, 060 HE MEepeTHHAE TOBEPXHI, iHIM ABa TOJOBHUX IEepe-
pi3za — rinep6osan. KoopaumaTHi oci € ocaMu cuMeTpii, mo9aToK KOOPAUHAT —
IIEHTPOM cuMeTpii, abo MPOCTO UYUEHIMPOM IBOIOPOKHUHHOTO TimepbosIoimza.
Touku meperuHy ABOIOPOXKHUHHOIO rinepbosoifa 3 ocaMu CUMeTpil Ha3uBaIo-
ThCA HOTO 8epuwUHAMU, TOTIPABIA, BiH TepeTuHae TiIhKN Bich Oz. Binpi3ok,
KU BiH BiATWHAE HA OCI CUMETPil, HA3MBAETHCA HOro dLlicHON 8icClO, A Bijl-
pi3Kku HA OCHAX CHMETDIi, siKi BiH He MepeTwHAE, TOBXKUHU, BiAMOBiAHO, 2a i 2D 3
IIEHTPOM B IIEHTPI JBOIOPOKHUHHOTO TimepboI0iga — Horo ya8HuUMU OCAMU.
3o6pazkeHHs i€l MOBEPXHi auB. HA puc. 3.28.

I

0

Puc. 3.28: /IBonopoxkauaHmil rimepbooisn

ko a = b, TO KAHOHIYHE PiBHSHHS JBOIOPOXKHUHHOIO rimepbosioita Ha-

3.7. IloBepxwi
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Oupae BUIIISITY
2y 2 )
2 2

Maemo moBepxHIO obepTaHHs rimepoom

2 2
vy _zZ _ 4
a? 2 ’
z =0,

HaBKoJIO 11 gificaol oci Oz. Taka noBepxHsT HABUBAETHCS 0B0TOPOHCHUHHUM
2inepbo.aotdom obepmarHs.

3.7.9 Konyc apyroro nopsaaky

Konycom 0pyz020 nopsadky HA3UBAETHCS IOBEPXHS, KA B JedKiil cucremi
KOODJIMHAT Ma€ KAHOHITHE PIiBHIHHS

22y 22

atE—2=0

a b c
Benuuunu a, b, ¢ > 0 HA3UBAIOTHCS NAPAMEMPAMU KOHYCA. 3 TTHOTO PIBHSH-
Hs BUILTUBAE, IO KOHYC MA€ TPHU ILJIOMIMHN CUMETPil, saKi 30irailoThbcs 3 KOOpIu-
HATHUMU ILTOMMHAME, TPX OCi cuMmerpil, AKi 30iraiorbCda 3 OCAMU KOOPIUHAT,
a MEHTPOM CUMETPil € MOYaTOK KOOPAWHAT, AKUil HA3WBAIOTH 8EPUIUHOIO KO-
myca. Ilepepism koHyca mommHAMH fIOTO CEMeETpil HA3WBAIOTH 20406HUMU
nepepizamu. Huvu € 1Bl nmapu mpsiMux, IO MEPETHHAIOTHCS B BEPIITHHI KO-
HyCa, a OJIHAM TOJIOBHUM II€PEPi30M € mo4aToK KoopauHat. lleperunom KoHyCy
IJIOIIAHOIO Z = C € eJIiIIC

2 v
a? B (3.31)
zZ =_C.

3Bimcy MOXKHA TODAYNUTH TEOMETPUIHHUIN 3MICT TapaMeTpiB KOHYCA JIPYroro mo-
PAOKY: @ i b — MOBXKWHM TBOCEH €JIINCiB, mepepi3iB KOHyCca MIOMINHOK 2z = .
300parkeHHs 11i€l TOBEPXHI AUB. HA puc. 3.29.

PiBusinns (3.31) MOKHA BBaKATU HAIPAMHOI KOHIYHOI IOBEPXHI 3 BepIU-
Hoto O. JlificHo, BuKOpucTOBYy04M piBHsHH: (3.27), 1icTaEMO KAHOHIYHE DiBHS-

3.7. IloBepxHui
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Puc. 3.29: Konyc apyroro nopsaaxy

HH# KOHYCa JPyrOro HOpAJKY

a b2 2’
22 2 22

T Y z
a2

a2 b2 2
TakuM 9UHOM, KOHYC JAPYTOrO MOPSIKY € KOHIYHOIO MOBEPXHEO.
Ko a = b, TO KaHOHIYHE PIBHAHHS KOHYCA HAOMPAE BUTIISIIY
2?2 g2 22

- - =0, (3.32)

a C

3 SIKOO MOYKHA 3pOOWTY BHUCHOBOK, IO TAKWH KOHYC € TIOBEPXHEI0 O0epTAHHS
KpUBOL

¥ 22
oo
=0,

3.7. IloBepxHi
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HaBkoJ10 oci Oz. OCTaHHIO CHCTEMY PiBHSHb MOXKHA TIEPETBOPUTHU HA,
y =z y =
b ¢/ \b ¢
=0,
3 YOTO BUJIHO, I[0 KPUBA, HACIPABIL € JBOMA, MPSIMUMHE

:07 :O7

+
ol

y_=z
b ¢
xz =0,

8 o
I
(=)

IO TEPETHHAIOTHCA B HOYATKY KOODIHMHAT.
Ockinbku nepepisu konyca (3.32) minommuamu z = h, h > 0, Bxe OyayTb
HE eJiIIcaMy, a KOJIaMHU, TO TaKuil KOHYC HA3UBAETbCA KOAOSUM.

3.7.10 VYaBHUIT KOHYC

Yasnum xKonycom 0pyz020 nopadky HAZUBAETHCS OBEPXHS, sIKA B JesIKiil
cucTeMi KOOPJIMHAT Ma€ KAHOHIYHE PIBHSHHSA

22 . ¥ 22 .

a? b2 2 '
TijAbKY 0JlHA TOYKA — [10YATOK KOODPJUHAT — 33/I0BOJIbHAE 1€ PIBHAHHSH, TOMY
HOBEpXHS Ha3BaHa YABHOIO.

3.7.11 EninTuuyHuii mapaboJsoin

Eaxinmuyrnum napaboasoidom Ha3UBAEThCA IOBEPXHS, KA B JesKiil cucremi
KOODJIMHAT Ma€ KAHOHITHE PiBHIHHS

2 2
Z + L
p q
Benwaunau p, g > 0 HA3UBAIOTHCA NAPaAMEMPAMU ETINTAYIHOTO MaPabOIoiIa.
Eninruuannit mapabosoin Mae Bl mionuan cuMeTpii, ski 36irafoTbCsa 3 KOOpIu-
waraumu maommHaMu x0z i yOz, i OHY Bich cuMeTpii, sika 30iraeThest 3 BiCCIO
Oz. Tlepepizu eginTUIHOrO MapabOJIOiIa 3 TIOMIMHAMA CUMETPIl HA3UBAIOTHCS
oro 20a08HuUMU nepepidamu. ['0J0BHI mepepi3u eainTHIHOro mapabdosIoi-
na — napabonu. Ilnommuan 2 = h, h > 0, neperuHamTh eninTUYHUI 1apadO-
qoin mo enincax. Touky mepeTwHy eminTHYHOro mapabosoidy 3 Biccio cumerpil

HA3UBAIOTH HOr0 BEPIIMHOI. 300paxKeHHs i€l noBepxui aus. Ha puc. 3.30.

3.7. IloBepxHui
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Puc. 3.30: Enintuanaunit mapabosiois

Ko p = ¢, TO KaHOHIUHE PiBHAHHS ETIITHIHOTO MapabOIoiLy HaOHpPaE
BULJISLY
2 2
Tt +y
p
3 SIKOT'O BUHO, IO B JIAHOMY BUIAJIKY MAEMO TOBEPXHIO ODEPTAHHS, YTBOPEHY
obepTaHHsaM MapabOIN
2 _
{ y - 2p27

z =0,

2z,

HaBkoJ10 oci Oz. Taky MOBEPXHIO HA3WBAIOTH NaApPabosoidom obepmarHs.

3.7.12 Timep6omaiunnii mapadoJioisn

I'inepboaiurHum napabosoidom Ha3UBAETHCs OBEPXHs, KA B JesKiil cucre-
Mi KOODJIMHAT Ma€ KAHOHITHE PiBHIHHS

x
— == =2z (3.33)
p q

Beswaunu p,q > 0 nazuBaioTbcs napamempamu rinepbosigaoro napabosioi-

J1a.

3.7. IloBepxHui
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Bin mae gBi mommHu cuMeTpii, saKi 30irafoThCsa 3 KOOPANHATHUMU IOV~
mamu x0z i yOz, i oany Bich cumeTpil, ska 30iraerhes 3 Biccio Oz.

IIepepisu rinepbosiunoro mapadosoina mionmHamMu © = +m € mapabosa-
MU, BITKM sIKMX HaupsivuieHi Bau3. Vloro mepepisu miomunaMu y = £n Tex €
mapabosaMu, ajie IX BITKU HampsiMjieHi Bropy. Ilepepi3zoM moBepxHi MIOIIMHOKO
Oy € mapa TpsAMUX, IO MPOXOAATh Yepe3 MOYATOK KOOPJAWHAT i PO3MiIIeHi
cumerpudaHo BimrocHO oceit Ox i Oy. Ilepepizamu rinmepbosivaoro mapabosIoi-
Ja miommHaMu z = n, n > 0, € rimepbosn, aificHoro Biccio gkux € Bich Oz,
a miommHamMu 2z = —n, n > 0, € Texx rinepbosm, ame 3 mificaoo Biccoo Oy.
Tinep6osniunuii napabouois mae dopmy cipa. Moro 306pazkenns nokasame Ha
puc. 3.31.

Puc. 3.31: INnepbosiaanii napabomoisn

K i omHOMOPOXKHMHHAUI Tinepbosoin, rinepboaiunmii mapaboIois Tex € Jri-
Hifiuaroro nosepxuero. [liiicHo, nepersopumo pisusuus (3.33) Ha Taxe:

(jﬁ - \%) (\jﬁ n f/’a) =22, (3.34)

a JaJti moOyayeMO JIBi CUCTEMY DiBHSHD:

T Yoy
vPooVa

2
L,y 2%
VBV A

3.7. IloBepxHui
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+ ==

= Sl=
= Sl=

_22

vPooVEoo
KoxxHa 3 1ux cucrem BU3HAYAE CiM’I0 MPSIMUX, 10 HA3UBAIOTHCH NPAMONL-
HITHUMU MEIpHUMU 2inepboaiutozo napaboaoida. Hepazkko nepesipu-
TH, 1[I0 MHOXKEHHSI [IEPIIOro PIBHIAHHS HA JAPyre B 000X BUMAJKAX JA€ PIBHIAHHS
(3.34). Tomy Oymb-sika TOUKA MPSIMOJIHIHHOI TBIPHOT HATIEXKUTE TimepOOiaHO-
My TapaboJIoimy.

3.7.13 Euxaimnc, rinep6oJia it mapaboJia 9K KOHiYHI nepepi3u

MozkHa moKa3aTH, Mo mepepizoM O6yab-sIKOro KOJOBOrO KOHYCA, IJIOMITHHOIO, 10
HE IPOXOJNTDH Yepe3 WOro BEpINHWHY, € KPUBA, KA MOXKE OyTH JIUIIE EeJIiICcOM,
rimep6oso0 abo mapaboson (puc. 3.32).

Puc. 3.32: Koniuni nepepizu

Bupasa 3.16. Cgepa x> +y?+2% = 42 oceimaena npomenamu, Axi napaiesvii
npamit r = 0, y = z. Snatmu dopmy mini chepu na naousuni xOy.

3.7. IloBepxHi



3. EanemeHTH aHaJIiTMIHOI reoMeTpii 89

Bupasa 3.17. Hezail gynruis mpoor sminnuz F(x,y, z) oonopidna sidnocto
T, Y iz, mobmo

V(t # 0)3(s € R) F(tx,ty,tz) =t°F(z,y, 2).

Ioxasamu, wo piensanns F(z,y,z) = 0 susnauae Konyc 3 epuunolo 6 nowa-
MKY K0opouHam, NPUUOMY das bydv-axozo h Kpuea

(2 a)=o
z—h=0,

€ 1020 HaANPAMHOW.

Bnopasa 3.18. Jlosecmu, wo pieHaHHa
eV =Inz + e

€ PIBHAHHAM NOBEPTHI 00EPMAHHA | GUSHANUMU 8ICH 0DEPMAHMHA | KPUBY, AKA
00ePMAEMDBCA HABKOAO YIEL OCI, YMEOPIWYUU 300aHY NOBEPTHIO.

Bupasa 3.19. Bemanosumu, ska AiHis € nepepizom eaincoioa

22 y? 22
4 42
12+4+3

naowuror 2x — 3y + 4z — 11 = 0 ¢ 3natmu ii yenmp.

Bupasa 3.20. /Josecmu, wo naowuna dx — 5y — 10z — 20 = 0 nepepidae
00HONOPOXHCHUHHUTL 2inepb0a0id

,132 y2 22

%16 1

10 NPAMONTHITHUM MEIPHUM. CKAGCU PIBHAHHA YUT NPAMOAIHITHUT MEIP-
HUZ.

Bupasa 3.21. 3natimu mouku nepemuHy noseprHi

- _ 26
3 npamoro T —3 =y — 1 ==,
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Bupasa 3.22. Ckaacmu pieHaHHA KOHYCE 3 6EPUWUHON 8 MO%AMKY KoopJdu-
HAM, HANPAMHG AKO20 3400HE DIGHAHHAMU

22 —224+1=0,
y—z+1=0.

Bupasa  3.23. Bcmawosumu, 0aa  AKUT  3HGUEHL M NAOULUHG
x + my — 2 = 0 nepepizac esinmuunuti napabosoid

x?2 22

PR

a) no eaincy, 2) no napaboai.

Bupasa 3.24. Ckaacmu pinanms noGEPTHL , YMEOPEHOT NPAMOIO, U0 KOB3GE

1o NPAMUM
x—6 y z-—1

3 2 1

r y—8 z+4

3 2 -2
I 3AAUWGEMBCA 8ECH YAC NAPANEALHON NAOWUHE 20 + 3y — 5 = 0.

Bupasa 3.25. 3natimu kpusi, aki € nepepidamu Konyca 0pyz2020 nopaixky

1,2 yQ 5
T4 d 2
TR

naowunamu: 1) z=y/5+1, 2)y=1, 8) y+2z+1=0.

3.7. IloBepxHi



IIpeamerHnii noKak4nK

abcrmca, 21 — KaHOHIYHe piBHAHHSHA, 65
anrebpaiuna Kpusa, 44 — MaJja Bicb, 66
ayredpalyHa moBepxHs, 44 — MaJa TiBBiCh, 67
amikara, 21 — OCHOBHH NPAMOKYTHUK, 66
acuMnTora, 65 — napametpu, 65
6asmuc, 17 — ysgBHA Bicb, 67

— niBwmit, 17, 18 — dokanbuuit pagiyc, 64

— opToroHaLHMH, 21 — doxkyc, 64

— OpTOHOpMOBaHM, 21 — TeHTp, 67

— npaswuii, 17, 18 rimepbosiunuit mapadosoizn, 86
BEKTOD, 6 — napametpu, 86

— 6azucHuit, 17 — npAMOJIiHifiHI TBipHI, 88

— IOBXkKUHA, 6 JBOINOPOXKHUHHMIT TinepboJioin, 81

— KiHelb, 6 — BepmHA, 82

— HyJBOBHii, 6 — rOJIOBHUIT mepepi3, 82

— TOYaTOK, 6 — nificHa Bich, 82
BiZcTaHDL — obepranus, 83

— BiJI TOYKH 10 IJIOIMHH, 5D — napamerpu, 82

— Big TOuKM 10 TpAMOi, 50 — ysBHA BiCb, 82
Bich, 20 — MeHTp, 82

— KoOpmHaTHa, 21 J0OYTOK BEKTOpa Ha 9ucyo, 10

— nongpHa, 24 JT00yTOK BEKTOPIB
rinepbona, 64 — BEKTOpHUi, 33

— BeJINKA Bich, 66 — mimannii, 37

— BeJIMKa TIiBBiCh, 66 — cKaJsipHuii, 27

— BepiuHa, 65 ejimnc, 61

— BiTKa, 65 — BeJHUKa Bicb, 63

— mificHa Bick, 67 — BeJHUKa MiBBicb, 63

— ekcuenrpucurer, 67 — BepuuHa, 63
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— eKCIIeHTpHucuTeT, 63

— KaHOHIYHEe PiBHAHHS, 62

— MaJja Bick, 63

— MaJia miBBick, 63

— mapameTp#, 62

— dokanpHUit pagaiyc, 61

— doxkyc, 61

— 1eHTp, 63
ejimcoin, 76

— BepiuHa, 77

— Bich, 77

— roJIOBHU TIepepis, 77

— obepranHs, 77

— mapameTpu, 77
yaBHHUM, 78

— 1eHTp, 77
eJinTUYHIH mapabdooin, 85

— roJIOBHHIT TIepepi3, 85

— obepranus, 86

— napamMerpu, 85
KOJIiHeapHiCTh BEKTOPIB, 6
KOMTIJIAHAPHICTH BEKTOPIB, 7
KOMITOHEHTH BEKTOpa, 18
KOHIYHA MOBEPXHHA, 73

— BepIInuHA, 73

— HAIIpAMHA, 73

— TBipHa, 73
KOHYC JPYTroro Mmopaaky, 83

— BepIuHa, 83

— TOJIOBHUIT epepi3, 83

— KoJIoBHi#, 85

— mapamerpu, 83

— y4aBHUit, 85
KOODIMHATH

— BeKTOpa, 18

— rouku, 21
KyT MiXK BeKTOpaMu, 16
KyT MiXX BeKTOpoM i Biccio, 20
JiHiHA 3aJ€XKHICTD, 15

JliHiiiHa, KOMOiHAIis BeKTOpiB, 12

— HeTpwBiaJgbHA, 12

— TpuBiajbHa, 12
JinHifiHa He3aJeXKHiCTh, 15
JiHiiHl omeparrii, 7
JIiHiST

— B mpocTopi, 43

— Ha IJIONIUHI, 42
JinifiyaTa noBepxHs, 79
HAIIpAMHM BeKTOp Hpamol, 20
HampsAMHI KocuHycH, 31
HOPMAJIb

— JIO TUIOIIWHH, 54

— 70 npsamoi, 48

OJIHOLIOPOKHUHHMIA rinepbosiois, 79

— BepIuHa, 79
— TOJIOBHUI Tiepepis, 79
— TopJioBHit eminc, 79
— naificHa Bicb, 79
— obepranusg, 79
— mapameTpHu, 79
— pamoIiHiiiai TBipHi, 80
— yABHa Bicb, 79
— IeHTp, 79
opauHara, 21
OPTOrOHAJIBHICTH BEKTOPIB, 29
napaboma, 68
— BepmnHa, 68
— Bich, 68
— aupekTpuca, 68
— ekcrenTpucurer, 69
— KaHOHiYHe piBHAHHA, 68
— mapameTtp, 68
— dokanpHuit pasaiyc, 68
— doxyc, 68
ILJIOIIUHUA PiBHAHHS
— B BiZpi3Kax Ha 0CAX, H)
— BEKTOpHE, 52

— BEKTOpHE IapamMeTrpuydHe, 52

IIpeameTHMiT MTOKaXKIUK
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— 3arajibHe, 53 gku, 46
— III0 TPOXOJUTH Uepe3 TOUKY, — 0 TPOXO/IUTDH Uepe3 3aTaHY
53 TOuKY, 46, 47
— 10 TPOXO/UTH YEPE3 TPU TO- npsAMOIL PIBHAHHS BEKTODHE, 45
K7, 53 pagiyc-BekTop, 20

oBepxHs, 43
TIOBEpXHs obepTaHHs, 75
— Bich obepranus, 75
MO/ BiJIpi3Ka y 3aJIaHOMY BiJIHO-
mieHHi, 26
roJtroc, 24
TONAPHAR
— KyT, 24
— paJaiyc, 24
[TOPSAIOK
— iwii, 44
— noBepxHi, 44
moYaToK KoopawHaT, 20
IPABUIIO
— mapaJjiejiorpama, 7
— TPUKYTHUKA, 7
TIPOEKIIi st
— BeKTOpHa, 30
— cKamngapaa, 30
MIPOTHUJIEYKHUN BEKTOD, 8
[IPOTUJIE?KHO HAIPHAMIIEHI BEKTODH,
6
MPSIMOI B TIPOCTOPi PiBHAHHS
— mapaMeTpuyHi, 45
— IO TPOXOJIUTH Yepe3 JIBi TO-
49K, 59
— III0 TTPOXOJUTH Yepe3 TOUKY,
58
MIPSIMOI Ha, TJIONTHHI PIBHIHHS
— 3araJjibHe, 48
— 3 KyroBuM koedimienrom, 47
— mapaMeTpuyHi, 45
— y Bizpizkax Ha ocsax, 49
— IO TIPOXOJUTH Yepe3 ABL TO-

PO3KJaJ, BeKTOpa, 12
pPiBHICTH BeKTOpiB, 6
pi3HUIA BEKTOpIB, 9
cucTemMa KOODIWHAT

— acdinna, 20

— JIeKapToBa, 21

— KOCOKYTHa, 21

— TOJIApHA, 23
criBHAIIpsAMIEH] BekTopH, 6
creninb piBHAHHSA, 44
cyMa, BEKTOpiB, 7
Tpiiika BEKTOPiB

— jiBa, 17

—mpaBa, 17
Tino, 43
dirypa, 43
IWIHIPUIHA MOBEPXHs, 71

— Bich, 71

— HampsAMHA, 71

— TBipHa, 71
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