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1 Jlimitawmit mpocTip

1.1 O3snHavyeHHsd i npukKJIagN

Jlinifinuit upocrip € y3arajibHEeHHsIM LOHATT: MHOXKMHU BEKTOpiB (1BOBUMID-
HUX a00 TpuBUMIpHUX). HeoOXiqHICTH TAKOTO y3arajbHEHHS BUKJIMKAHA TUM
dakToMm, 10 B 6ararhOX PO3IiJaX MATEMATHKW 1 TPUKJIAQIHUX HAYK BEJIHKA,
KLTBKICTh 00’€KTIB Ma€ BJIACTHBOCTI BEKTOPIB: iX MOXKHA I3 aBATH, MHOKUTH
Ha IUCT0 ab0 OIMH HA OIHOTO, IPUIOMY, IIi OIepallil MaloTh TaKi K BJIACTHBO-
CTi, 10 ¥ aHAJOTIYHI omeparii 1jist BEKTOPIB; /I MIX 00 €KTiB MOXKHA BBOJIUTHU
TTOHSITTS JIHIHHOT He3aJ1exkKHOCT 1 6asncn. TakuM UMHOM, BUHHKAE MOKJINBICTH
BUBYHMTH BJIACTUBOCTI 3a3HaYEHNX 00’€KTIB 3 € IUHUX MO3UII, He BiABOIIKAIOUN
Ha, TXHi OKpeMi 0COOJIMBOCTI.

st peastizariii Takoro miaxomy Hacamepen Tpeba BKa3aTh HEBEJIUKY Kilb-
KiCTb 3arajibHUX BJIACTUBOCTEH BEeKTOPIB (siKi i pobJisiTh, BJACHE, BEKTOPU TUM,
YUM BOHU €), 3 KUX BUILIMBAIOTDH BCl iHmIl ixHi BJAACTMBOCTI.

Muoxkuna 06’ekTiB £ Ha3WBAETHCA ATHITUHUM NPOCMOPOM, & HOTO eje-
MEHTH X, Y, Z — 8eKMOPAMU, AKIIO B L O3HAUEHI IBi OIepariil Hal BEKTOPAMHU:

1) mepina omepaiiis craBuTh y BiANOBLAHICTH OyIb-SKMM JBOM BEKTODAM
X 1 y Tpertiii BEKTOp, 110 HA3MBAETHCS IXHBOIO CYMOIOiL MMO3HAYAETHCA X + Y
(onepauisi dodasarms BekTOpiB);

2) Apyra orepallis CTaBUTh Y BiANOBIIHICTDL Oy/b-sIKOMY BEKTODPY X 1 4HUCITy
A BEKTOD, L0 HA3UBAETHCA QOOYMKOM X HA A 1 mMO3HAYAETHCA AX (omepariis
MHOHCEHHSA BEKTOPA HA YUCJIO0); IPUIOMY, Il Onepailil 3a10BOJbHAIOTH TAKUM
akciomam:

1. x+y =y + x (KOMyTaTHBHICTH JO/IABAHHS).
2. (x+y)+z=x+(y+2z) (acormiaTuBHICTH JOTABAHHS).

3. 3(0)¥(x) x + 0 = x (icHyBaHHS HYJBOBOTO BEKTODA).
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4. ¥Y(x)3(—x) x + (—x) = o (icHyBaHHS BeKTOpa, MPOTHUIEIKHOTO
BEKTODPY X).

5. 1-x =x (1006yTOK OfMHUII HA BEKTODP HE 3MIHIOE OCTAHHIIN).
6. AMpx) = (An)x (aconiaruBHICTD MHOXKEHHS HA YHCIO).

7. A(x+y) = AXx + Ay (aucrpubyTUBHICTD MHOXKEHHS HA YUCJIO
BLJHOCHO JI0/IaBaHHs BEKTOPIB).

8. (A4 pw)x = Ax + px (auCcTpUOYTHBHICTH MHOMKEHHST HA IUCIIO
BIJTHOCHO JIOIABAHHS YUCEJT).

BekTop 0 Ha3UBAaETHCH HYABOBUM BEKIMOPOM, BEKTOD —X — BEKTOPOM,
npomuaesncrum Bekropy X. CyMy BeKTOPIB X u —y OymeMO Ha3uBaTu pi-
3HUUEI0 8EKMOPI8 i TIO3HAYATH X — ¥ .

JKmo gmcaa, Ha sKi MHOXKATHCS BEKTOPH, ificHi, L Ha3zBeMO 0ilicHUM
JIHIAHUM MTPOCTOPOM; SAKIIO Il YUCJIa KOMILIEKCHI, TO — KOMNAEKCHUM JIi-
HitauM mpocropom. Akio Oyae mepenbdagarucs, mo L Moxke OyTH SK JiHCHUM,
TaK i KOMILJIEKCHEM, TO Oy/eM0 #oro iMeHyBaTH IPOCTO JIHIHHAM IIPOCTOPOM.

3 BBEIEHUX aKCiOM JIICTAEMO TaKi TBEPIKEHHS.

1° Hyavosul eexmop — eduHul.

HiiicHO, TPUITYCTUMO, IO iCHYIOTH /1B HYJIHOBUX BEKTOPH 01 i 02. Tomi mo
Tperiii akciomi 07 + 02 = 07 = 09.

2° Bexmop X mae edunuii, npomunesrcruti omy, eexmop —X.

KO MPUTIYCTUTH, IO BEKTOP X MAa€ JBA, PI3HUX MPOTHIEKHUX BEKTOPU
—X1 1 —Xgo, TO TIO APYTiii, TpeTiii i eTBepTiii akciomam Oy1e BUKOHYBATHUCH, IO

(3x0) X+ (=%2) = ((=x1) + %) + (—x2) = 0+ (~%2) = —xz,

(=x1) +x+ (—=x%2) = (=x1) + (x + (—=x2)) = (-=x1) + 0

[
|
ko

Buxoauts, mo Bektopn (—x;) i (—X,) He MOXKyTh OyTH pi3HIMH.
32 Bexmop o e npomuaeschum 0o camozo cebe.
Buxoaurs 3 Toro, 1mo o + o = o.

4° Bexmop x npomuaesichull sexmopy —x: —(—X) = X.

1.1. OsnHauenHga I mpukjaaau
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[IpssmMo BUXOAUTH 3 TIEPINOl T Y€TBEPTOI aKCiOM.
5° Cnpasedausa pisnicms 0X = o.

Cupasni, 0x = 0x+x+ (—x) = (0+ 1)x+ (—x) = x+ (—x) = o.
6° Cnpasedausa pienicms (—1)x = —x.

Hiiicuo, (—1)x +x = (=14 1)x = 0x = o. Tomy (—1)x € BeKTOPOM IPO-
TUJIEZKHIM BEKTOPY X, & OCKLIBKHU TAKUil BEKTOD 32 JOBEJIEHNM B 2 €MHUIA, TO
(-1)x = —x.

72 Jlobymox 6y0b-aK020 YUCAA HG HYAbOBUT GEKMOP JOPIGHIOE HYALOBOMY 6e-
Kmopy: Ao = 0.

Bunuiusae 3 snannoxka pisocreii: Ao = A(x — X) = Ax — Ax = o.
82 Arwo Ax =0, mo abo A =0, abo x = 0.

Hexait, mampukiaa, A # 0. [ToMHOKUMO piBHICTE AX = 0 Ha A~ ': 1x = o,
TOOTO X = O.

PosrisimemMo mpuWKIaaIu BEKTOPHUX TMPOCTOPIB, Dararo 3 SKWX MAlOTh Ba-
JKJIMBE CAMOCTiifHe 3HAYEHHS B PI3HUX PO3/ijlaX MAaTeMaTUKH.

IIpuknaax 1.1 (3Buuaiini  Bekropu). Ockiavku 36uualini  6eKMOpU,
6UBUEHT 68 PO30ini 8EKMOPHOL anz2ebpu, 31 36UMNATUHUMUY ONEPAYiAMY J00a6aH-
HA BEKMOPI6 | MHONCEHHA BEKNOPA HA YUCAO 300080ALHAIOMD BCIM AKCIOMAM
AHITHO20 NPOCTNOPY, MO MHOHCUHY 8EKMOPIE HA NAOULUNL T Y TPOCTOPL Ymeo-
POWOMb ATHIUHT NPOCTNOPU.

Koopmauunaruna ¢dpopma 3amucy BEKTOPIB y ABOBHMIPHOMY IPOCTOPI MA€ BH-
A ABifoK wuces: (aq,ag); y TPUBUMIPHOMY NPOCTPAHCTBE — TPIHOK IHCE:
(a1, az2,a3). MHOXKWHa HEBIIOMWX B aJrebpaitHOMY DIBHSIHHI, MHOXKHHA Bijb-
HUX 9JIEHIB y MPABUX YACTUHAX CUCTEMU aJreOpaldHuX piBHSIHb, MHOXKWUHA, KO-
ediItieHTiB MpU HEBIIOMEUX Y TOMY K PIBHSHHI TAKOI CHCTEMH MOXKYTb OYTH ITO-
nadi nouucaamu: (1, T, ..., Ty, ). 38 AHAJIONIEIO 3 ABliikaMu i Tpifikamu duces
Takui 3amuc Oyn1eMo HAa3WBATH N-Mu Hucea. MHOKWHA MTOKA3HUKIB POOOTH
M IMTPUEMCTBA; MHOYKUHA XaPAKTEPUCTUK POOOTH TPAHCIOPTY; MHOXKWHA, BEJIH-
9UH, 0 OMUCYIOTh CTaH MOTOIW, TEX MOXKYTh OyTH 3amwcaHi y BUIVIAAL 1-OK
qUCET.

IIpukaax 1.2 (IIpocrip R™). [okazamu, wo MHOMCUHE 6CIT N-0K wuces €
NHITHUM TEPOCTNOPOM.

1.1. OsnHauenHga I mpukjaaau
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Posé’asanns. Hacammepes BBeseMO orepariii J10JaBaHHs 1-OK 4uces (BeKTo-
piB) x = (z1, T2, ..., 2,) 1y = (Y1,Y2,---,Yn) B TAKOMY IIPOCTODI:

X+y: ($17$27--~7In)+(y1,y27~-~,yn) =
= ($1+y1,$2+y2,-~-’$n+yn)v

¥ MHOXKEHHSA N-KW 9ucesT Ha IHCIO0:
Ax = ANx1,22, .., Zn) = (Ax1, Ao, ..., ALy).

SIKIO HYILOBUM BEKTOpOM BBazkatn n-ky o = (0,0, ...0), a BEKTOPOM, TTpO-
TUJIEXKHUM BeKTOpy X = (o1,Z2,...,2Z,), BeKTOp —Xx = (—x1,
—Z9,...,—Zp), TO BCl akciomu JiniiiHoro npocropy Oyayrh Bukonani. Hampu-
KJ1aJl, CbOMa akKcioma:

Ax+y) =A(z1, 22,y 2n) + (Y1, Y2, -+, Un)] =
=Mz1+y1, T2+ Y2, T+ Yn) =
= A1+ 90, M@+ 32), o A + ) =
= (Az1 + A\y1, AT + Ay2, - -, ATy + Ayn) =
=M1, T2, .., 2n) + AY1, Y2, - - -, Yn) = AXFAY.

IlepeBipky inmmx akcioM BuUKOHaiiTe caMmocTiitHo. JIinifinuit mpocTtip ycix n-ok
qrces no3HadaeTeca R™. O

POBI‘JIHHQMO MHO}KI/IHy MHOI‘O‘{J’IeHiB CTEeNIeHA HEe BUIIE N-TO:
P,(t) = aop + art + ast® + ...+ ant”, (1.1)
I AKAX JIOJABAHHS 1 MHOXKEHHS Ha YHCJI0 O3HAYEHI 3BUYAHUM IHHOM:
Po(t) + Qn(t) = (ag + art + ast® + ... + ant™)+
+ (bo + byt 4+ bot® 4 ...+ bpt™) =
= (ag + bo) + (a1 + byt + (ag + b)t> + ... + (an + by)t"™;

(
Mag + art + aot® + ... + apt™) =
= (Aag) + (Ma1)t + (Nax)t* + ... + (Aa, )"

AP, (1)

ITpukaan 1.3. Iloxazamu, U0 MHOHCUHG YCIT MHO20YNAEHIB CNENEHA HE BUULE
Nn-20 € AMHIUHUM NPOCMOPOM.

1.1. OsnHauenHga I mpukjaaau
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Pose’azanna. Oneparii 101aBaHHSA MHOTOUYJIEHIB 1 MHOYKEHHsI MHOTOUJIEHA, Ha,
9UCI0 BUKOHYIOTHCH (DAKTHUIHO HA KOedilli€eHTaMu MHOTOUJIEHIB, TOMY KO-
JKHUIL MHOTOYJIEH MOXKHA 3aMiHUTH M-010 4uces (m = n + 1) i Bukonysaru
BiamoBigni ail Hajg m-Kamu ducesi. Ajie, K OyJ10 [IOKA3aHO, M-KHU YUCEJ YTBO-
PIOIOTH JIiHIHWI MPOCTip, TOMY i MHOYKWHA MHOTOUJIEHIB CTETEHS He BUIIE N-TO
€ JHITHUM TPOCTOPOM. O

IIpuknan 1.4. Axwo He 0bMmeHCY8AMU CMENTHD MHO20UAEHA JEAKUM YUCAOM,
mo muozousen (1.1) yorce ne ModCHA 3aNUCAMU T-010 WUCEA, G MIAGKYU 36 00-
NOMO2010 HECKIHUEHH020 6ekmopa X = (ag,a1,...,a0n,,0,0,...). Qu 6yde mHo-
AHCUHA 6CIT MHOZOUAEHIE ATHITHUM NPOCTOPOM?

Pose’asanns. BeemeMo njisi Takux BEKTODIB, X = (T1,Z2,...,Tp,...) 1y =
= (Y1,Y2, -+, Yn,--.), IO € HECKIHUYEHHUMHU TIOCJIJIOBHOCTSIMH, OTepariil 1071a-
BaHHSA | MHOYKEHHST Ha, YUCJIO:

x+y=(z1,22, . Tn,--)+ Y1,Y2, -y Yny.-.) =
- (.’171 +y17x2+y27“‘7$n+yn7"’)7 (12)
AX = A21,22, .-, Tpy o) = (AZ1, AZoy o oo, Ay .2 0).

SIKIO HY/TBOBUM BEKTOPOM BHOpATH HECKIHYEHHY MOCTIIOBHICTEH HYJB O =
= (0,0,...), a BEKTOPOM, IIDOTUJIEKHUM BEKTOPY X = (Z1,Z2,...,Tp,...), BBA-
JKATH BEKTOp —X = (—x1, —T2,...,—Tn,...), TO TAK CAMO, SIK 1 JJIsT N-OK INCE,
HEBaXKKO MODAYNTH, 10 BCi akciomn JiniftHoro mpoctopy OyayTh BukoHani. Bu-
XO/IUTh, MHOXKMHA, BCIX MHOT'OYJIEHIB TEX € JIHIMHUM TPOCTOPOM. L]

IIpukaazn 1.5. Muoocuna gynruit eudy f(x), nenepepenux na 6idpisxy [a, b],
0e3CYMHIBHO, € MHITHUM TPOCTNOPOM 31 36UMGTUHUMU ONEPAUTAMU J00ABAHHA
PyHKUil ¢ MHOHCERHA PYHKUIT Ha Yucao. Hyavosum sexmopom y ybomy npo-
CMOPI MOJHCHA 86ANHCATMU PYHKEUII0, UL0 MOMONCHO JOPIBHIOE HYAI0 HA 810PI3KY
[a,b], a sexkmopom, npomunescrum dynruii f(x), — dynruiro —f(z).

IIpuknazn 1.6. Muooicuna mampuysb posmipy mXxn (3 m padkie i n cmosnyie)
YMmeope NMHitHUL NPoCcmip, Npuuomy 00008aGHHA MAMPUYD | MHOHCEHHS MO~
MPUYL HA YUCAO 03HAYANOMDCA 38UATHUM cNOCcobOM. Porv Hysvosozo eexmopa
610i2PaE HYADOBA MAMPUUS, G POAL MATMPULT, NPOMUAEHCHOT mampuyi A, —
mampuuys —A. OuesudHno, 6Ci AKCIOMU MHITHO20 NPOCTNOPY BUKOHYHMHCA.

1.2 Jliniiisa He3aJIe>KHICTD

BaxkmBuM moHATTSM TeOpil MHIHUX TPOCTOPIB € MOHATTA JIHIHHOI He3aJe-
2KHOCTL  BEKTOPIB, $Ke, B3araji [OBOpAYM, O3HAYAE, IO KOJEH HEHy-

1.2. Jlinilina He3aJIe>KHICTh
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JIbOBUI BEKTOD 3 [TaHOI CYKYITHOCTI BEKTOPIB HE MOYKHA TIOJATH Y BUTJISAI CyMU
JOOYTKIB iHIMX BEKTOPIB Ha JesKi yncjia. Taka cyma BEKTODPIB Xi,Xs, ..., Xy
Ha3UBAETHCHA ATHIUHOMW KOMDOIHAUIEID 8€KIMOPIE:

A1X1 + )\2X2 + ...+ /\nxn,

e Ao, Ao, ..., Ay — YHCIA, 110 HA3UBAIOTHC KOEPHIUIEHTNAMU AIHITHOT KOM-
b61nauei. Jliniiina koMbOiHAIl S BEKTODIB HA3WBAETHCST MPUBLAALHOO, SIKIIIO BCi
i KoedirieHTr TOPIBHIOIOTH HYJIIO0; ¥ CYIIPOTUBHOMY BHUIIAIKY BOHA HA3WBAETHCS
HempueiaavHoro. Toune o3HaueHHS JIHINHOT HE3aJEKHOCTI TaKe: BEKTOPHU
X1,X2,...,X, HA3UBAIOTHCI ATHITUHO HE3AAEHCHUMU, SKIIO TLILKU IX TPH-
BilasbHa siHiiftHA KOMOiHAIS JOPIBHIOE HYJILOBOMY BEKTODY. ¥ IPOTUIIEKHOMY
BUIIAJIKy BOHU HA3UBAIOTHCA ATHIUHO 3AAEHCHUMU, .

K110 BEeKTOPH JIiHIIHO 3aJ1€KHi, 3HAlIeThCA X HeTpUBiaIbHA, JiHiTHA KOM-
GiHaris, 1Mo JOPiBHIOE HYJILOBOMY BEKTODY:

A1X1 + AoXo + ...+ A\pX, = 0. (1.3)

Ile o3navae, mo xo4a 6 oxun 3 KoediuieHTiB JiHiliHOI KOMGiHAIIT (HAIPUKIIA,
6e3 yTparu 3arajbHOCTi, A1) He nopiBHio€ Hy/r0. Tozui BEKTOP X1 MOXKHA BUPa-
3UTH Yepe3 iHI BEKTOPU:

A An 14
X] = — X1 — X, (1.4)
A1 A1
TOOTO mOmAaTH floro y Bursai JiiHifiHOI KOMOiHAIlil BEKTOPIB X1,X2,...,Xp.

AKIIO K BEKTOPY JIHIHO HE3AJEXKHI, 1€ 3pOOUTH HEe BIACTHCS, TOMY IO B
pisaocri (1.3) Bei koedinienTu minifiHOl KOMOIHAIIT JOPIBHIOIOTH HYJIIO.

Heckinuenna cucrema BEKTOPIB X1, X9, . . . , Xy, - . . HA3UBAETHCA ATHITUHO He-
3aAEHCHOM0, STKITO OYIb-sIKa CKIHIEHHA MiACUCTEMA IIUX BEKTOPIB JIHIHO He-
3ajekHa. B mpoTuie;kHOMY BHMAIKY HECKiHIEHHA CHCTEMA BEKTOPIB HA3UBAE-
THCSA ATHITUHO 3AAEHCHON0.

Teopema 1.1. Axuwo ceped 6exmopis X1,Xsa, ..., Xy, € HYALOSUT 6EKMOP, MO
8CA CUCMEMA BEKMOPILE AIHIUHO 3AAEHCHA.

Zlosedenns. Hexail, Hanpukiiazi, X, = 0, TOI /sl HETPUBIaJIbHOL JIIHIAHOT KOM-
Gimarmii micraemo 1x; 4+ 0xs... + 0x, = 0, IO O3HAUYAE JiHIIHY 3aJEXKHICTH

BEKTOPIB. O
Teopema 1.2. Sxwo ceped 6ekmopis X1,Xsa, . . ., X, 04Kl YMeop0msd AiHil-
HO 3GAEIHCHY CUCTMEMY, MO i BCA CUCTNEME X1,X2, - .., Xy MHIUHO 3G4EHCHA.

1.2. Jlinilina He3aJIe>KHICTh
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Zosedenns. Hexait BekTOpH X1, X9, . . ., Xk, k < M, THIITHO 3a/1eXKHi, Tl iICHYE
ixHs HeTpuUBiajbHA JiHIIHA KOMOIHAINS A1X) + ... + ApXy, [0 JOPIBHIOE HY-
JIbOBOMY BeKTOpy. AJjie Toxi i HerpuBiayibHa JiHifiHa KOMOiHAmiA A1X1 + ...+
+Aexr + 0xp41 + ... + 0x,, Texk AOPIBHIOE HYJIHLOBOMY BEKTODPY. BuxomuThb,
CHUCTEeMa BEKTOPIB X1, X, ..., X, JIHIHO 3ameKHA. O

BucHoBok 1.1. dxwo eexkmopu X1,Xa, . . . , Xy AHIGHO HE3AAEHCHT, MO U OYdb-
AKG TTHA nidcucmema NMHITHO HE3ANEHCHA.

J1st 3BUYaHIX BEKTOPIB Ha IIJIOMIUHI B PO3IiIi BEKTOPHOI anredpu JOBOIN-
THCS TEOPEMA IIPO Te, IO Oy /Ib-siKuii BEKTOP MOXKe OyTH [OIaHul OMHO3ZHAYHO Y
BUILJIsi/] JIHIFHOT KOMOIHALIT BOX HEKOJIIHEAPDHUX BEKTOPIB. 3 LOJAJIbIIMX TBEP-
JI2KeHb Oy/e BUIJINBATH, 10 HA TJIONINHI OyIb-s1Ka CHCTEMA 3 YHCJIA BEKTOPIB,
O1IBITIONO JIBOX, JIIHIAHO 3aJI€KHA.

Teopema 1.3. /l6a eexmopu Ha NAOWUHE NMHITUHO 3a4edCHT MOJi (T MIALKU
mooi, KOAU B0OHU KONHEAPHTI.

Zlosedenns. fxmo BekTopu a i b nimiitHO 3ajexkHi, TO iCHye HeTpHUBiaJIbHA
siniiina kKombinarisa Aa + pub = o. Hexait, manpuknazn, p # 0, Tomi b = —ﬁa.
Buxomuts, BekTopu a i b KomineapHi.

Hapnakwu, mexait Bekropu a i b kosineapsi. Ko BeKTOp a Hy/JIbOBHIt, TO
BekTOpHU a i b siniiiHo 3asjexHi, i Teopema moBeIEHA.

Ao x a # 0, 70, K OyJI0 MOKA3aHO B PO3/Iiji BEKTOPHOI ajarebpu, b =)\a,
e A — fJesike 9ucj0. BuxomuTh, HeTpuUBia bHA JiHIHA KOMOIHAIISA TOPiBHIOE
HYJIbOBOMY BEKTODY: Aa — b = o, i BekTopu a i b niniiiHo 3asexHi. O

BucHoBok 1.2. /[sa 6exmopu Ha NAOWUHE ATHITHO He3aieHcHi Modi 1 MisbKU
mooi, KOAU B0HU HEKONHEGPHI.

Tak camo Jj1s1 BEKTOPIB y MPOCTOPi JOBOJWIOCS, IO OYIb-SIKIil BEKTOP MO-
e OyTr TMOmaHuil OMHO3HAYHO y BUTJISMl JIHIHHO! KOMOIHAINT TPHOX HEKOM-
IUTAHAPHUX BEKTOPIB. 3 JOKA3yBAHUX HUKYE TEOPEM BUXOIUTD, IO B TPOCTOPI
OyIb-IKa CHCTeMa 3 UHCJIa BEKTOPIB, OLIBIIOTO TPHOX, JIHIHHO 3aseKHa.

o

Teopema 1.4. Tpu sexkmopu 6 NPocmopi AHITHO 3anrexchi Mmodi U MisbKU
modi, KOAU BOHU KOMNAGHAPHI.

Zlosedenna. Hexait BekTopu a, b i ¢ mimiiino 3amexui. Toxi onwH 3 HEX € JIi-
HifiHoo Kombinanieo ABox inmmx BekTopis (mus. (1.4)): ¢ = Aa + pb. dkmo
a i b xomiHeapHi, TO micad CyMileHHs IX MOYAaTKiB, BOHM ONMUHATHLCS HA OHii
npsaMiit, ase Toxdi i BekTop Aa+ ub onuHuTbes HA Tifl camiit npamiit. BuxoauTs,

1.2. Jlinilina He3aJIe>KHICTh
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yci Tpu BeKTOpHU a, b i ¢ OyayTh He TiIbKKM KOMILIAHAPHI, aje i KOoJTiHeapHi.
Ao xk BekTOpw a i b HeKOIiHEAPHI, TO MiC/IsA CyMiIeHHS TOYATKIB YCiX TPHOX
BEKTOPIiB BekTOpH & i b He OGyayTh po3TammoBani Ha OmHIHA i Ti#l camiit mpsamiii.
Or:ke, gepe3 Tpu TOYKM — IXHil CHOLIBHUI MOYATOK 1 KiHII — MOXKHA Oyje
npoBectu momuHy. Tomi B miit miomnwHi OyaIyTh TAKOXK PO3TAIOBAHI BEKTOPU
Aa i pub, a Takox mapajenorpam, Ha HuUX TOOymoBauuii. Aje fioro miaronann
came OyJie BEKTOpOM € (J0j[aBaHHsI BEKTODIB 3a MPABUJIOM IIaPAJIEIOrPAMA).
Buxoaurs, yci Tpu BekTOpu a, b i ¢ 6yayTh po3TanioBaHi B OAHIH IIOMIXHI, 110
O3HAYA€E IXHIO KOMILIAHAPHICTD.

Hapnakwu, nexait Bekropu a, b i ¢ kommtanapui. fkmo saxi-uebyap gBa 3
IIMX BEKTOPIB KOJIIHEAPHi, TO 3 TOTEPEIHBOI TEOPEMU BOHHU JIHIINHO 3aJIeXKHi, a
TO/i BCi TpM BEKTOPH TeK JIHIIHO 3ajiexKHi 3a Teopemoio 1.2. AKIMO K HigKi
JIBA BEKTOPHU HE KOJIHEapHi, TO 3a TEOPEMOIO MPO PO3KIAJAHHsS HA TLJIOMIMHI
c = A\a+ ub, abo A\a + ub — ¢ = 0 i, orke, BekTopu a, b i ¢ niniitHO 3aMeXKHI.

O

BucHoBok 1.3. Tpu sexmopu 6 npocmopi AiHitiHo He3aresncHi modi T MisbKu
modi, KOAU B0HU HEKOMNAGHAPHI.

Teopema 1.5. B ainitinomy npocmopi R™ 6ydv-axi n eexkmopieé X1,Xs, ...,
Xy, ATHITHO He3aAe2CHT Modi T Miabku Modi, KoAU 8UudHaAYHUK A, ckaadenutl 3
YULT 8EKMOPIG, He JOPIBHIOE HYAEBI.

Zosedenns. Ilpumyctumo, M0 BEKTOPH X1, Xo, - - . , X, JiHIITHO He3amexHi. Tomi
JIHIAHA OHOPI/IHA cUCTeMa PIBHSIHD

)\1X1 + )\2X2 + ...+ )\nxn =0 (15)

BiHOCHO HEBimOMHUX A1, Ao, ..., A\, Ma€ eauHuit po3B’sa30k Ay =0, Ao =0, ...,
An = 0. Lle o3nauae, mo ii rososuuit BusHavauk A £ (.
Hapnakwm, gKImmo meif BU3HAYHUK HE JIOPIBHIOE HYJIO, TO CHUCTEMa PiBHIHDL

(1.5) BIZHOCHO HEBIIOMUX A1, A2, . . ., A, MAE €QUHUI PO3B’A30K. AJie OuH PO3B’s-
30K 3aBxkaU €: A\; = 0, Ao =0, ..., A\, = 0. Orke, inmmx po3s’s3KiB OyTu HeE
MOKE, 1 BEKTOPH X1, X2, ..., Xy, JIHIHHO HE3aJI€XKHI. O

Teopema 1.6. V ainitinomy npocmopi R™ 6yodv-sxa cucmema 3 (n + 1)-20
8EKMOPG AIHITHO 3ANEIHCHA.

Hosedenns. Po3riasHeMo CHCTEMY BEKTODPIB X1, X2, . . . , Xy, Xp41. AKIIO BEKTO-
pu X1,Xa, . ..,X, JIHITHO 3aJ€XKHi, TO 3a TeopeMoio 1.2 JiHiitHO 3ajeXHi i Be-
KTOPHU X1,X2,...,Xpn,Xp41, 1 TEOPEMA JOBEICHA.

1.2. Jlinilina He3aJIe>KHICTh
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IIpumycTumo temep, M0 BEKTOPH X1, X3, - . . , Xy, JIHINHO HE3aJIEXKHI 1 BEKTOD
Xp+1 7 O (iHaKIIe BCd cuUCTeMa BEKTODIB JIHIHO 3a/iexKHa 1 Teopema, 10BeIe-
ua). Toxi cucrema piBHAHD

)\1X1 + )\2X2 + ...+ /\nxn = Xn+1

Mae eIMHI PO3B’A30K, TOMY ITIO 33 MOTePeIHhOI0 TEOPEMOIO i1 TOJTOBHMIT BU3HA-
YHUK HE JIOPiBHIOE HYJIIO, TPUYOMY, 1€ PIllleHHsS HEHYJIhOBE, 00 iHAKIIE BEKTOD
Xp41 BUSIBHTHCS HYJIBOBUM, IO CyIEepeYHTh npumyieHuio. OcranHs piBHICTH
O3HadYaE€ JHINAY 3a7€KHICTb BEKTOPIB X1, X2, . .., X, Xn+1- O

Y mpocTopi MHOTOYIEHIB CTENeHsI He BUINE N-T0 OyIb-AKHI MHOTOYUIEH MO-
ke OyTu nosanuii m-oo (m = n + 1) cBoix koediuienris, TOMY BIIIIOBLIHO 10
TLIbKK IO JI0BEJEHOI Teopemu cucreMa 3 (n + 1)-ro muorowsiena JjiHiiiHo He3a-
JIEXKHA, AKINO CKIAJEHUN 3 BiIMOBIIHUX M-0K BU3HAYHUK HE JOPIBHIOE HYJIIO.
3 mi€i K TeopeMu BUILIMBAE, IO OyIb-siKi 1 + 2 MHOTOYJIEHU JIHIHHO 3aJI€KHi
B IIbOMY TPOCTOPi. 30Kpema , JHITHO HE3aJEKHOI0 € CucTeMa X1 = 1, Xo = t,

X3 =t2,..., X, = t", ocKiabKH TH BiAIOBIZAIOTH M-KH, 110 YTBOPIOOTH BU3HA-
9HUK

1 0 0

0 1 0

Jlinifina He3aJeKHICTh i€l CHCTEMUW BUTIIMBAE TAKOXK 3 TOTO, IIO0 MHOTOUJIEH
Ao+ At +Aot? ... 4 A, t" MOKe JOPIBHIOBATH HYJTIO JIHIIE TOi, KOJIH BCi #0r0
K0eMiIieHTn TOPIBHIOIOTH HYJIIO.

Y mpocTopi BCiX MHOTOYJIEHIB iCHY€ HECKiHYEHHA JIHITHO He3aJIeKHA CH-

creMa BEKTOPIB X1 = 1, Xo = t, X3 = t2, ..., X, = t",.... JliiicHo, 6y1b-aKa
CKiHYEeHHA HiJCHCTEMa TAKHX BEKTODIB Ma€ BHLIAL X, = t*, x; = t7, ...,
Xs = 17, e BCi MOKa3HUKU v, (3, ..., 7 pi3Hi i HAJE)KATH PO3MUPEHi MHOKUHI
Harypasabhux uncen Ny = {0,1,2,...}. Hexait £ = max( o, 3,...,7). 4k 6y70
HOKA3aHO, CUCTEMAa BEKTOPiB X; = 1, Xo = ¢, X3 = t2, ..., Xe = t¢ nimiiteo
He3aJIe’KHa, a TOMl MHIHHO He3aIexKHa I CHCTeMa BEeKTOpiB X = &, x; = tP,
., Xs = t7 (Bucuosok 1.1).
Ocxinbky MHOTOUIEHN X, = 1, X9 = ¢, X3 = t2, ..., X, = t",. .. HeIepepBHi,

TO BOHU JTAIOTh TPUKJIA JiHIHHO-HE3aJI€KHOI CHCTEMH BEKTOPIB i B MPOCTOPi
BCiX HemepepBHUX (DYHKITIH.

Y mpocTopi BCix MAaTPHUIh PO3MIPY M X N MHIAHO HE3ATEXKHY CHCTEMY 3 Mn
BEKTOPIB yTBOPIOIOTL MATPUIi A,;, B AKX eJleMeHT a;; = 1, a inmi eseMeHTH

1.2. Jlinilina He3aJIe>KHICTh
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JnopiBaHOIOTH HYyJ10. CripaBi,

m n

> > A =0

i=1 j=1

(O — mynboBa Marpuis), aKkmo Tiaeka Bei Aj; = 0. [Ipu npomy ms 6yab-skol
MaTpuili A po3mipy m X n CIpaBeIuBa PiBHICTDH

A= ...... ...... :Zzaiinjv

Am1 -+ Gmn i=1 j=1

sIKe O3HAYAE, [0 cucTeMa 3 mn + 1 marpurli Bxke Oyzae JiHITHO 3a/I€KHOIO.

1.3 bazsuc

Baszucu 103BONAI0TH 3aIMCyBATH BEKTOPH JIHIHHOTO MPOCTOPY B KOMITOHEHTHI T
(koopauuarhiit) Ghopmi Tak camo, sik 3aNUCYIOTHhCsl 3BUYAHI BEKTODH.

Bas3ucom y MiHITHOMY MPOCTOPI HA3WBAETHCA CKIHUEHHA YIOPSAIKOBAHA CH-
cTeMa, JIiHIHHO HE3AJIEKHAX BEKTOPIB, KA MA€E TAKy BJIACTUBICTD, 110 OYIb- AK Uit
BEKTOP JIHIHHOTO IPOCTOPY € IXHBOIO JIHITHOIO KOMOIHAIIEO.

Bazuc 3 n Bekropis b6yzemo nmo3unadatu < €y, ...,€, >, a BEKTOPU €; HA3U-
Baru 6asucHuMu. JIKm10 6a3uc icHye, JIHIAHUA HPOCTIP HABUBAETHCA CKIHYEH-
HOBUMIPHUM (N-BUMIPHUM), & IUCTIO N — BUMIPHICNIO TIPOCTOPY. AKIIO
K [t OyIb-IKOrO My JIiHIHHOMY MpocCTOpi icHye cucrema 3 n JiHiitHO HE3ase-
JKHUAX BEKTOPIB, TO JIHIHHAI MPOCTIp HABMBAETHCA HECKIHUYEHHOBUMIPHUM .

B n-BumipaOMy mpocTopi 6yab-aKuii BEKTOP MOYKHA, 3AIMMCATH Y BATJISIIL JTi-
HiliHOI KOMOIHALII BEKTOPiB 0a3KCY, 110 HA3BUBAETHCA PO3KAAGIOM 8EKMOPa 34
b6a3ucom, a kKoedinienTn Jiniiinol kombinanii — xoegiyienmamu po3xkaady:

X=T1€1+ ... +Tpre, = [X]T[e}-

Yucna x1, ..., T, HABUBAIOTHCI KOMNOHeHMaMu abo Koopdunamamu Be-
KTOpa X, a 3aluc [X], [X]|e 03HaYa€ 300paKeHHs KOMIIOHEHTIB BEKTOPA Y BUIJIsiIi
mMarpuui po3mipy n X 1, 10610 y BuriisAl BEKTOPa-CTOBIL (3 J0JABAHHAM 110~
3HaYEHHs 0A3UCY, AKIIO 1€ ICTOTHO):

T

[x] =

Tn

1.3. Ba3suc
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Bazuc 0ynemo 3amucyBaTu B Takuii e Crocio:

en
Toni supas [x]7[e]  me mpocTO MHOMKEHHA IBOX MATPHITh:

e
x|Tle] = (z1,...,20) | - | =z1€1 +... + 20e).
€n

Teopema 1.7. Koopdunamu eexmopa 6 n-6UMIipHOMY NPOCMOPT SUHAYAI0-
MbCA 00HO3HAYHO.

Zlosedenns. Ilpumyctumo, 1m0 BEKTOP MA€ ABa PO3KJIAIN 33 0A3UCOM:
X=T1€1+... +tITp€y;, X=Yy1€1 + ...+ Ynen.
Bigmimaroun Bizm ommiel piBHOCTI ApPyTy, MiCTAEMO

(r1 —y1)er + ...+ (Zn — Yn)en = 0.

OckisibKu BEKTOpU €1, ...,€, JIHIHO He3aexkHi, TO ¥ PIBHICTH MOXKJIUBA
TIJIbKU TPU HYJBOBUX KOEIIi€HTaxX JHIHHOT KOMOIHAINT: 1 = Y1, ..., Tp =
Yn- O

Teopema 1.8. B CKiHYEHHOBUMIPHOMY NPOCTOPT 068G PIBHUT 0G3UCYU 306-HCOU
ckAadaromobea 3 miet oic camol Kiabkocmi ba3ucCHUL 6eKmopie.

Zosedenns. Hexaii B uiniliHOMy — mpocropi — icHyrorb — aBa  Oasucu
< ey,...,ep, >i<fy,... £, >, opuuomy, m > n. Pozknaamemo Bektopu f;,
i = 1,m, 3a BEKTOpaMu MEepIIoro 6a3ucy:

n
fi = E i€, 1= l,m, (16)
j=1
Je oy — KoedimieHTn posknaagaHHa BekTopa f; 3a basmcom < eq,...,e, >.

[ToGymyemo 3 KoedirieHTiB PO3KIALY MATPHIIIO

1.3. Ba3suc
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Ockinbku M > n, TO PSAIKHA MATPUIN K n-Ku duces y mpocropi R™ miniiteo
3asexHi 3a Teopemoro 1.6. Ile o3nadae, Mo icHye iXHS HeTpHUBlaJbHA JHIIHA
KOMOiHAaMiA 3 KoedimieHnTaMua Ay, ..., Ay, IO JOPIBHIOE HYJTBOBOMY BEKTOPY:

)\1(0(11,...,041”)+...+>\m(am17...,(xmn) = (O,...,O),

abo

m
> Niaij =0, j=Tn. (1.7)
=1

[ToOynyemo wnerpusiaibHy JiHiftHy KoMOiHAIiIO st BeKTOpiB Ga3ucy
< fy,..., £, > i nepersopumo ii 3a monomorow dbopmynu (1.6):

n m

m m n
E )\zfz = E )\z E aijej = E )\iaij ej = 0,
i=1 i=1 j=1 1

j=1 \i=

60 BUpA3u B KPYIUIUX JyKKax A0piBHIOIOTH 0 BHACIMOK piBnocreit (1.7). Bu-
xomuthb, Bektopu fi, ..., f,, miniitHOo 3a7exkH] i HE MOXKYTH yTBOpIOBATH OA3WC.
Orxxe, m = n. O

Teopema 1.9. B n-6umipHomy npocmopi K0HCHA YnopadKko8aHa CUCMEMA 3 T
NHITHO HE3ANEHCHUL BEKTOPIE € BA3UCOM.

JHosedenns. fkio ui Bekropu He € 6a3ucom, To Toai y npocropi icuye n+k (k >
> 1) nesasuexkHux BeKTOpPiB. K10 LE cupaBeinBo st Oyib-sAKOro k, TO Lpo-
CTip HECKIHYEeHHOBUMIpHUIL, 16 cymepeunTh yMOBi Teopemu. Hexait B mpocTopi
€ n + k He3aJIeKHUX BEKTOPIB, & Oyab-siki n + k + 1 BeKTOpiB JiHIITHO 3a/1e2KHi.
Toxi 6a3uc cknagaeThes 3 n + k BEKTOPIB, a 1e cymepednTsb Teopemi 1.8. O

BukopucToByioun pe3y/ibTaTy MOMEPEIHIX II., BiI3HAYUMO, 110 OA3UCOM TPO-
CTOPY 3BUYAWHWUX BEKTOPIB HA IJIOMIUHI € Oyab-fK YIOPsIKOBAHA MAPa HEKO-
JIiIHEaApHUX BEKTOPIB, 110 HAJIEXKATDH ILJIOIIUHL; PO3MIPHICTH IIPOCTOPY JOPIBHIOE
2.

Bazuc 3Bu4aiiHux BEKTOPIB y MPOCTOPi yTBOPIOE OyIb-sika TPiiKa HEKOM-
TJTAHAPHUX BEKTOPiB; PO3MIPHICTH MPOCTOPY AOPIBHIOE 3.

Bazuc npocropy R™ — Oyab-siki n BEKTOpIB X1, X2, . . ., X,,, JAJIs AKUX CKJa-
JeHuil 3 HuX Bu3HadHUK # 0; BUMipHicTH pocTOpy AOpiBHIOE Nn. Bimznadumo,
o B basuci

e; = (1,0,...,0), ea=(0,1,...,0), ..., e, = (0,0,...,1) (1.8)

1.3. Basuc
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BEKTOpD X = (ml, T2,. .. ,acn) =x1€e1 + T2€y + - - + T,€, MaE€ KOMIOHEHTH, SKi
30irafoThbCd 3 HAOOPOM YHCEJI, 10 BU3HAYAIOTH N-KY.

Y mpocTopi MHOrOYJIeHIB CTemeHs He BUINE N-r0 0A3WCOM € YIOPsIKOBAHA
MuoxkuHa < 1,£,t2, ..., t" >, pumipnicTb mpocropy nopisuioe n + 1.

IIpocropn Beix MHOrOuseHiB i byHKIIN, HermepepBHNX Ha BiAPI3KY [a,b],
HECKIHYEHHOBUMIipHI.

Y mpocTopi MaTpuilh po3Mipy m X n 0a3uCOM € YIOPsIKOBAHA, MHOXKITHA,

<All,...,Ah“AQl,...,Agn,...7Am1,...,Amn >,

BUMIPHICTh IIPOCTOPY JIOPIBHIOE Mn.
Posriisinemo, skuil Buriis B n-sumipaomy mpocropi 3 6a3ucom < eq, ...,
€, > HabyBAIOTh BJIACTUBOCTI BEKTOPIB, 33JaHUX CBOIMYM KOMITOHEHTAMM.
Hexait x = z1€1 + ... + xpen = (T1,---,2Tn), ¥ = Y1€1 + ... + Yn€y =
= (Y1, Yn)-

1° las dodasanns (6ionimanmns) deox eexmopie, mpeba dodamu (8idnamu)
iTHI 610N06I0HI KOMNOHEHMU:
xty=(r1Lty1,...,Tn L Yn).
HiiicHo,
xty=(rie1+...+zpe,) £ (1€1+ ... +Ynen) =
=(x1ty)er+...+ (xn T yn)en.

2% JIas MHOJCEHHA BEKMOPG HA YUCAO MPEOA HA UE YUCAO NOMHOHCUMU BCh
U020 KOMNOHEHU:

Ax = (Azq, ..., Azy).
Copasgi,
Ax = ANz1€1 + ...+ xpen) = (Az1)er + ...+ (Azy)e,.
3. Bexmop modi 1l misvku modi MAE HYADOET KOMTOHEHMU, KOAU 6TH HYAbOSUTL:
o=(0,...,0).

J1st HyJIbOBOTO BEKTOpAa 0 = X — X = (21 — x1)e; + ... + (Tp — Tp)en =
=0e; + ...+ 0Oe,.
Hapnakwu, akmo z = Oe; + ... + Oe,, TO

Vy)z+y=0+y)er+...+(0+yn)e, =yie1+ ... +ynen =y.

IIe o3nauag, mo z = o.

1.3. Ba3suc
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4° Bexmopu dopieniorms 00uH 0dHoMy modi U Misbku modi, KOAU MAOMb
00HAK06T 610N06I0HE KOMNOHEHTNU:

X=y <21 =Y1,--,Tn = Yn-
Buxoaurs 3 Toro, 1o
x=y<=x—-y=o0<=(x;1—y1)e1r+...+ (x, —yn)e, = 0.

3a momnepegHbO0 BIACTUBICTIO 1 — Y1 =0, ..., T —yYp =0, 300 1 =1, --. ,
LTn = Yn-

1.3. Basmuc



2 T'eometrpig JiHITHOTO MPOCTOPY

2.1 Adiunnii npocrip

VY 3BU4afiHOMY r€eOMEeTPUIHOMY IIPOCTOPI CIIOYATKY BBOIUTHCS IOHATTS TOYKH,
a TIOTiM Ha OCHOBI ITHOTO TOHATTS — MOHATTSA BEKTOPA AK YIMOPSATKOBAHOI Taph
TOYOK. ¥ Teopil JHIHUX TPOCTOPIiB YMHATH HABMAKHU: HA 0a3i ByKe HASIBHOTO
MMOHSATTS BEKTOPA JiHIHOTO MPOCTOPY BBOAUTBHCS MOHATTS TOYKH, & TTOTIM iHIIT,
[TOB’si3aHi 3 HAM MOHATTS.

Hexaii Mmaemo n-Bumipuuit ainifiauii npoctip. Voro esemenru 6ysiu nassa-
Hi BekTOpamMu. AJjie MOXKHA 3TaJaTH, 0 B 3BUYANHUX T€OMETPUYHUX MPOCTO-
pax KOXKHUU BEKTOP BU3HAYABCHA JIBOMA TOYKAMH: CBOIM MOYATKOM 1 KiHIIEM,
a KOYKHA TOYKA SBJIsSIa COOOI0 KiHemb pasiyc-BekTopa. OCHOBHA BiAMIHHICTH
paJilyc-BeKTOPiB BiJl IHIIIUX BEKTOPIB HOJSTAE B TOMY, IO BCi PaJliyCc-BEKTOPH
BUXOZATH 3 oAHi€l il Tiel 2k Touku (1m04arTKy KoopauHar). Aje, B3arai Kaxy-
9M, BEKTOPHA aJredpa pO3IJisA a€e BlIbHI BEKTOPH, HE IPUB’ A3aHi 10 Oy/1b-IKOl
KOHKPETHOI TOUKH. TOMYy MOYKHA CKa3aTH, IO TOYIIl BiIMTOBITA€ TNt K1ac piB-
HUX OJWH OJHOMY BEKTOpIB, ab0, iHITMMHU CJIOBaMU, OIWH i TOM camwuil BlIbHUI
BEKTOD.

BunnuMmo HaBIAKK: BEKTOPY MOCTABUMO y BijamoBiguicts Touky. Came, mo-
YK010 A JiHIHOrO IIPOCTOPY HA3BEMO JAESKHil BEKTOD X 4. Taky TOYKY HEe MO-
JKHA, TIOOYIyBATH HABITH y 3BUYAWHOMY TEOMETPUYHOMY TTPOCTOPi, TOMY IO
JJIst IOOYIOBY TIOTPiOHA CHCTEMa KOOpAWHAT. AJie CIIOYATKY TEPEKOHAEMOCS B
TOMY, IO BBeJleHE MOHATTS TOYKU BUMPAB/IYE HAIlle iIHTYITUBHE ySABJIEHHS PO
TOYKHU i BEKTOPH, & MOTIM O3HAYUMO CUCTEMY KOOPIUHAT.

Hacammnepen koxkuiit napi Touok A i B nocraBuMo y Bi/OBiAHICTH BEKTOP
Z = X4 — Xp. TakuM YMHOM, KOXKHA YTOPSIKOBAHA Mapa PI3HUX TOUOK A
i B Oyme BU3HAYATHU E€IWHUII BEKTOP Z, MPUIOMY, TOUKa A Oyae BBaKATHUCS
IMOYaTKOM BEKTOPA Z, a TOYKa B — fioro KiHIieM.

3 mBOro O3HAYEHHSI BUILIUBAIOTH [IBA BAXKJIUBUX TBED/KEHHS, 10 YaCTO
NpUAMAaOTh 38 AKCIOMU TOYEYHO-BEKTOPHOI'O IIPOCTOPY.

18
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12 Jaa 6ydv-axoi mouxu A i 6yde-axozo eexmopa X ichye eduna mouwka B
maxa, wo AB = x (sexmop i 020 nowamor 00HO3HAUHO BUSHAUAIOTNG KIHEUb
8eKmMopa,).

ificno, Toukoi0 B MmoOxHA B3ATH TOYKy B = x4 + X, 60 Tomi AB =
= (x4 +x)—x4 =x.

22 Jlaa bydv-axux mpvoxr mouwok A, B i C eukxonana pisnicms AB +
+BC = AC (dodasarns 6eKmopie 3a NpasusLOM MPUKYIMHUKG,).

Crpaszi, AB+ BC = (xp —x4) + (Xc — xp) = x¢ — x4 = AC.

Jliniitawit n-BuMipHUiI TPOCTIp, MOMOBHEHWI TOYKAMU, IO 3aJ0BOTHLHAIOTH
MM TBEPIKEHHSM, HA3UBAETHCH aPinHum (a0 MmouewHo-8eKMOPHUM) N~
BUMIPHHM IIPOCTOPOM.

Posrignemo me kinbka HacaigkiB.

3?2 Arxwo AB = AC =x, mo B=C.
e Bimpa3y BUNIMBAE 3 MEPIIOTO TBEP/IZKEHHS.
42 Jlas 6ydo-axoi mouku A eexmop AA = o.

iiicHo, 3 apyroro reepaKenns suiiubag, mo AA + AC = AC. Ane taky
BJIACTUBICTD MA€ TLIbKK HY/JTHOBHUIT BEKTOpP, ToMy AA = o.

5% Bexmopom, npomusestchum sexmopy AB, e sexmop BA.

3HOBY BUWKODHCTOBYIOUM [pyre TBepmkenusi, micraemo AB + BA =
= AA =x4 — x4 = o. lle o3nauae, mo BA = —AB.

6° Jaa 6ydv-axur womupvor mowox A, B, A', B’ piewicmv AB = A'B’
cnpasedauca modi G misvku modi, Koau AA" = BB’ (daa 6ydv-axozo eexmopa
AB 3 6yodv-axoi mouxu A moorcha sidxsacmu pienuit tiomy eexmop A'B’, dus.
man. 2.1).

Lle sumusae 3 pisrocti AB + BB’ = AB' = AA’ + A'B/.

Tenmep BBemeMo cucreMy KoopauHar. lexkapmoeoto cucmemoro Koopou-
Ham B adiHHOMY N-BEUMIDHOMY IPOCTOPI HABMBAETHCH CyKyHHiCTH TO4YkuA O
(nowamxy wxoopdunam) i Gasucy < ey,...,e, >, dkuii OyJeMo Ha3UBATH
dexapmoguvim b6a3ucom. Y neKapToBOMy Oasuci KOxKHiil Touni A mpocTopy
Binnosinae eaunuit Bekrop (paniyc-sekrop) OA = xie1 + ... + z,e,, Koopau-
HATH SKOTO HA3UBAIOTHCA KOOPOUHAMAMU TOYKH A, TakK IO TOYKY MOXKHA
sanucysaru gk A(zq,...,z,). Ockinbku Bekrop OO = o = Oe; + ... + Oe,,
Touka O Ma€ HyJbOBI KOOPIUHATH.

2.1. Adinnuii mpocrip
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A B’

A B
Puc. 2.1: To BucuoBky 6

Axkmo A(z1,...,2,) 1 B(y1,...,Yn) — a8l Touku adbinroro mpocropy, To
3 pisrocti OA + AB = OB maevo AB = OB — OA = (1 —y1)e1 +... +
+(xn — Yn)€n. Takum yunHOM, MOO JAiCTATH KOODAMHATH BEKTOpA, Tpeda 3 KO-
OPJMHAT HOTO KiHIA BiIHATH KOOPJAMHATH HOTO TOYATKY.

K BimOMO, B TPUBUMIPHOMY IIPOCTOPI MpsiMa 3 HAIPIMHAM BEKTOPOM & =
= (a1,az,a3) # o, mo npoxonursb depes touxy Mo(x°,4°,2°), sanaernesa cu-

CTEMOIO PiIBHSIHD
0 0 0

a1 az as

3a aHAJIOTIEI0 B JAEKapTOBiil cucTemi KoOpaAWHAT adiHHOTO MPOCTOPY NPsi-
MO10 3 HAIIPIMHUM BEKTOpOM a = (a1, . .., ady) 7 O, 0 IPOXOJAUTDH Yepe3 TOYKY
Mo(29, ..., 20), masuBarors MHOKHHY TOI0K M (1, ..., 2, ), KOODIUHATH SKHX
3a/I0BOJIbHAIOTH CUCTEMi PIBHAHD

xl—x? xn—x%

ai Qp
SIKIT0 3piBHATH BCi 11l BiHOIIEHHS 3 OJHUM i THM CAMHM IIapaMeTpoM t, TO
CUCTEMY MOKHQ IEPENUCATU TAK:

0 0

1 — 2] = ait, ..., Ty — T, = apt.
SIKIIIO Termep O3HAYNTH Paiyc-BeKTOpH TOUYOK r = OM = (x1,...,2,), rg =
= OM,; = (29,...,22), To cykynHicTh OTpUMaHUX BHpa3iB MOXKHA 3AMiHUTH

OITHUM BEKTODHUM DIBHSIHHSIM
r —ro = at,

sIKE€ HABUBAETHCH BEKIMOPHUM PIBHAHHAM NPAMOTL.

2.1. Adinnnii mpocrip
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[Inomwmua B aHAMITHYHIN reoMeTPil OMUCYETHCA, HAMTPUKJIAJ, CBOIM 3arajlb-
uumM pisasgaaam Ax + By + Cz + D = 0. B adinnomy npocropi mironusi Bij-
LOBiIa€ 2INePNAOULUHE, IKOIO HABUBAETHCA MHOXKUHA TOYOK M (Z1,...,Zy,),
KOODJMHATH AKUX 330BOJIbHAIOTH PIBHAHHIO

3a YMOBH, 10 BEKTOp HOpmaai n = (Ay,--- | A,) # o.

2.2 EsBkiaingiB mpocrtip

VBemeHi MOHATTS e He T03BOSAI0TH 3HAXOANTH BiICTaHI Mi?K TOUYKAMHU B adiH-
HOMY IIPOCTOPi b0 KyTH MiK BEKTOPAMH # IHITUMA Mr€OMETPUIHAME 00 EKTAMU
B mpocropi Jiniftnomy. IIlo6 ymoxkauBuTr 1e, Tpeba BBECTH IIE OJHY Omepa-
A0 — CKAJIIPHE MHOXKEHHS BEKTOPIB. ¥ JAHOMY II. OyIeMO PO3IJISIATH TiIbKU
JAificHi JiHiHI TPOCTOPHU. ¥Y3araJbHIOIOYNA BIACTUBOCTL CKAJIAPHOTO MHOXKEHHS
3BUYAWHUX BEKTOPIB, CKAAAPHUM MHOHCEHHAM BEKTODPIB X i y JiHifiHOrO
IIPOCTOPY HA3UBAIOTH OIEPAlIiio, 10 CTABUTH Y BiJANOBLIHICTH IIUM BEKTOpPAM
JHiCHE YHUCJIO X * Y, K€ HAa3UBAIOTh CKAAAPHUM 000YMKOM BEKTOPIB X 1y i
K€ Ma€ TaKi BJIACTUBOCTI.

12 x-x > 0, npuvomy, axwo x-x =0, mo x = o.
22 x-y=y-x.

3 (x+y)z=x-z+y"z

42 (ax) -y =a(x-y).

Tyt x, y, 2 — J0BiIbHI BeKTOpHM, o — AOBimbHE uwmcyo. msa crucmocTi
6ymeMo Jajli TMO3HAUATH X2 = X - X.

Jlimiitawit mpocTip, y AKOMY € omepallis CKaJSpHOTO MHOXKEHHS BEKTODIB,
Ha3HBAETHCHA €6KAL008UM TIPOCTOPOM. AdinHuil n-BUMIpHMI IPOCTIP, SKIIO
B HOMY O3HAYEHUl CKaJIsIpHUiT 10OYTOK BEKTOPiB, Oy/1€MO HA3UBATH €6KALJ0-
sum a@P@dirHHum NPOCIMOPOM.

JloBeieMo BUCHOBKH, IO BUTUIMBAIOTH 3 X aKCIOM.
o —
12 x- (ay) =a(x-y).

Hificro, na mimcrasi apyroi i werBeproi akciom x - (ay) = (ay) - x =
—aly %) = afxy).

2.2. EsBkJigis mpoctip
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2 x (y+z)=x-y+x-z

BumimBae 3 x - (y+2z)=(y+2) - x=y -x+2z2-X=X-y+Xx-2z

3° (kilaka> 'y = i ok (Xk - y), X (i ak}’k) = é:l (X - k).

k=1 k=1
4° x-0=0.

Ockinprn 0 = 0x, 7o X -0 =x - (0x) = 0(x - x) = 0.

Aosocunoro (modyaem) BeKTOpa X HA3UBAETHCH KOPIHb KBAAPATHUIL 31
CKAJIIPHOrO J0OYTKY BeKTOpa Ha cebe. [lo3HAYAETHCS [TOBXKHUHA BEKTOPA €B-
KJIMIOBA TIPOCTOPY TaK CaMO, K 1 JOBKMHA 3BUUANHOTO BEKTOpA: |X| = /X - X.
3 mepmroi aKCioMu CKaJISpHOrO J00YTKY i BUCHOBKA 4 BUILINBAE, IO JTOBXKWUHA,
BEKTOpa JOPIiBHIOE HY/IO TOAI # TIIBKH TOMi, KOMH BEKTOpP Hy/ hoBHi. B eB-
KIigoBoMy adinHOMY mpocTopi moBkuHA BekTopa AB Bu3Hadvae BifcTanb Mix
Toukamu A i B.

3 [IOBKUHOIO BEKTOPA MOB’si3aHi MOJAJIBII TBEPIKEHHS.

Teopema 2.1 (Hepisuicts Komri-ByHsaK0OBCHKOTO).
x - y| < [x][y]- (2.1)

Losedenns. Hexait x i y — IOBLIbHI BEKTOPH €BKJIIIOBA IIPOCTOPY, a v i § —
noBinbai uncia. Tomi 3 mepimoi akciomu CKaasipHOTO JO0OYTKY CIIPABEIINBa He-
piBHICTH

(ax + By) - (ax + By) = o®x* + 2aB(x - y) + °y* > 0, (2.2)

MPUYOMY, PIBHICTH HYJIIO M€ MiCIle TiaIbku, Ko ax+ Jy = o. JAKino mokmactu
B ocTaHHi# HepiBHOCTI @ = y2, a B = —(x - y), Aicranemo

x*(y?)? =2y (x - y)? + (x - y)2y? = ¥2 X%y —2(x - y)? + (x - y)?] =
y x’y? - (x-y)’] > 0,

3BiJIKU ¥ BUILTUBAE JOKa3yBaHA HEPIBHICTH st y # 0. [yisi y = o HepiBHiCTH
(2.1) oueBuzna. O

BucuoBok 2.1. Pisnicmbs y gopmyai (2.1) mae micue modi 4 miavku modi,
KOAU X 1y AIHIUHO 3ANEHCHS.

2.2. EsBkJiais mpoctip
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Zosedenns. Hexait x iy miniitano nezanexui. Tomi aiag « # 0 abo B # 0 maemo
ax+ By # 01 (2.2) meperBopIOEThCs B CTPOTY HEPIBHICTH, a Pa30M 3 HUM CTa€
crpororo HepiBaicrio i (2.1).

Hapnaku. Hexait x i y mimiitno 3amexui. Toxi icaye ixHs merpuBiaibHA
JliHiliHa KOMOIHAIIA, KA, JOPIBHIOE HYJILOBOMY BEKTOPY: axX+ 3y = o. Muoxa4un
I[f0 PiBHICTH MO Yep3i Ha X 1 Y, JICTAEMO CUCTEMY OJHODITHUX PIBHAHB

O‘X2+5(X’Y) =0,
a(y -x)+ pBy? =0.

OckibKy BOHA Ma€ HEHYJIBOBHUI pO3B’si30K BimHOCHO v i 3, TO i BU3HAYHWK
nopisHioe Hymo: x2y? — (x -y)% = 0. O

Teopema 2.2 (Hepisuicrs MinkoBcbKoro).
x+yl < x|+ Iyl (2.3)

Zlosedenns. Hexait x iy — n0BlibHiI BeKTOpH €BKJizoBa npocropy. Toxi 3 He-
pisrocTi (2.1) i 3 Toro, mo x% = x - x = [x|?, Mmaemo

(x+y)? =x"+2(x-y) +y* <x* +2x[ly| +y* =
= [x* + 2x[ly| + [y * = (Ix[ + [y)?,
3BiJIKM I BUTITMBAE JTOKA3YBaHA HEPIBHICTD. O]

Teopema 2.3.
x| =yl < [x—yl. (2.4)

Zosedenns. Ha mincrasi wepiBaocTi MiHKOBCHKOTO

x| <|x—y+yl<|[x-yl+]yl = x| -yl < [x -yl

O

BucuoBok 2.2.
x| =yl < [x =yl (2.5)
[Hosedenna. 3 (2.4) Bimpasy summsae, mo |y| — |x| < |x — y|, abo
—[x = y| < |x[ = |y[. Pasom 3 (2.4) ue nae —|x —y| < |x| = [y| < |x —yl,
o i Tpeba OysI0 JOBECTH. O

2.2. EBkJigiB mpoctip
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Hepierocri (2.3) i (2.5) HAa3UBAIOTHCS HEPIBHOCTSIMU TPUKYTHUKA: SKIIO Be-
KTOPHU X 1 y ABJSIOTH COO0IO Pi3HI CTOPOHU B TPUKYTHUKY, TO HEPIBHOCTI O3HA-
9ai0Th, 10 CTOPOHA TPUKYTHHUKA HE OLIBINIE CyMHU i HE MEHIIEe MOIYJIA PI3HUII
JIBOX FOT'0 1HIIMX CTOPIH.

Hepisricts Kormmi-ByHAKOBCHKOTO a€ MOXKJINBICTH BBECTH TOHATTS KYTa
MiXK JBOMa BEKTOPAMU B €BKJIJJOBOMY MPOCTOpi. TakKuM KyTOM HA3WBAETHCS
qncyo ¢, 0 < ¢ <, MO 33I0BOTbHSE PIBHOCTI

cosp = Xy (2.6)
Ix[[yl
Hepisricts Komu-ByHAKOBCKOTO rapaHTye, M0 BBEIEHA BEJIUYTNHA MOXKE Jiii-
CHO BBaYKATHUCS KOCHHYCOM JIESTKOTO KyTa, TOOTO OyIe BUKOHYBATHCS | COS | <
<1

BekTopn x i y Ha3mWBalOTh 0PMO20HAABHUMY I TTUIIYTh X L Yy, AKIIO

x -y = 0. HynpoBuii BEKTOP BBAKAETHCS OPTOrOHATIBHUM OYIb-IKOMY BEKTODY.

Teopema 2.4. Tisvku HYAb06UT 8eKMOP OPMO2OHAALHUT 0YOIb-AKOMY 6EKMO-
py.
Hosedenns. Axmio x -y = 0 mist Oyb-sIKOro BEKTOpa y, TO, B3SABIIA Y = X,

gicranemo X - X = 0, mo 3a 1epiroi0 aKCIOMOIO CKaJIAPHOIO 100y TKY MOZKJIABO
JIATIe 71T HyJIOBOTO BEKTOPA. O

Basuc B eBKI110BOMY IIPOCTOPI HA3UBAETHCSA OPMO20HAALHUM, SIKIIO Be-
KTOpHU 6A3WCy MapaMu OPTOTOHAJIBHI.

Teopema 2.5. Ilapamu opmozonasbti U HEHYADOBE 8EKMOPU AIHITHO He3ane-
HCH.

Zlosedenns. IlpumycTuMo CympOTHBHE: IO BEKTOPU X1, X2, ..., X, [apaMu
OPTOTOHAJIBHI i HEHYJIbOBI, aJie JiHiitHOo 3amexkHi. Tomi 3HalAeThCa IXHS HETPH-
BiambHA miHifiHA KOMOIHAINS, KA JOPIBHIOE HY/IHOBOMY BEKTODPY:

)\1X1 +)\2X2 + —|—)\me = 0,

npudoMy, 1y BusHadeHocti Hexait A; # 0. TlomHOXKUMO 00HMABI YacTHHE PiB-
HOCTI Ha X1:

)\1(X1 . Xl) —|— )\Q(Xg . Xl) + e + )\m(xm . Xl) = 0

Buacnigok momapHOI OPpTOrOHATBHOCTH BEKTOPIB OTPHMAHA PiBHICTH CIIPOIILY-
erbcs 10 A1(X1 - X1) = 0. OckisibKu BEKTOp X1 HEHYJbOBUil, TO A1 = 0, 1m0
CYLIEPEYUTH IIPUILY IIEHHIO. O

2.2. EsBkJigis mpoctip
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Oproronajbuuit 6a3uC B €BKJIJOBOMY IIPOCTOPI HA3BUBAETHCA OPIMOHOPMO-
8aHUM, SIKIIIO BEKTOpU 0a3MCy MAIOTh OAWHUYHY JOBXKWHY. 3 TLIHKHU IO [10-
BeJeHOl TeopeMHy BUILIUBAE, 0 OPTOHOPMOBAHUN OA3KC CKIAIAETHCA 3 JIHIHHO
He3aJIE2KHUX BEKTOPIB.

Hexait < ey, ..., e, > — 0a3uc eBKJIiI0BA TPOCTOPY 1 HEXAl y IbOMY Oa3wCi
x=ux1€1+ -+ Tp€p, y =y1€1 + - + ype,. Tom

x-y = (zie1+ - znen) (Y1614 Yne,) = Z inyj(ei -ej).  (2.7)
i=1 j=1

Axmo 6asuc < ey, ..., e, > OpTOHOPMOBaHUil, To €;-€; =0 (i # j),ae;-e; = 1,
i Tomy dopmyna (2.7) crae Takoo:

Xy =x1y1 + -+ Tpln. (2.8)

T

VY marpuuniii dopmi dbopmyry (2.8) mokua 3anmcaru tak: X -y = [x]! [y].

Mpuknan 2.1. YV ainitinomy npocmopi R™ ckaraprum dobymrom eexmopis
x= (21, ,2n) 1Y = (Y1,---,Yn), 0EPYMb eAUNUHY Xy = T1Y1 + "+ + TnYn-

Pose’azanna. HeBaxXko mepeBipuTH, 110 1 BEJIUUNHA 33I0BOJIbHSE BCIM aKCi-
oMaM CKaJsipHoro 100yTKy. B opronopmosanomy 6asuci (1.8) Bona obuuncioe-
Thes 3a (hopMmysio, mo 36iraerbes 3 dopmysion (2.8). O

IMpuknaan 2.2. YV npocmopi MHOZOYAEHIB CIMENEHA HE BUWE T-20 CKAAAPHUT
dobymor mmozounenie x = P, (t) = ag + art +ast? +... +ant™ iy = Qn(t) =
= by + byt + bot? + ...+ byt MOHCHA BUSHANUMU MAK:

Xy =agby + a1by + ...+ apb,. (29)

Posé’azanns. BukoHaHHS aKCiOM CKAISIPHOTO JOOYTKY TaK CAMO OUEBHIHO, STK
i B monepeanbomy npuxiaji. B opronopmosanomy 6Gasuci < 1,¢,t2,... " >
O0UHCIEHHS CKATIAPHOTO JOOYTKY (haKTHIHO BUKOHYETHCA 38 (hopmyiioio (2.9).

O

IIpukaan 2.3. YV npocmopi 6Cix MHO204AEHIE CKAAAPHUM JOOYMKOM MHO20-
wienie x = Po(t) = ao + ait + ast? + ...+ apt" vy = Qunt) =
= by + byt + bot? + ... + b, t™ s6a1CAIOMY BEAUNUNY

Xy = agby + a1b1 + ... + apby,

de k = min(n,m).

2.2. EsBkJiais mpoctip
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IIpuknan 2.4. Y npocmopi Mampuuyb po3mipy m X N CKAAAPHUT Jobymok
deox mampuyv x = {a};; 1y = {b}i; 3adaemvca gopmyaoto

X'yzzza’ijbij' (210)

i=1 j=1

Posg’azanna. 1 B mbOMy TPUKJIAAI OYEBUIHE BUKOHAHHS AKCIOM CKAJISPHOTO
100yTKy. Bigzuaummo, mo ckasgpuuii qo6yTOK Marpuilb (MHOXKATHCA BiANO-
BigHi eJleMeHTH MaTPUIh) BiAPI3HAETHCH BiJ 3BUYAHOrO H00YyTKY MaTpUIIb.
O6uncients CKaJIIPHOrO JOOYTKY B OPTOHOPMOBAHOMY Oa3uci

<Alla---7A1n7A21a-~-aA2n7~-~7Am1a-~-7A7nn >

36iraeTnest 3 dbopmysown (2.10). O

B eBkiimoBomy adhiHHOMY MPOCTOPI MOYKHA TOBOPUTH MPO KYTH MiXK TMpsi-
MUMH i TiMEPIUIOMWHAMHI, PO TXHIO MapaJiebHICTh a00 MEePIeH UK YISAPHICTD.
BekTopu x i y JiHIEHOrO MPOCTOPY HA3BUBAIOTH KOATHEAPHUMU 1 TTUIITYTH
x || ¥, gaxmo Bouu JiHiiino 3asexui. O4eBUIHO, 1O HYJILOBUI BEKTOD KOJIiHE-
apHuii Oy/b-sIKOMYy BEKTOPY. 30KpeMa, fKINO X i Y HEeHYJIbOBi, BiJIIIyKAETHCS
qucsio A # 0 rake, mo y = Ax. kim0 upocrip n-BuMipHuii, KOMIOHEHTH KOJIi-

HEeapHUX BEKTOPIB X = (x1,%2,...,%n) 1Y = (Y1, Y2, - - -, Yn) TPOTMOPILIHHI:
T x x
T T (2.11)
U1 Y2 Yn

MpUYOMY, AKINO T; = ¥y; = 0, TO i-e BiHOINEHHS BiIKWIAIOTh, a, AKIIO x; # 0,
y; = 0, BBaXKaiOTh, IO OPOMOPIIis HE BUKOHYETHCS (TOOTO B I[HOMY BHUIIJKY

xy).

Kymom misHc npamumu

1 1
T — Tp —
I L—...=2r n (2.12)
ag an,
! T — a3 Ty — 22
gl == ——
bO bn
HA3UBAETHCA KYT MK IXHIMU HanpsaMHUMU BeKTOpamu a = (a1,...,a,)1 b =
= (b1,...,by); TAPATIENBHICTD 1 TIEPTIEHINKYISPHICTH MPSMUAX TAKOXK BU3HAUA-

2.2. EsBkJiais mpoctip
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OThCS BiAMOBIIHUMHU TIOHATTAMU /I TXHIX HOpMaJIei:

_ — b
cosll,lgzcosa,b:;W,
aq as (07%%
lh ||l <= be — = 2=...=2"2
1l e a | b " by 5

lh Ll <= alb<= ab +asby+...+ayb, =0.
Tak caMO KYmom MidHc 2inepniouuHaMu

p2:Bizi+ -+ By, +B=0

HA3WBAEThCs KyT MiXK TxHiMM HOpMassamu ny = (Ay, ..., A,)ing = (By,..., By);
rimepJIoNIuHN TapaJiesibHl ab0 TMePHeHINKYAIPHI, AKINO IXHI HOpMAJI Biamo-
BimHO KOiHeapHi b0 OPTOrOHAJbHI:

— — n; -1n»o
COSP1,p2 = €COSNy, N2 = 7\n ||n ‘,
1|12
[ s = ny || g = 2L = 22 o
n n P —
P1 || P2 1 2 B, B, B,

D1 J_pg<:>H1J_Il2<:>AlB1+A2B2+...+Aan:0.

PiBusinus rinepruiomumuu (2.13) MoxKHA 3aLMCaTH Yy BUIVIsiI, 10 HA3UBAETHCH
8EKMOPHUM PIBHAHHAM 2INEPNAOUWUHU:

n-x+A=0,

ge x = (z1,...,%n).
Bincrans Big rouxku Mo(z9,...,20) no rinepmmomumm (2.13) 3naxomuTbes

3a, (popmyI0I0

_ |A12d + -+ Azl + A

VAT A2

Kymowm mix npsamoro (2.12) i rinepmnonmHoro (2.13) Ha3WBAa€THCA 9NCIO
v, 0 < ¢ < 7/2, o 3a/10BOJILHAE PIBHOCTI

d

(2.14)

IIpukaan 2.5. Yu 6ydyms opmozonasvrumu eexmopu x = (1,0,3,—2,1) i
y = (=3,1,2,0,—4) y npocmopi R®?

2.2. EsBkJigis mpoctip
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Posé’asanns. 3uaitnemo ckangapuuii 700y TOK X BEKTOPIB 3a dhopmyiioro (2.8):
xy=1-(-3)40-14+3-2—2-0+1-(—4)=-1#£0.

OckinbKu cRaJIsIpHUiL JO0OYTOK HE JOPIBHIOE HYJTIO, TO BEKTOPU HE OPTOrOHAb-

Hi. O

IIpuknan 2.6. Ilepesipumu xosineapricms sexmopie x = 9t — 6t2 + 15t3 4
y = 6t — 4t2 + 10t3 y npocmopi mH020uAEHI8 CMENEHA He BUWE MPEMbO20.

Posé’szanns. Bukopucraemo dopmyiy (2.11):

0 9 -6 15

0 6 -4 10

[Tpomopiiisi BUKOHY€ETHCs (BCI BiAHOIIEHHSI, KPIM TEPIIOro, JOPiBHIOIOTL 1,5, a
nepiie MOXKHA BIAKUHYTH), BAXOAUTH, BEKTOPU-MHOIOUJIEHH KOJIHEAPHI. O

Mpukman 2.7. 3natimu Kym Mmigc eKmMopami

(5 )=(0 )

Y MPOCMops MAMPUYd Po3MIPY 2 X 2.
Posé’azanns. O6uucauMo ckaggapauii 100yTOK BeKTOPiB 3a dbopmysown (2.10):
(1 =2\ -1 4 _
*Y=\{3 1 2 5 )7
=1-(-1)—2-443-241-5=-1-8+6+5=2.

3HaligeMo TOBKUHN BEKTOPIB:

weves (310 )-

=y11-2-(-2)+3-3+1-1=15,

= =y ( 55 ) (55 )-

=1 (-1)+4-44+2-2+5-5=/46.

2.2. EsBkJigis mpoctip
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Banmumaerbea 3acTocyBaru hopmyiay (2.6):

2
cosp = —— =~ 0,076139;
YT /15V16
© ~ 85°38'.

O

IIpukiazn 2.8. 3uatimu sidemans 6id mouru My(0; —1;2;3;0; —3) do zinep-
naouwuru 2x1 + 4xrs — x5 + 3xg + 1 = 0.

Poss’asanna. Cropucraemocsi bopmysomn (2.14):

2044 (1) 4+0-240-3+-1-0+3-(=3)+1] 12

d
V2 H 2402402+ (—1)2 + 32 V30

~ 2,19.

2.2. EsBkJigis mpoctip



3 Jliniitai onmeparopu

3.1 Jliniitauit omeparop i fioro marpuiga

fx B MaremaTurli, TaK i B TEXHIYHUX HayKaxX 9aCTO BHHUKAE HEOOXiTHICTD ITe-
PETBOPUTH JIHINHUN MPOCTip: TOBEPHYTH, 3CYHYTH, cTUcHYTH i T.11. Li omeparrii
BUKOHYIOTB CITEINaJIbHI 00’€KTH, sKi MIIOTH Yy JIHIHHOMY MPOCTOPi, 10 HA3WBA-
0T OIEpPaToOpamMu abo MEePEeTBOPEHHSIMU.

Onepamopom (nepemeopennsam) A, o zaie B Jiniiinomy npocropi L,
HA3UBAETHCS PABUIIO, 38 AKUM KOXKHOMY BEKTOPY X € L, CTABUTHCs Yy BiJIIIO-
BigHiCTh Bu3HaUeHMil BeKTOP y € L. BekTOp y Ha3MBaETHCT 06PA30M BEKTODA
X, & BEKTOpP X — NPoobpa3om BeKTopa y Ajsd omeparopa L. 3B’S30K Mixk
obpa3oM 1 mpoobpa3oM 3amuCy€eThCs y BUMIAL: ¥ = AX.

Omneparop A HABUBAETHCS ATHITHUM, SIKITIO BIH MA€ BIACTUBICTD

Alax + fy) = aAx + BAy

(siinifinuit oneparop Bij Jinifinol kombinauil BeKTOPIB AHOpiBHIOE JiniiiHill KOM-
Ginamii TxHiX 06pa3iB), M0 HABUBAETHCA BAACTIUBICTNIO ATHIUHOCTE. 3 L€l
BJIACTHUBOCTL mjist « = 1, f = 1 BumimBae, 10 JiHIfiHUA omepaTrop Bix cymu
BEKTOPIB JOPIBHIOE cyMi IxHix 0bpasis, a mpu = 0 omepKyemMo, 110 MOCTiHHAH
MHOXKHHMK MOXKHA BHHOCHTH 3a 3HaK oreparopa. Jlami po3rigaaioTbes TiabKu
JIHINHI onepaTopu.

Oneparop HA3UBAETHCS MOMOHCHUM 1 TTO3HATAETHCA £, AKINO BiH He 3Mi-
HIOE BEKTOD: £X = X.

Hyavosum uasubaeTbcs omeparop O, mo Oyab-siKuii BEKTOP EPETBOPIOE
B HysboBmii: OX = 0.

Hexait 8 n-Bumipnomy ainifinomy npocropi 3 6asucom < eq,...,€, > i€
sinidiamii oneparop A. Ilo3naunmo o6pa3u 6a3MCHUX BEKTOPIB [IJIsT OMEPATOPA
A xpunbkoio: €; = Aeyq, ..., €, = Ae,, a ixui po3kIaau 3a BeKTOpamMu 6a3ucy

30
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B TaKuil crocio:
n
ej = E aijei, ]: , N (31)
i=1

Hexait y = Ax, mpudomy,
n
X = Z zje;, (3.2)
j=1

y = Zyiei. (3.3)
i=1

Buxkopucrosyouu Biacrusicrs giniiinocti oueparopa A i posknaau (3.1) i (3.2),
MOYKHA OTPUMATH IIe OJUH PO3KJIAJ BEKTOPA y 3a 6a3uCOM:

y:AX:AZ.’Ejej :ij.Aej :ijgj = (34)
j=1 j=1

Jj=1
n n n n
= E (Ej E aijei: E E aijxjei.
j=1 i=1 i=1 j=1
——

@irypHOoIO IyKKOW0 00BemeHuit Koedirient 1poro poskiraay. OaHak po3kiaaga-
HHs Oy/1b-KOro BeKTOpa 3a 6a3ucom eauue 1 romy, nopisuiorouu ¢Gopmyu (3.3)
i (3.4), 1OXOAMMO BUCHOBKY, IO

n
Yi = E AijTj-
j=1

Bsesemo marpunio A = {a;;} i 3a 1on0Moro0 100y TKY MaTpPUIb 3AIULIEMO
OCTAHHIO PIBHICTH B MaTpWIHi# dhopwMi:

vl = Alx]. (3.5)

Takum gnHOM, y maHOMYy Da3uci MaTpuild A BHKOHY€E HAJI BEKTOPOM X TaKy K
Jifo, siK i oneparop A, Tomy 1o pesyabrarom 060X Jiit € BekTop y. Marpuiga A
HA3UBAETHCA MATMPULEIO ATHITiHO20 onepamopa (y 6asuci < er,...,e, >).
Ti cropmmsmu, sk me Buamo 3 dbopmymm (3.1), € o6pasyu 6AZMCHUX BEKTODIB
y KoopauuaTHil ¢dopwmi. Bigzuaummo, 1m0 mgisi omeparopa HAa BEKTOpP HisiK HE
OB’ si3aHa 3 6A3MCOM JIIHIHHOTO MPOCTOPY, HAIPUKJIA, I Jif0 MOXKHA, OMMMCATH

3.1. JliniitHmit omeparop 1 iioro MaTpuisd
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CJTIOBAMU: «3aMIiHUTHU BEKTOD X MPOTUJIEKHUM HOMY BEKTOPOM». ¥ TOU Ke Jac
MaTpPHUIl JIHIHHOTO OMepaTopa TiCHO MOB’si3aHa 3 0a3MCOM: y pi3HuUX Oa3ucax
JIHIAHUN onepaTop MOXKe IMOJABATHUCS PI3HUMU CBOIMU MATPHISIMHU.

HeBazkko mobadntu, 110 TOTO2KHOMY OIEPATOPY BLAIIOBiIAE OJUHUYIHA Ma-
TPUIISA, & HYJTHOBOMY — HYJIHOBA.

®@opmyny (3.1) 3 BUKOPUCTAHHAM OMEPAIl MHOKEHHSI MATPHIb MOKHA 3a-
IUCATH Y BUATVIAI]

[ = ATe]. (3.6)

Teopema 3.1. Mampuus Ainitinozo onepamopa 6 danomy 6a3uci 6U3HAMEHA
00HO3HAYHO.

Zosedenns. Hexait y nanomy 6a3uci n-ro npocropy jiiniitauit oneparop A mae
api marpuni: A i A. Toi 1151 6y/1b-KOIO BEKTOPA X BUKOHYETbCH Alx] = A[x],
a6o (A — A)[x] = [0]. Bysemo migcranaTu B wo pismicts sexropu (1.8). Ll
M ICTAHOBKH IO 9ep3i MOKAXKYThb, 10 CTOBIII MaTpuri A — A CKJIaJAf0THCI 3
nyiis. Orxe, A — A=0 i, BuxomuTh, A = A. O

Teopema 3.2. Koowcna x6adpamua mampuys pO3MIPY N MOIHCE 86ANHCAMUCA
MAMPUYEI0 0eAK020 NHITHO20 ONEPATNOPA.

Zlosedenns. Hexait 3amana kBaapaTaa Marpulis A po3mipy n. Bubepemo me-
KUl n-BUMipHUI TpocTip 3 6azucom e = < ey,...,e, >. IllozHaunmo uepe3
A ninifinnii oneparop 3 Takoro gieo: Ax = A[x],. OueBuano, Takuii oneparop
Oyzme mimiiamM, 60

A(ax + 0z) = A(a[x]e + B[2z]e) = aAX]e + SA[z]e = adx + [ Az
st Oyib-SIKUX JIBOX BEKTOPIB X i Z. O

Ipuknan 3.1. Y npocmopi R? ainitinuti onepamop A xoscnuti éexmop X =
(21, x2) NEpPemMeoOPe MAKUM HUHOM:

Ax = A(l’l,ZL'Q) = (1’1 — ZL’Q,{EQ).
3natimu MAMPUYI0 UbO20 ONEPATNOPA 6 basucax

e=<ejp, ez >, e; =(1,0), eo =(0,1) (3.7)

S=<e1,65 >, & = (0,1), & = (1,0). (3.8)

3.1. JliniitHmii omeparop 1 ifioro MaTpuisd
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Pose’asanna. 3uaiinemo obpasn 6a3MCHIX BEKTOPIB y MepHIioMy Oas3uci:

Ae; = .A(].,O) - (1 - 070) = (LO) =e, Aey = A(O,l) -
= (O - 171) = (_171) = —e; t+ e

Buxonurs, marpuig oneparopa B 1epiomMy 0a3uci Mae BUIVIAL

A = (Ae; Aey) = ( b )
AHaJIoriuHo 3HAXOAMMO MATPHIO ONEPATOPA B IPYTroMy 6a3uci:
Ae;p = A(0,1) = (—1,1) =&, — &, Aex = A(1,0) = (1,0) = ey,
A = (A8, AS) = < e )

Buano, mo B pi3aux 6asmcax mMarpuil JiHiiiHOrO oneparopa pizui. B mepmomy
6a3nci BEKTOP X Ma€ PO3KJIAI X = T1€1 + Toes. Tomi

e (3 1) (3)= (727 )

TOOTO MHOXKEHHS MATPHUIl JIHITHOrO OmepaTopa Ha BEKTOD POOWTH 3 HUM Ty
K camy fifo, mo i cam omeparop. IlepekonaiiTeca camMocCTiitHO, IO B IPyroMy
6a3uci maoxkenus A [x|g aie Tak camo. O

Hpukaan 3.2. Hezai onepamop A 6ukonye nosopom 36uMailinoi naousumHy
20y, axa e6ascaemucea npocmopom R2, na xym o npomu cmpiaxu 200unnuxa.
Taxum wuHOM, KOAHCHUT 8EKMOP U4b020 NPOCMOPY 6yde NoBepHEHUTl Ha KYM p.
3natimu Mampuyro 4b020 onepamopa 6 opmonopmosaromy basuci e; = (1;0),
€y = (0, 1)

Zosedenns. Januit omeparop miniitaumit, 60 OJHAKOBO: UM MOBEPHYTH CIIOYATKY
BEKTOPH X 1y, a MOTIM TOOyIyBaTH JiHIHY KOMOIHAIIIO TOBEPHEHUX BEKTOPIB,
9M CIIOYATKY MOOyayBaTH JIiHIHHY KOMOIHAIIO BEKTOPIB X i y, a mMOTiM moBep-
HyTu 1T Ha KyT @ (aus puc. 3.1). Suaitnemo 06pa3u Bekropis 6azucy. i o6pasu
€ ONMHUYHUME BEKTOPAMHU €1, €2, OTPUMAHWMHU TOBOPOTOM HA KYT (0 TPOTH
POJIMHHUKOBOI CTPLIKK BEKTODIB €1 1 es (auB. puc. 3.2). 3 MalloHKa BUIHO, 110
€1, €2 MaTh TaKi KOOPAWHATH B 3aJaHOMY 6as3mci:

e; = Ae; = (cosp,sinp), € = Aey = (—sin, cos p), (3.9)

3.1. JliniitHmii omeparop 1 iioro MaTpuirsd
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A(aa + Bb) = ada + SAb

) ,,.A.___}A(gb)

Ab
A(aa)

Puc. 3.1: IloBopoT Ha KyT ¢

OT’Ke, MaTpuUIlld oreparopa A Mae BUIVIAL

A= [ Cos¢ - sin ¢
T\ sing  cosp /)
3a monomoromo 1iei Marpuini HoBopoT Oyib-sKoro Bekropa X = (z,y) (a, Bu-

XOJUTb, 1 paiilyc-BeKTOPa, a, BUXOIUTh, 1 Oy/b-AKOI TOYKHM) HA KyT ¢ MOXKHA
BUKOHATH 38 hopmyioio (3.5):

z T
= ~ = A X| =
= (7 )-am
o cosp sing T\ T Cosp + ysinp
~\ —sing cosp y )\ —xsinp+ycosp J’
abo B KoopawHATHIH dopMmi:

T = xcosp+ ysinp,

y = —xsiny + ycos p.

3.1. JliniitHmii omeparop 1 iioro MaTpuirsd
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Y
1]e2
() //’ \\\
_—_ . = = = ~
e
|
7 I
g I
/ ~
, | cos ¢ N
/ I N e S
/ | n
/ sin N
/ ' v P
/ : P
! O \
I
I
.’ \ v L e
. I
3 [
—sing cos ¢

Puc. 3.2: Ilosopor 6a3uca

Ipukian 3.3. Onepamop A, ditowu Hna eexmop X 36uxalinoi dexapmoesot
NAOWUNY, WO 66a2HCaEMbCA npocmopom R2, dseprasvro eidbueae tiozo 6id-
HoCHO npamot | 3 nanpammum eexmopom s = (s1,82), |s| = 1. Ilepesipumu
AHETHICMD Yb020 onepamopa i 3natimu Gozo mampuyto 6 basuci e; = (1;0),

€y = (0; 1).

Pose’szanna. Ha puc. 3.3 BugHo, mio cyma BekTOpa X 1 #oro obpasa y mjis
TaKOI il omepaTopa HAJIEKUTH MpsaMiit [, Moo K0T BiI0OyBAEThCA A3EPKAIbHE
Bi0OparkeHHs, 1 TOBXKUHA CYMHU B /IBA PA3U OL/IbITIE TPOEKITi BEKTOPA X HA ITI0
upsmy. AsreGpaiuno neit pakrT MoxHa 3anucaTu Tak: X +y = 2(x - s)s. 3piacu

MOxKHA 3HaliTH 06pa3 y = Ax = 2(x - s)s — x. Oueparop A niniiinuii, 60
Alax + fz) = 2[(ax + 0z) - s|]s — ax — fz =

2(ax-s+ Pz -s)s—ax — fz =

=a2(x-s)s —x] + f[2(z - s)s — z] = aAx + Az

VY koopaunaruiii dbopwmi aisg omeparopa 3amuCyeThbCs TaAKUM YUHOM (X

3.1. JliniitHmit omeparop 1 iioro MaTpuisd
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O T

Puc. 3.3: I3epranbHe BiAoOpakKeHH

=(z,9), y = (2,9)):
= (7,y) = Ax = A(z,y) =
= 2[( 7y) : (81, 82)}(81752) - (l',y) = (23781 + 2y32)(815 32) - ($7y) =
= (2257 + 2ys150 — ¢, 225150 + 253 — y).
(3.10)
BacrocoByioun 1110 (POPMYJTy 0 BEKTOPIB €1 i €3, JicTaeMo
Ae; = A(1,0) = (257 —1,2s182), Aes = A(0,1) = (25152,255 — 1).  (3.11)

BuxoanTs, MaTpuIld JAHOTO JHIHHOTNO OIEPATOPA MAE BUTJISIT
2
A — 251 -1 281 S92
25189 25% -1
L]

Ipukian 3.4. Onepamop A Ha3usaemvbea 20MOMEMIEI0 3 KoediyieHmom X,
AKUWO Oas OYdb-AK020 6eKMOPa X Ainitinoezo npocmopy Ax = Ax, (A # 0). To-
MOMEMIA HAZUBAEMbCA MaKodic podmazom (A > 1) abo cmuckom (0 < A < 1).
Ilepesipumu AiHitGHIiCMD U020 ONEPAMOPA 8 N-BUMIPHOMY NPOCMOPL i 3HATIMU
Goz0 mampuyro 6 basuci (1.8).

3.1. JliniitHmii omeparop 1 iioro MaTpuirsd
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Pose’azanna. JlinifinicTs omeparopa roMmoTeTii BUNIJINBAE 3 BUKOHAHHS BJIACTH-
BOCTi

A(ax + By) = Max + By) = a(Ax) + B(Ay) = aAx + SAy.
O6pasu 6a3uCHUX BEKTOPIB MAIOTh BULJIST

.Ael = \e; :()\,O,...,O), AQQZ/\QQZ(O,)\,...,O), ey
Ae, = Xe, = (0,0,...,)),

TOMY MATPHIS TAKOTO OMEPATOPa B MOTPIOHOMY Oa3MCi BUXOAWTDH JIiarOHAb-
HOIO:

A0 ... 0
A 0 A 0
0 0 A

3.2 lii 3 oneparopamu

BusBnserbcs, He TinibKu JiHifiHI oneparopu BHKOHYIOTDH [ii, aje # HaJ HUMUI
TeXX MOXKHA BUKOHYBATH ii.

Hexait oneparopu A i B gitors y giniitnomy mpocropi £. Tozi ix cymoro
HA3UBAIOTH OMEPATOP, 10 Mo3HaYaeThes A+ B i 1opiBHIOE CyMmi Jiiii oneparopis
AiB:

(A+B)x = Ax + Bx.

Jlobymxom oneparopa A Ha 9UCTO A, HA3UBAETHCS omeparop AA, o MHO-
KHUTHb 00pa3 BEKTOPA X HA TUCTO \:

(AA)x = A\(Ax).

HeBazkko mepekonaTucs B JiHIHHOCTI 000X onepaTopiB. MuoKuHA JTiHITHIX
OIepaTOPiB i3 BBEJAEHUMU OIEepaIliiMy JTOJABAHHS OTIEPATOPiB i MHOYKEHHS OTIe-
paropa Ha YHCIO cama € JiHiHuM mpoctopoMm. JlificHo, HymbOBHiT omeparop
O, o MOXKe BBaXKATHUCH HYJIHOBUM BEKTOPOM Yy MPOCTOPI JiHifiHUX omeparopis,
y2Ke OyB BBejenuil y nomnepeabomy 1. Oreparopom, NpOTHIEKHUM OLEPATOPY
A, 6ynemo seaxkarn oneparop —A = (—1).A. Tozi akciomn niniftHOr0 MpoOCTODPY,
BBeZeH] B po3aiii 1.1, 6yayTh y TepMmiHax OmepaTopiB BUIJIAJATH TaK:

1. A+B=B+ A

3.2. ii 3 onepaTopaMu
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(A+B)+C=A+ (B+0).
JOW(A) A+ 0O = A
V(A)I(—A) A+ (—A) = O.
1- A=A

ApA) = (Ap)A.

A(A+ B) = M + \B.

A+ A= A+ pA.

CamocriitHo mepeBipTe, 10 BCi BOHM BHUKOHYIOTbCs. fIKIoO mpocrtip L n-
BUMIipHHil, To mpocrip ninifinux omeparopis Mae po3mipuicTs n2.

ko AX = o TIIBKK JI BEKTOPa X = 0, TO oneparop A Ha3uBAETHCA He-
8upodicerHuMm; y CyNIPOTUBHOMY BHITAQJIKY BiH HA3WBAETHCH SUPOOIHCEHUM.
Busnaunwnk marpuiii A HEBUPOIZKEHOTO OMIEPATOPA HE € HYJIEM, iHAKIIE CUCTEMA,
piBasib A[X] = 0 Oyue maTu it HeHyJIbOBI DO3B’sI3KHU.

B momanpmriit Tabsuiti, KpiM pPO3IVISHYTHX, MMOKA3aHi i iHII 9acTO BUKOPH-
CTOBYBaHI oneparopu Ta il Ha L HuMu. st n-BUMIpHOTO MPOCTOPY HaBEIEH] it
MATPHUIIi OMepaTopis, mpuiomy, oneparopu A i B MaiTh, BiANOBIIHO, MATPHUIT
A i B. Ocranni Tpu omeparopu Jil0Th B €BKJIIIOBOMY IIPOCTOPi, a BimomocTi
PO IXHI MATPHUII CIIPABEIIUBI TITHKHU I OPTOHOPMOBAHNX OA3MUCIB.

Binguagmmo, 1110 A1 KOKHOTO OIepaTopa iCHy€e €IMHHUIN CIPsKEeHUH HOMY
0IepaTop, a JJjis KOKHOI'0 HEBUPO/XKEHOrO OLeparopa icuye obepuenwuii fiomy
onepatop. Hampukias, opToroHaabHUI OmepaTop € HEBUPOIKEHIM.

e B

IMpukaan 3.5. Hezxal naowuna Oy cnovamky noeepmaemuves Ha KYym ¢
(onepamop A), a nomim Had Hew SUKOHYEMBCH 20MOMeEMisn 3 KoediuieHmom
A (onepamop B). 3natimu ainitnud onpamop, wo 6ukonye nepeaiueni 0ii 6
303HAYEHOMY NOPAIKY.

Posé’asannsa. Oneparop, Mo peamisye 3ajany MOCTiI0BHICTD i, — e 100y-
tok omeparopis A i B: (Bo A)x = B(Ax) (mus. tabn.). Baxiuso re, 1m0
OTpUMaHi B mpukiaagax 3.2 i 3.4 Marpuini omneparopiB [103BOJLIOTb 3HAUTH 1
vatpuiro C 1myKaHoro omneparopas:

A0 cosp —sing

C=BA = . =
0 A sin @ cos

[ Acosep —Asing _ A
Asingp  Acosy .

3.2. ii 3 onepaTopaMu
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Ha3zsa ITo3Hua- BusuauaJspbHa Marpunsa
omeparopa YeHHs BJIACTUBiCTH
Toroxmmit & Ex=x E
oTepaTop
Hynwosuit omepatop @ Ox=o0 (0]
Cyma omnepaTtopin A+ B (A+ B)x = Ax + Bx A+B
Ilo6yTox AA (AM)x = A(Ax) AA
orepaTopa Ha 9HCI0
Job6yTox BoA (Bo A)x = B(Ax) BA
oreparopis
OGepmenwmit oneparop | A~} AloA=Ac A =€ Al
Omneparop,
CIIPSIYKEHPII A* Ax -y =x- A"y AT
omeparopy A
Camocupsizxenuii A A=A" A =AT
orepaTop
OpTroroHabHME A A= A" AL =AT
oreparop

BukopucToByiodn 1m0 MATPHUIO, MOKHA 3HAXOAUTH PE3y/IbTaT IIEPETBOPEHHS
Bizpasy, a He 1O Yep3i 3aCTOCOBYIOUN TTOBOPOT i TOMOTETIIO. O

OckiibKE OPTOrOHAJIBHEI OLEPATOD € OJHUM 3 HANBAKJIUBIIINX OIEpaTO-
PiB, IO JiIOTH B €BKJIiIOBOMY TIPOCTOPi, PO3TJISTHEMO JeAKi Or0 BIACTUBOCTI.

Jlema 3.1. Axwo 6 e6KA10060MY NPOCMOPL 0AA BCIT 6EKTNOPI6 X BUKOHYEMBCA
X'Y=X:Z, MOy = Z.

Hosedenns. ko x -y =x -2z, 7o x- (y —z) = 0. Bizbmemo x =y — z, Toui
(y —z)-(y — z) = 0. 3a uepworn axkcioMoI0 eBKJIiJOBa LPOCTOPY L MOXKJIHUBO
TIIBKW Y BUTAJIKY, KOJN y — Z = O, TOOTO, KOJIN Y = Z. O

Teopema 3.3. Onepamop A 36epizae crarapruti dobymox eexmopis: AX -
Ay = x -y modi G misvku modi, Koau 6iH 0PMO20HALOHUT.

Zosedenns. Hexait oneparop A 30epirae ckassipauii 100yTok BekTopis. Tomi

xy=Ax- Ay =x- (A" o A)y.

3.2. ii 3 onepaTopaMu
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3 memu Bimpasy micraemo, mo A* o A = £. Buxoguts, mo A* = A~ i Tomy
omeparop A opToroHaJbHUIL.

Hexait Teniep omeparop A oproronanbauii. BUKOPUCTOBYIOYH O3HAYEHHST
CIIPSA2KEHOTO i OPTOrOHAJIBHOI'O OIEPATOPiB, JAICTAEMO

Ax Ay =x- (Ao Ady=x- (Al oAy=x-fy=x"y.
O

BucuoBok 3.1. Opmozonaavrut onepamop 36epizac d062HCUHU 6EKMOPIG, G 6
€6KA10060MY APIHHOMY NPOCTNOPT — GIOCTNAHD MINHC MOYKAMU.

BucHoBok 3.2. B eskaidosomy ainnomy npocmopi opmozorasbHull onepa-
mop 30epizae KYMu MIHC NPAMUMY MA 2iNEPNAOULUHAMUY, ¢ MOodi 1 iTHIO na-
PAALABHICD Ma NEPNEHIUKYAAPHICD.

BucuoBok 3.3. Opmozonarvruil onepamop nepesodums opmoHopmosanut ba-
3UC 8 OPMOHOPMOBAHUT.

Josedenns. Hexait < ep,...,e, > — OpTOHOpPMOBaHuii 6asuc, a < e€j,
...,€, > — Habip BeKTOPiB, y dKi Ie#i 6a3uc MepeBOAUTHCS OPTOTOHAILHUM
orepaTropoM. 3 ToNepeIHiX pe3yIbTaTiB 0JIep:KyEMO, 10 BEKTOPH €1, . . . , €, Op-
TOTOHAJIBHI i MAIOTh OMWHUYHY JOBXKWUHY, a TOAL 3 TeopeM 2.5 n 1.8 BUNINUBAE,
mo < €y, ...,€, > — OPTOHOPMOBaHUil HGa3uc. O

Marpuiis OpTOrOHAJIBHOTO OMEPATOPA, K Ie 3a3HAYEHO B TADJIUII OMepaTo-
piB, mae Bmacrusicte A~! = AT, Taka MarpuIs HABHBAETHCS OPIMNO20HAND-
HO10.

Teopema 3.4. Srxwo onepamop A nepesodumsv Tow 00uH OPMOHOPMOBAHUT
basuc < eq,...,€e, > 6 opmonopmosanuil basuc < €i,...,€, >, Mo maxui
OMEPAMOP 0PMO2OHANLHU.

Jlosederna. Tlo3maunmo

L i=7;

0, i#j.

3 oproHOpMOBaHOCTI 6a3uciB e; - €; = 05, €; - €; = 0;;. Tomy

51‘]‘ =

51‘ ‘Ej = .Aei '.AEj =€; - (A* oA)ej = 51]
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Biz miei pisrOCTi BigHiMeMO DiBHICTH €; - €; = §;; i micTamemo

e; - (.A*OA)ej —€;,-€j =0;1=1,n;

€ ((A"oA)ej—e;)=0; i=1,n;
e (A 0 A—E)e; =0;i=T,n. (3.12)
fAxmo xowa 6 s oxHOro j BukoHyeThest (A* o A — E)e; # o, To 3 (3.12)
BUILTHBAE, IO BeKTOp (A* 0o A — &£)e; opToroHanpHuii 1 BEKTOPaM €1, ..., €.
Toui 3 reopemu 2.5 gicTaemo, 10 B n-BUMIpHOMY POCTOPi icHye 6asuc 3 (n+1)-
ro0 BEKTOpa: €y, ..., €,, (A" o A — £)e;j. Ockiibku Take HEMOKJIMBO, TO BC

BekTopn (A* o A — E)e;, j = 1,n, nyasosi. Axe Tozi i omeparop A* o A — &
Texk HynboBwuit. JlificHO, 1ist OyIb-IKOTO BEKTOpPA X = T1€] + ...+ T,e, Oyme
BUKOHYBATHUCH

(Ao A—E)x=(A"0 A=E)(T1€01+ ...+ Tp€H) =
=x1(A*od—-Ee;+... +a, (A" 0 A—E)e, =o0.

Ane, xomu Ao A—& =0, 10 A0 A=E1 A = A%, mo it Tpeba Gyno
JIOBECTH. O

Teopema 3.5. BusHauHuk MAMPuyi 0PmMo2oHaALbHO20 ONEPAMOPG QOPIEHIOE
+1.

Jlosedenns. Hexait A — maTpullsd OpTOroHaJILHOrO oneparopa. Toi, sk 3a3Ha-
4yeno B tabuumi omeparopis, A~! = AT, SIkmo nmoMHOXKHTH OOUABI 4ACTHHU
uiei pisnocri ma A saisa, gicranemo AAT = E. Bpaxosyrouu, mo |[A| = |AT],
|E| = 1, mpuxoaumo 1o pisustaus |A|? = 1. Ile it oznavae, mo |A| = +£1. O

IMpuknan 3.6. Y npukxaadi 3.2 6y.40 nNoka3aHo, W0 NOBOPOM NAOULUHY HA KYMM
© € NHITHUM ONEPATNOPOM | TLEPEMBOPIOE 0PMOHOPpMoanul basuc e; = (1;0),
es = (0;1) 6 opmonopmosanuti 6asuc (3.9). Tomy nosopom € opmo20HasLHUM
onepamopom.

pukaan 3.7. YV npuxaadi 3.3 Ainitinui onepamop ocvo80i cumempii Ha nao-
wuni nepesodus opmonopmosanull basuc e; = (1;0), ex = (0; 1) 6 opmonopmo-

3.2. ii 3 onepaTopaMu



3. JliHiiiHi omepaTopu 42

sanut 6asuc (3.11). Opmonopmosanicms 0CMAHHL020 BUNAUBAE 3 MO0, U0

Ae; - Aey = (257 — 1,2515y) - (25159,255 — 1) =
= 45355 — 25189 + 45155 — 25159 = 45159(s% + 55 — 1) =0,
|Aey| = (257 — 1)% + (25189)% = 4s] — 457 + 1 4 45252 =
=4s3(s?+s2—-1)+1=1,
|Aes| = (25152)% 4 (252 — 1)? = 45752 + 455 — 452 +1 =
=4s3(s? +s2-1)+1=1,

momy wo 0as odunuurozo eexmopa (s1, S2) euxonyemvea s2 +s3 = 1. Omoice,
OMePamop CuMempLi MexHc 0PMo20HAALHU.

IIpukaan 3.8. YV npuxaadi 3.4 onepamop A ne opmozonasvruii, 60 6in ne-
pesodumsb opmonopmosanuti basuc (1.8) miavku 6 opmozonarvrul basuc, asre
He 6 OPMOHOPMOBAHUT (J06JICUHU HOBUT OA3UCHUT 6EKMOPI6 Y 302aAbHOMY
sunadky dopisenroroms |A|, a ne 1).

Hacrynua teopema mokasye, 1o Oyab-gKuUil OPTOrOHAJIBHUN OMEpPATOp HA
TIJTONTHHI 3BOAUTHCS JI0 B¥Ke PO3IVITHYTHX HAMH OMEpPATOpPaM MOBOPOTY i OChO-
BOI cuMeTpii.

Teopema 3.6. OpmozoHarbHUl ONEPAMOP HA NAOUWUHE — Ue abO NOBOPOmM
HABKOAO TOUAMKY K0OPIUHAM HaA deAKul Kym, abo d3eprasvhe 6i000PAHCEHHS
610H0CHO 0eAKoT NPAMOT.

3.3 Ilepexia mo HOBOTrO Ha3zuCy

Hexait B n-BuMipHOMY MPOCTOPI HEBUPOMKEHUI JTiHIHUN onepaTop S mepeBo-

auTh 6asuc e =< eq,...,e, > y 6asuc € =< €i,...,e, >. llepmmuii 6azuc

YMOBHO Oy/IEMO HA3WBATH CTApUM, & BTOpOil — HOBMM. Hexaii BeKTOp X y cra-
. T .

pomy 6asuci Mae poskian X = xie; + ...+ xpe, = [x];[e]. fxi xommonen-

TH Z1,...,L, el BeKTOp Oyiae maru B HOBoMy Oasuci? Ilosmaunmo uepes S,
|S| # 0, marpuuio oueparopa S y crapomy ba3zuci i 3acrocyemo dopmyay (3.6):
[e] = ST[e]. dicranemo

x = [x]{[e] = [xJzS"[e] = (S[xs)"e, (3.13)

ae [x|2 = (z1,...,2,) — 300paxenns Bexropa x y HosoMy Gasuci. [TopisHio-
1ouu Gopmyiy (3.13) 3 poskiajgom X = [X}Z[e] i, 3 orIs/Ly HA OJHO3HAYHICTD
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PO3KJIaJIaHHS BEKTOPA 3a 06a3MCOM, MiiieM0O BUCHOBKY, IO
(3.14)

s dpopmysna HABHBAETHCSA NEPELOOOM 610 HOBUL KOMNMOHEHINIE 8EKMO-
pa do cmapux. 3BOpOoTHMII NMEPEXisl OJEPKUMO, SIKIIO HOMHOXKUMO OOHIBI
YaCTHHU OCTAHHKOI piBHOCTI Ha MaTpumo S~1, 3BOPOTHY MaTpHII S:

g = 87" [, (3.15)

IMpukaan 3.9. Jasa npukaada 3.1, 3HaTMU KOMNOHERTIU 6EKMOPaA X Y basuct
(3.8), axwo 6 6asuci (3.7) 6in mae posxsad X = (r1, T2).

Posé’asanns. Crnodgarky 3HANIEMO MATPHINO OMEPATOPA, IO MEPEBOIUTE OA3UC
(3.7) y 6a3zuc (3.8). OueBumHO, CTOBHIHAME TaKOI MATPHII € BEKTOpU 6asucy

(3.8):
s—<0 1).
1 0

Hesaxkko mobaauTu, 1110 MaTpuIeio, 3BOPOTHOIO 10 MATpuUIii S, Oyae BoHA caMma i
oMy 3a (opmyiioio (3.15), 3HAXOAUMO KOOPIMHATH BEKTOPA X Y HOBOMY Ba3UCI:

fl 0 1 x1 T2
Zo 1 0 o x1
Takum 9WHOM, TIEpexiT 0 HOBOrO 0A3UCy O3HAUAE MPOCTO MEPECTAHOBKY KOM-

IIOHEHTIB BEKTOPA. O

Temep 107ATKOBO TMPHUITYCTUMO, IO B N-BUMIPpHOMY TPOCTOPi, KpiM omepa-
topa S, mie oneparop A, 1mo mae marpumno A y 6asuci e. Jocaigumo, sk 3mi-
HUTHCA I MATPHUIA IpH mepexoni mo 6asucy €. Hexait y — obpa3 BekTopa X
quist oneparopa A: y = Ax. 3 dopmynu (3.14) [x]e = S[x]z, [y]e = S[yJs i Tomy

Slyls = [yle = Alx]e = AS[x]s.

MHuozkaun o6uIBi yacTuny 1i€i piBHOCTi 371iBa Ha S™1, 3HAXOMMMO, MO [y|s =
= S~ !AS[x]s. Takum umuHOM,

A =S"'AS (3.16)

€ mMaTpurero oneparopa A B HoBomy 6asuci (aus. reopemy 3.1).
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Mpukian 3.10. s npukaada 3.1 snatimu mampuyro onepamopa A 6 basuci
(3.8).

Pose’asanna. Y monepesHbrOMY MPUKJIALL MATPHUIE S TEPEXOIY BiI CTApOro 1o
HOBOTO Oa3ucy Oyia 3HalIeHa i BUSBUIOCS, IO BOHA JOPIBHIOE CBOIM 3BOPOTHIit
marputi. Tomy

A_gias_[01 1 -1 0 1) _
10 0 1 10
(o0 1 01\ 10
1 -1 10 -1 1

[TOMHOKUMO 110 MATPULIO HA BeKTOp X = (21, 22) = [X|2 = (22, 21)":

~ 1 0 To T2

-1 1 X1 Xr1 — T2

=29€1 + (21 — x2)€2 = (T1 — 22, 22).

3.4 Jliuiitai nignpocropu i CJIAP

Heuopozxus muoxkuna £ Bexropis siniiinoro npocropy £ Ha3zuBaeTrbcs ATHIT-
HUM NIINPOCMOPOM, AKIIO OyIb- K4 JiHiiTHA KOMOiHaIis BekTopis 3 L' Hae-
xkuth L. HeBaskKO moMiTuTH, 10 HyJILOBUI BEKTOP AK J0OYTOK 0X HAJIEKUTH
L', i BeKTOp, NPOTHJIEIKHUI BEKTODPY X, K 100yTOK (—1)X Tex namexurh L.
Tomy BCi akciomu miniitHOrO nmpoctopy i £ BUKOHYIOTHCA 1, BUXOIUTD, Ji-
HiftHu#l nignpocTip caMm € JIIHIHHUM IIPOCTOPOM.

3po3yMmijIo, 0 BUMIPHICTH TiAITPOCTOPY HE MEPEBUIINYE BUMIPDHOCTI CaMOro
TIPOCTOPY, TOMY IO BEKTOPH, JTIHINHO He3aJeXKHI B MAITPOCTOPi, 3aJIUIMIATHCS
TaKAMH B YCIM MTPOCTOPI.

Ilpukaax 3.11. V 3euuatinomy npocmopi 6ct npami G NAOUUHU, U0 NPOTO-
damsb wepes nouamox xoopouram, € MnidHuMY nidnpocmopamu. Y npocmopi
MHOZ0UAEHIB CMENEHA HE SUWE N ATHITHI NIONPOCMOPU YMEOPINMb MHO20-
waenu cmenens ne suwe k (k< n).

Posrnsgaemo Temep po3B’a3Ku cuCTeM JIHIFHUX anreOpaidHuX PIiBHIHD
(CJIAP) 3 Touku 30py reopil Juinifinux upocropis. Hexait € oquopiaua CJIAP
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BUTJISATY
a1121 + ...+ a1nxy =0,
......................... (3.17)
Am1T1 + -+ @y =0,
Ky MOXKHA 3aIIMCATH KOPOTKO B MATPHUUHIA (popmi sk
Ax = o, (3.18)
ze
ay ain x 0
A= ... , X = , 0=
Am1 Amn T 0

Teopema 3.7. Srxwo x1 i Xo — po36’asku odnopionoi CJIAP (3.17), mo izns
ATHITHG KoMmOIHaYis aX + X9 meoc 6yde poss’sskom uiei CJAP.

Zlosedenns. i noBesieHHs JIOCUTh LiACTABUTU 3a3HAYEHY JIiHIHY KOMOiHa-
mifo B qiBy yacTuHy piBHsiHHSA (3.18):

A(axy + fx2) = aAx; + fAxy = ao + fo = o.
O

Takum guHOM, po3B’a3ku ogHopiaHol CJIAP yrBOpiotoTs ninilinuii mpoctip
(BukOHAHHs aKciOM JHHIHHONO MPOCTOPY BUILIMBAE 3 IXHBOIO BUKOHAHHS JIJIst
N-0K 9HCeJI 1 TOro, 1mo o i —x € po3p’askamu oxHopiznoi CJIAP, akmo x €
TAKUM PO3B’SI3KOM).

Buznaunmo BUMIPHICTD IIHOTO TPOCTOPY.

Teopema 3.8. fxwo panz mampuyi cucmemu JOPIBHIOE T, MO CUCTMEMA MAE
N — T AHIUHO- HE3ANCIHCHUT PO36 A3KIE.

Zosedenns. ZIK BimoMO, 3a HOIOMOIOK €/IEMEHTAPHUX [1EPETBOPEHL MAaTPHUILO

cucremu (3.17) MOXKHa TIPUBECTH O CXimUacToro BUTIALY (c11 # 0, ..., Cpp #
#0):
€11 €2 ... Cir Cir41 ... Cin
0 C22 ... Cop C2py1 ... C2p
b
0 0 0 ¢r Crrg1 ... Crn
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skomy Bimmosinae CJIAP, exsiBanenrna cucremi (3.17):

! / / / !
1177 + c12xy + ...+ C1px. + Clppa®Tnyg + ..+ C1aT, =0,

p , ’ !/
Cooy + ...+ C2p®y + Cor1%hyy + o+ C2py, =0, (3.19)

/ / /I
CrrTy,  +  Crpp1Tnyg + ..+, = 0.

Hesinomi )., ..., ], HA3UBAIOTH GIALHUMU He8idOMUMU, & HeBiIOMI T,

., T — ba3ucHuMu. 3anuiemMo n — r po3r’s3KiB cucremn (3.19), Bubparmm
BinbHI HeBimOMI TaK, mob . ; = 1 y pO3B’A3KY X;, a B iHINX PO3B’A3Kax, 006
x,; = 0. Basucui HepizoMi 3HalIEMO 1O BiILHUM, 3aCTOCYBABIIM 3BOPOTHMI
xin metony Taycca no cucremu (3.19):

11 21 Tn—ri
Tip T2y Tp—rr

e = 1 , €y = 0 B 0 . (3.20)
0 1 0
0 0 1

i po3s’s3km JiHiftHO He3ase:kHi, 60, AKIO A€ + ...+ Ap_,€,_, = 0, TO,
BUKOPHUCTOBYIOYH OCTAHHI 7 — T KOMIIOHEHT BEKTOPIB, MICTAHEMO A} = -+ =

= Ap_p = 0. O

Bynp-sixka cucrema 3 n — r JiHITHO-HE3ATEKHAX PO3B’I3KiB OTHOPIAHOI CH-
cremu (3.17) nasuBaerbes i1 pyrdameHMasbHON0O CUCTNEMOIO PO38’A3Ki6.

Teopema 3.9. Vnopadrosana cucmema po3s’ssxie (3.20) odnopionoi CJIAP
3 MAMPUULI CUCTEMU PaH2Y T € DA3UCOM NIHITHO20 TPOCMOPY PO36 A3KI6 Uil
CJIAP.

Josedennsa. Jliniiina HesasmeskuicTh po3p’s3kiB (3.20) Oyna nmokasaHa B TIOMe-
penHiit Teopemi.
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Hexait
Z1

T,
X = Tr41

Tr42

Ln

— JoBiIbHMI pO3B’s130K cnctemu (3.17). Po3risiHEMO BEKTOD-CTOBIEIh

Y=X—Zpr41€1 — ... — TpCp—p =
T Tr4+1211 LTpTn—r1 Y1
Ty Tr+1%1r ) Y (3.21)
= Tr41 - Tr41 - 0 = 0
Trio 0 0 0
Tn 0 Ty 0
Ockinbku y € JiHifiHOI0 KOMOIHAIIED BEKTOPIB X, €1, ..., €,_,, TO y Oyze
posB’askoM cucremu (3.17), a Tomy it cucremu (3.19). IlincraBnsoun B ocTan-
HIO CHCTEMY KOMIIOHEHTH I[bOTO PO3B’A3KY T} = Y1, ..., ). = Y, Tj g =0, ..,

a2, = 0, oIepKUMO OJJHOPiNHY cHCTeMY DIBHSAHBL

c11y1 +ciay2 + ... + ¢y =0,
Ca2y2 + ...+ copyr = 0,

dAKa Ma€ €quHuil po3p’s30k y1 = ... =y, = 0. Tomy y = o i 3 pisuocti (3.21)
3HAXOMMO, 1110
X=1Zr41€1+ ...+ Tp€p_r.

OcranHs piBHICTH O3HAYAE, IO JOBLILHO B3ATHI po3B’a30K onHopigaoi CJIAP
€ siinifinoro KoMbiHamiero 11 po3s’a3kis (3.20). OTxke, 1i PO3B’A3KKU yTBOPIOIOTH
6a3uc jginiiHOro mpocTopy po3s’sa3kis omuopinnoi CJIAP. O
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BucuoBok 3.4. Bumipnicms npocmopy po3e’askie odnopidnoi CJIAP dopie-
HIOE I — T, AKULO PAHZ MATMPUYT CUCTNEMU JOPIBHIOE T.

BucnoBok 3.5. Bydv-aka ynopadkosana GyrdameHmasbha cucmema po3e’as-
ki 00nopidnoi CJIAP € 6asucom ainitinozo npocmopy i pose’askie (dus. me-
opemy 1.9).

Bucuosok 3.6. IIpocmip pose’askie odnopionoi CJIAP ¢ (n — r)-6umiprum
nidNPOCMOPoM AIHITIHOZO NPOCMOPY N-0K YUCEN.

Hexait x1, ..., Xp—r — dyHIaAMEHTAJbHA CHUCTEMA PO3B’S3KIiB OXHOPITHOL
cucremu (3.17). 3 BUIIEBUKIIAIEHOIO BUILIUBAE, 10 BEKTOP-CTOBIIEIb

X = C’lxl + ...+ Cn—rxn—r (322)

Oyze po3B’saA3KOM IIi€l cucremu utst Oyab-akux 3uagens cramux Cq, ..., Cp_p, a,
3 iHuoro 60Ky, Oy1b-sAKuil pO3B’A30K CUCTEMU MOXKHA, Jictaru 3 ¢popmynu (3.22)
JUlsl JesKUX 3HaveHb uuX craaux. Po3s’s30k (3.22) nasupaerbcs 3azaavHum
pose’azrxom onuopianoi CJIAP.

Posrnsinemo Tenep weomuopinny CJIAP

a1171 + ... + A1p Ty = by,
........................... (3.23)

Am1T1 + ..+ Gy = b,

Je He BCi b; mopiBHIOIOTEH HyTi0. 110 crucTeMy MOXKHA 3alMHUCATA B MATPUIHOMY
BUTJISAIL

Ax=b, (3.24)

bT = (by,...,by). Oxropimma CJIAP (3.17) nasuBaetbca 6i0no6idnoro mHeo-
nuopinmiit CJIAP (3.23).

Teopema 3.10. Hezati X — axuii-nebydsv (wacmunnui) po3e’asox 1eoonopi-
onoi CJIAP (3.23), a X — 3a2aavhuli po36’a30k 6i0nosidnoi oonopionoi CJIAP.
Todi sexmop-cmosneyn

X=X+X (3.25)

6yde pose’szkom neodnopionoi CJIAP (3.23) i, nasnaxu, 6ydv-axull po3e’a3ok
uiei CJIAP 6yde mamu sueasnd (3.25).

Josedenns. Tlokaxemo, mo BekTop-crobuens (3.25) € po3B’s3KOM HEOAHODI-
aHOI cucremu. s nporo nijgcraBumo foro B JiBy dactuHy piBHsiHaa (3.24):

Ax=AX+X)=AX+ Ax=o0+ b =b,
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060 AX= 0, a AX= b, ockiJIbKE X i X, Bi/IlTOBiIHO, PO3B’A3KU OJHOPITHOI 1 He-
onuopiguoi CJIAP. Buxomurh, X — po3s’s30k HeogHopiauol CJIAP.

Hexaii renep y — nosinbuuii po3s’szok CJIAP (3.23). Iokaxkemo, mo Bin
mae Burazg (3.25). Bisememo mie oguu poss’sazok X cucremu (3.23). Toai,
ockinmbku Ay = b i AX = b, To, BigHiMaoun Apyr Bim apyra I piBHOCTI,
micraemo A(y — X) = o. TakuM 9YHHOM, BEKTOD-CTOBIIENb y — X € PO3B’S3KOM

TOMy ¥ — X = X. Buxomurs, y = X + X. O

Posp’azok neoguopiauol CJIAP (3.25) nasuBaerses i1 3a2aabHum po3e’as-
xom. Tomy noBesieny Teopemy MOKHA 1epeOPMYIIOBATH TAK: 3a2aAbHUT PO3-
6’a30% neodnopionoi CJIAP e cymoto ii wacmunnozo po3e’asky i 3a2asbH020
p036°a3ky 610N06idHoT 00Hopidnoi CJIAP.

IIpukaan 3.12. 3natimu sazasvnuti pose’ssox CJAAP

Ty + 2x9 +4x3 + 324 + 525 = 2,
2x1 4+ 3x9 + dxg + 4y + x5 = 14,
3x1 + 4xo + x3 + bry + 225 = 16,
T, + 3x9 + 1223 + by + 925 = 2,
4x1 + d5r9 — 3x3 + 624 + 325 = 18.

Posé’szanns. 3acrocyemo 10 3aganol cucremu meron Laycca. st nporo mo-
MHOKHMO IIEPIEe PiBHSHHS IOCIiI0BHO Ha —2, —3, —1, —4 i pe3yabraTru MHO-
JK€Hb JI0IaMO BiIMOBIIHO 0 APYroro, TPETHOTO, YETBEPTOrO i I'ITOr0 PiBHSIHD:

x1 + 2z +4x3 + 324 + 55 = 2,
—x9 — 3x3 — 224 — 925 = 10,
—2x9 — 1lag — 4ay — 1325 = 10,
To + 8x3 +2x4 +4x5 = 0,

—3xo — 1923 — 6x4 — 1725 = 10.

Temep apyre piBHAHHA MOMHOXKUMO TMOCTiTOBHO Ha —2, 1, —3 i pe3yabpratn
MHOXKEHB JI0JIAMO BiIMOBIIHO 0 TPETHOTO, YETBEPTOrO i II'ATOTO PiBHSIHD:

Ty + 229 +4x3 + 34 + by = 2,
—x9 —3x3 — 224 — 925 = 10,
—bx3+bxrs = -—10,

dr3 — dxrs = 10,

—10z3 + 105 = —20.
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Haperti, TpeTe piBHAHHS JIOAAMO JI0 Y€TBEPTOrO i, MOMHOXKUBINKA HA —2, JT0-
JIaMO 10 T’sITOr0; BinkuHyBIH TOTOXKHOCTI 0 = 0, OTpUMaEMO cuCcTeMy

I —+ 21’2 + 41’3 + 31‘4 —+ 5135 = 2,
—T — 31‘3 — 21?4 — 9.175 = 10, (326)
—bx3+brs = —10.

Poss’a3yioun oguopinny cucremy, mo Bimnosinae 3amaniii, mzicranemo CJIAP,
y y Y5 ) )
0 Bipi3HsieThCs Bix cucremu (3.26) TINBKYM HYJISIMM B TIDABUX YaCTHHAX DiB-
HSHb!

r1 + 2x9 +4x3+ 324+ 525 = O,
—x9 —3x3 — 224 — 925 = O,
*51’3 + 5%5 = 0.

Od4eBuaHO, paHT MATPHIN CHCTEMH JOPIBHIOE 3 i 11 MOXKHA TMEPEenuCaTH TaAKUM
IUHOM:

T+ 2x9 +4x3 = —3x4 — D5,
—Ty — 3.’173 = 21‘4 + 91‘5, (327)
—5r3 = —5x5.

BaswncHi meBigoMmi — x1, X2, X3, BIIbHI — X4 1 5. OTiKe, PO3B’I3KM OIHOPIIHOT
CHUCTEMU yTBOPIOIOTH ABOBUMIpHWUIA JinifiHuil mpocrip. [11o6 3naiiTu 6aszuc (3.20)
y LbOMY IpocTopi, BizbMemo x4 = 1, x5 = 0 i 3acrocyemo n0 cucremu (3.27)
3Boporuuit xix meromy laycca. Hicranemo 1 = 1, 9 = —2, 3 = 0. Tak camo
poss’a3youn aia r4 = 0, x5 = 1, 3maiiaemo, mo r; = 15, 10 = —12, x3 = 1.
Orxe, mrykanuii 6a3MC Mae BUTTIS:

1 15

-2 —12

e = 0 |,e= 1
0

1

BuxomnTh, 3aranpamii pO3B’sI30K OXHOPIAHOI cucTeME Oyie TAKWM:
X = Cieg + Csyes.

Heonuopinny cucremy (3.26) nepenumemo ananoridyuo cucremi (3.27), posmi-

3.4. JIIulital nlanpocropu I CJIAP
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JIUBIITM OCTAHHE piBHAHHS Ha (—5):

T+ 2x9 +4x3 = 2 — 3x4 — Sx5,
—x9 —3x3 = 104 224 + 9xs5,
r3 = 2+ Is5.
3HaiigemMo i1 9aCTUHHUHE pPO3B’s30K M x4 = x5 = 0. icramemo zz = 2,
T9 = —16, 1 = 26. leit po3B’sA30K TeK MOXKHA 3AMUCATU Y BUIJISAII BEKTOPA-
CTOBIITISE
26
—16
X = 2
0
0

Orxke, 3aranbHuii po3s’sa30K 3amanoi CJIAP mae Burisi

1 15 26

-2 —12 —16

x=X+x=0 0 |+C 11+ 2
1 0 0

1 0

Hamatoun pizni 3navennsa kouctanTam Cq 1 Co, MOXKHA OTPUMATH BCI MOKJINBI

pose’sa3ku CJIAP. O

3.5 Buacui BekTopu

BaxkmBe 3HaUe€HHSA MAalOTh BEKTOPH, [id JIHIHHOIO OIEpaTopa Ha SKi 3BOIN-
ThCsl JI0 IXHBOI'O MHOXKEHHs Ha Jesike aucjio. Obpa3 BEeKTOpa BUXOIUTH KOJIi-
HEAPHWM CaMOMY BEKTOpPY, TOOTO 00pa3 BEKTOPa MICTUTHCSA HA Tiil camiit mpsi-
Miif, Ha AKill 3HAXOAUTHCA BUXITHUN BeKTOp. TaKMM 9MHOM, YKOJIEH BEKTOD ITiET
MpsIMOI JTiHIRHWI omepaTop He B 3MO31 3 Hel MepecyHyTH — i olepaTopa He
3MIHIOE ITf0 TIpsAMY. B pe3ynbraTi npu BUKOHAHHI J€IKWX YMOB yCi Taki mpsmi
JJIsL JAHOTO OIEPATOPAa BUABJISIOTHCS [IPUPOIHUMHE OCSIMUA KOODIWHAT, TOOTO B
i cECTeMi KOOPAWHAT MATPHUILA JIHIHHOTO OMepaTopa i piBHSIHHS MOB’SI3aHUX
3 HAM TeOMEeTPUYHHUX 00’€KTiB 3100yBaloTh HaHOLIbII MpocTHii (KaHOHIYHMI)
BUTJISI.

3.5. Buacul BekTOpH
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HenynboBuit BEKTOpP X HA3WBAETHCA 8AGCHUM BEKTOPOM JIHIHOrO omepa-
Topa A, SKIIo
Ax = px, (3.28)

Jie p — YUCJIO0, IKe HA3WBAIOTh 8AGCHUM YUCAOM, 300 8AACHUM 3HAYEHHAM
ainifinoro oneparopa. BuaHo, mo aiiicio Ax || px.

Hanpuknaz, B1acHUMEA BEKTOPAMHA TOTOXKHOTO i HY/TbOBOT'O OIIEPATOPIB € BCi
BEKTOPH JIiHIHHOTO MPOCTOPY, & BJACHUMHN 3HAYEHHAMU, BiamoBiaHo, 11 0.

SIk1mo BeKTOp X — BJIACHUiT BEKTOp ormeparopa A, To pux Tex Oy/1e BIacHuM
BEKTOPOM I[hOT0 omeparopa, Tomy mo A(ux) = p(Ax) = p(px) = p(px). Le
i o3HaYaE, 10 BCi BEKTOPHU MPIMOI, HA AKill 3HAXOIUTHCI BEKTOP X, OIEPATOP
He B 3MO3i 3 Hel mepecyHyTH. BuxoanTs, i BCa MpsaMa 3aIHAMIAETHCA i €0
oreparopa He3MiHHOIO.

Hexait mimittauii omeparop A 1i€ B n-BuMipHOoMy TpocTopi 3 6asmucom

< ey,...,e, > 1 A = {a;;} — ioro marpung B mpomy 6asuci. Toxmi pis-
HicTh (3.28) Jig BJIACHOTO BEKTODA X, IO MA€ B JaHOMY 6a3uci KOOpAUHATH
[x] = (21,...,7,)T, MoxkHa mepenucaryn Tax:

Alx] = plx].

BekTop x i uncio p, 110 3a00BOIBHAIOTH TaKiit piBHOCTI, HA3WBAIOTh 8AGCHUM
6eKmOopPoMm 1 BIINOBITHAM HOMY 84GCHUM YUCAOM (3HAMEHHAM) MATPHIL
A. OcranHio piBHICTH MEPEMUIIEMO TK

(A —pE)[x] = o],

ne E — omuHm4Ha MaTpuiug n-ro mopaiky, a IOTIM IOZAMO B KOOPIMHATHIMH
dopwmi:
(@11 —p)z1 + ar2x2 + ... + a1n2, =0,

a1 + (22 — p)xa + ...+ agpzy, =0, (3.29)

OckinbKu BiIaCHWIT BEKTOP HE IOPIBHIOE HYJTIO 33 O3HAYEHHSM, I OTHOPIIHA
CJIAP 060B’s13k0BO Ma€ HEHYJIbOBUI pO3B’s130K. Aute Toi 11

HIOE HYJIIO:
aix —p a12 A1n
A—pE|=0«| @ @27P - Gmo)_g (3.30)
an1 @22 Ann p

3.5. Buacul BekTOpH
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PozkpuBaroun i#oro, micTaHeMO MHOTOYJIEH N-TO CTEeHs BiTHOCHO p, IO MO-
3HAYAETHCHA Y (p) 1 HABUBAETHCA TAPAKMEPUCTIUNHUM MHO20UAEHOM M-
mpuyt A. Orxe, piBasuns (3.30), M0 HABUBAETHCH TAPAKMEPUCTIUYHUM
PIBHAHHAM Mampuyt A, Mae KOpeHsMU 11 BJjacHi 3HadeHHs. Binznauumo,
M0 B KOMILIEKCHOMY 7-My TPOCTOPI 3aBXKAU € 7 (MOMKJIUBO, KOMILIEKCHUX)
BJIACHUX 3HAYEHb MATPHIl A, a B AiicHOMY TIPOCTOPi iX y3arasi Moxke He Oy TH.

Teopema 3.11. XapaxmepucmuuwHuti MHO204%AEH MAMPUYE  MHITHO20
onepamopa He 3anedncums 6id subopy bazucy.

Josedenns. Hexait p(p) = |A —pE| — xapakrepucTUYHUA MHOMOUIEH MATPHIL
A B fGasuci < ey, ...,e, >. Bisbmemo me ogun 6asuc < €i,...,€, >, B GKIi
nepuit 6a3uc nepexoauTh 3a Jonomoro marpuni S, |S| # 0, Tobro cupa-
Begyua (opmyia (3.16), ae A — marpuiisi oneparopa A B apyromy 6aswuci.
Toui

|A —pE| = |S"'AS — pE| = |[S"'AS — ST !pES| =
= [S7'(A —pE)S| = [ST[|A — pE[|S| = |A — pE| = ¢(p).
O

Ila Teopema no3Bosisie HazBaTu p(p) TAPAKMEPUCTIUNHUM MHO20YUAE-
HOM, a piBugnHg (3.30)— TapaxmepucmuuHuM PIBHAHHAM ONEPAMOPa
A.

3 yChOrO CKa3aHOTO BUILJINBAE TAKW aJTOPUTM ODYHUCIIEHHS BJIACHUX 3HA-
Y€Hb 1 BiMOBIIHUX TM BJIACHUX BEKTOPIB JIHIHOTO omeparopa A B n-BUMipHOMY
mpocropi. Criouarky Tpeba Bubparu fesikuii 6a3uc i B oMy 6a3uci 3HaliTu Ma-
Tpuitio A JiHIHHOrO omeparopa, MoTiM po3B’SI3aTH XapaKTEPUCTUIHE PiBHIHHS
(3.30). Moro xopeni mazyrs Biachi umcna siniiinoro omeparopa. Hexait p; —
3Haligene B Takuii crioci6 Biacue uncio. [ligcrasisioun #ioro 3amicts py CJIAP
(3.29) i poss’a3yioun 11, Tpeba Bialykaru BaacHuii BeKTOp X; (B oOpanomy Ga-
3HCi), 10 BiAINOBIIAE BIACHOMY 3HAYEHHIO p;. B3arasi, TakuM YMHOM MOXKHA
3HAWTU 7 BJACHUX 3HAYEHDb 1 CTLIBKY 2K BIJMOBIIHUX 1M BJIACHUX BEKTOPIB OIle-
paropa A.

Ilpukaam 3.13. 3natimu eaacHi eexmopu AiHITIHO20 onepamopa, 3a0anoz0 6
desrxomy 6G3UCT MAMPUYELIO

2 -1 =2
A= -1 ) 1
-2 1 2

3.5. Buacul BekTOpH
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Posé’azanns. 3HaiiieMo XapakKTepUCTUIHUI MHOTOUJIEH OMEpaTopa (MaTpuIi):

A-pE[=| -1 5-p 1 |=

=2-p°G-p +2+2-405-p) -22-p =
=4 —4p+pH(5—p)+4—20+4p—4+2p=
=20 —20p + 5p? —4p+4p*> — p® + 6p — 20 =

= —p° + 9p? — 18p.

OTke, XapaKTEePUCTHIHE PIBHAHHS MATPHUI MAE BUTIISII
p(p*> —9p+18) = 0.

Woro kopeni p; = 0, po = 3, p3 = 6 OyayTh BIACHUMHU 3HAYEHHSIMU JHHIHHOTO
omeparopa. 3HalIeMO BiAIOBIIHI M BiIacHI BEKTOPH.
st nporo ckiagemo cucremy (3.29):

(2—p)ry — 22 — 223 =0,
—I1 + (5 *p)l’g +x3 =0, (331)
—2x1 + 29+ (2 —p)zsz =0,

MiACTaBUMO B Hel p = p; = O:

21‘1 — T2 — 2:1?3 = 0,
—x1 + 5xo + 23 =0,
—2x1 + 22 + 223 =0,

i po3B’skemo. ZKITo mepime piBHAHHS JOJATH 10 TPETHOr0, MICTAHEMO PIBHICTH
0 = 0, aky moxkHa BigkunyTu. [lloMHOKUBIIK Apyre piBHAHHS Ha 2 1 107aBIIN
IO TIEPIIOro, TPUMIEMO A0 CUCTEMU

9372 = 0,
—x1 4+ bz + 23 = 0.
Ii po3p’sizxom Gyme x2 = 0, 1 = a, x5 = . OTIKe, BIACHIH BEKTOP Y JAHOMY
sunaaky Gyme takmv: [x;1] = (a,0,a)T, a # 0. Higcrasumo Temep y cucremy

3.5. Buaacul BekTOpH
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(3.31) p=3:
—r1 — a2 — 223 =0,
—x1 + 2x9 + 23 =0,
—2x1 + 290 — 23 = 0.

3acTOCYBaBIN 0 CHCTEMHU METO] BUKJIIOUEHHS HEBIIOMUX, OIEPKUMO

—T1 — T2 —2{,63 = 0,

3xs + 3x3 = 0.
Po3p’a30k cucremu Oyme takum: o = 3, x3 = —0, v1 = [. Bigmosiguuii
BAacHW BekTOp: [Xo] = (3,3, —B)T, B # 0. Hincranoska B cucremy (3.31)

p = p3 = 6 nae CJIAP

—41‘1 — Lo — 2:1;‘3 = O,
—r1 — 22 + 23 =0,
723]1 + T2 — 41’3 = 0,

AKa IIEPETBOPIOETHCA B

—x1 — X2 +x3 =0,
3332 —63’53 =0.

Poss’a3yioun, 3naxonumo x3 = vy, ro = 2y, r1 = —7. Hictaemo Tperiit BracHuit
Bextop [x3] = (—7,27,7)", v #0. O

Posrisgaemo TeopeMu PO BJIACHI BEKTOPH JIHIHHONO OMEpaTopa, IO Io-
SICHIOIOTH, 4OMY BJIACHI BEKTOPU MOXKYTb OyTH KOODIAMHATHUMH OPTAMU B M-
BUMIpHOMY TTPOCTOPi, YTBOPIOIOYH B JETKOMY CEHCI HAMOIIBIN 3pyUHY CHCTEMY
KOODIMHAT.

Teopema 3.12. Baachi 6exmopu, wo 6i0no6idatoms pidHUM 6AGCHUM 3HAY%E-
HHAM CAMOCTPANCEHO20 ONEPAMOPA (CUMEMPUNHOT MAMPUYL), OPMO2OHANLHI.

JHosedenns. Hexait A — camocompsizkenuii oneparop, 1ooto 4 = A*, axiy —
#oro BJIACHI BEKTOPH, IO BiAMOBiIa0TH BiIacHUM ducjaam p i q, p # q. Toxai

Ax = px, Ay = qy.

y -Ax = Ay -x=q(y - x),

3.5. Buacul BekTOpH
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a MpaBa YacTWHA HAOEPEe BUTIISALY
y - px = p(y - x).

Ockinbku ni gactuau ToToxKHi, 10 ¢(y - X) = p(y - %), abo (¢ — p)(y - x) = 0.
Ockinbku p # ¢, T0 'y - x = 0, oT2Ke, X i y OPTOrOHAbHI. O

Teopema 3.13. Baachi 3HauenHs 0itichol cumempuunoi mampuyi 0iticHi.

Josedenna. Cnouarky mokazkemo, mo ams marpums A = {a;;} i B = {b;;},
€JIEMEHTH AKUX € KOMILICKCHUMH YUCIAMHE, CIPABEIJINBaA PIBHICTD

AB = A B, (3.32)

jge A — Marpuig, 10 CKIAJAETbCA 3 €JIeMEeHTIB, KOMILICKCHO-CIIPIKeHUX Biji-
moBimHUM ejiemerTaM MaTpull A. JlificHO, KOPUCTYIOUNCH O3HAYEHHSIM OTIepaIil
MHOYKEHHS MATPHUIlh, JiCTAEMO

ﬁ: Zaijbjk = Zaijbjk = Z@@:KE
J J J

[TpumycTrMOo Tenep, 1o p — BIACHE 3HAYEHHST CHMETPUIHOI MaTpuIl A, a [x] —
BiIMOBiIHWIT BJIACHMI BEKTOP-CTOBIEIH. Tomi

Alx] = p[x]. (3.33)

3acTOCyEMO 0 OCTAHHBOI PIBHOCTI KOMILJIEKCHE CIIPSI?)KEHHS, BUKOPUCTOBYIOYH
piBaicTh (3.32) 1 Te, mo Marpuns A CKIAJAETbCA 3 MIHCHUX YUCeI:

Alx]=p-[x]. (3.34)

IIe ozmauae, 1m0 P Texk Oyae BIACHUM 3HAYEHHAM MATpUIi A, a BEKTOP m —

BLAIOBIHMM HOMY BJACHUM BEKTOPOM. 3 oruisiay Ha (3.34), 1OMHOXKUMO piB-
—T —T

Hicts (3.33) ma [x] . B xiBiit wacrumi piBmocTi omepxkmmo [x] A[x] =

= (A [x] = ;T?-ET [x], a IT npasa uacruna 6yae AopiBHIOBATH p[X]T[x]. Or-

x)e, p- x| [x] =p-[x] [x],a00 (p—p)-[x] [x] =0. Aze, ockiabkn [X]T[X] #£0,
TO p =P i TOMy p — IiliCHE YHCIIO. O

Teopema 3.14. frxuwo camocnpastcenuts AHiGHUT ONEPAMOP Y N-BUMIPHOMY
NPOCMOPL MAE N NAPAMU DI3HIL BAGCHT 3HAYEHHA, MO 3 U020 BAACHUT BEKMOPLE
MOIAHCHA CKAGCTIU OPMOHOPMOGAHUT 0A3UC NPOCTOPY.

3.5. Buaacul BekTOpH
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Zosedenns. Bubepemo mesikmii 6a3uc y miHiftHOMY mpocTopi. ¥ 1boMmy 6a3wuci
CaMOCIIPSI>KEHUH O1mepaTop Oyae MaTh JedKy CUMETPUIHY MaTpHUIo. Biamosi-
HO 10 TIOTIepeIHBOI TeopeMu BCi i1 BiacHi 3HAYeHHA OyAyTh MIHACHUME YUCTAMH.
3a yMOBOIO JIOKa3yBAaHOI TEOPEMH Il YMCIA MapaMy Pi3Hi, TOMY 3a TEOPEMOIO
3.12 BigmoBinHi iM ByIacHi BeKTOpU OyIAyTh Mapamu oproronaabui. Hexait s; —
i-it Bracuuit BexTop. Hopmyemo iioro spuuaiinum umnom: sY = s;/|s;|. Buko-
puctoByioun Teopemu 1.9 i 2.5, aiiiieM0 BUCHOBKY, IO < s(l’, e sg > — OpTO-
HOPMOBaHMI Oas3muc. O

Teopema 3.15. Mampuus A ainitinozo onepamopa A y 6asuci < eq,...,
e, > Mmae 0ia2oHasvhul 6uzasd modi 1 misvku modi, KoAu 6¢i 6exmopu ba3u-
ca — i 8AGCHT BEKTOPU.

Hosedenns. Hexait 3a 6azuc < ey, ..., €, > IPABIATH BJIACH] BEKTOPH MATPHIIL
A. OckinbKHU 15T MaTPUIIS CKJIAIAETHCSA 3 00pa3iB Oa3MCHUX BEKTOPiB, a 0bpa3
0a3MCHOr0 BEKTOPA B JAHOMY BHUIAJIKY Ma€ Burisan Ae; = p;e;, ne p; — BJacHe
3HaYeHHs MATPHIIL, IO BiIMOBiTA€ BJIACHOMY BEKTOPY €;, TO

pr O 0

0 .. 0
A= p2 . (3.35)

0 0 Pn
Hasnaku. Hexaii marpung A wmae giaronasnbuuit Burisn (3.35). Ockinib-
Kku 11 i-it croBuenp € obpaszom GasucHoro sBekropa €;, to Ae; = (0,...,0,p;,
0,...,0)T. Ile oznauae, mo B Janomy Gasuci Mae micie poskaan Ae; = p;e;.
TobTo e; — BiIacHWII BEKTOpP MATpUIli A, a p; — BiAMoOBiaHE fiOMy BIacHe 3HA-
qEeHHS. O

3.6 Ksaagparuuni dopmu

Kesadpamuuroro opmoro n 3MiHHUX X1 ,. . . T, HAZHBAETHCS MHOTOYIEH JPY-
rOr0 CTENeHs UX 3MIHHUX BUILJISALY

Qz1,...,an) = Zzaijxﬂj, (3.36)
i=1j=1

Jle a;; — AificHi umncia, Mo Ha3WBAOThCA Koediulenmamu KeadpamuwHot
@dopmu i 33710BOJILHAIOTD YMOBY G5 = Uji.

3.6. KBagparuuual dbopmu
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OcHoBHOIO 3a/1a49€er0 Teopil KBaApaTudHuX (HoOpM, TICHO MOB’I3aHOIO 3i 3Be-
JIEHHSIM PIiBHSHD aJredpalaHuX JIiHii i MOBEPXOHB APYTOro MOPSAKY 10 KAHOHI-
9HOTO BUIVISIZY, € 3BEJI€HHs KBaAPATUIHOI (pOpMH 10 TAK 3BAHOI CyMHU KBaIpa-
TiB. MaeTbcss HA yBa3i Take JiHifHE MEPETBOPEHHS MEPEMIHHUX L1, ..., Tn ¥
Bupasi (3.36), miciaa gakoro kaaparuyuna dopMa Oyme MICTUTH TLIHKY KBaIpa-
TH MEPEeMiHHNUX 3 JOJATHUMH ab0 Bima eMHUMHU Koedimientamu npu HuX. OmgHuM
3i crmocobiB po3B’a3anms 1€l 3aMaui € memod Jlagpanaica, abo memod su-
AYUEHHSA NOBHUT KEadPamis.

Pozrnsgaemo et meron. ko kBagparwdaHa GpOpMa HE MICTUTH KOTHOTO
KBaJIpara siKoi-HeOy/1b 3MiHHOI, TOOTO i BCiX M KOeMimieHTH apyy = 0, aste
Q(x1,...,x,) # 0, To 3HAlIYTHCA 3MinHl z; 1 x5, 1 # j, Taxi, mo a;; # 0. B
I[bOMY BUIIAQJIKy POOUMO 3aMiny @; = y; — ¥j, &j = Yi + Yj, Tk = Yk, k # i,
k # j, i unen kBajparu4uHoi ¢opmu, yrpuMmyounii 100yToK 3MiHHEX T; 1 2,
[IEPETBOPUTHCS HA J[BA JIOJAHKH, STKi B2Ke Oy/1yTh MICTUTH KBaJAPATH 3MIHHUX:

2ai5wiw; = 2ai5(yi — y5) (Yi + y;) = 204597 — 20447

Tomy Oymemo Temep BBaXKATH, M0 KBAaApaTudHa (OPMa, MICTUTEH KBAIPAT X044,
6 oxHi€l 3MIHHOT, HATPUKJIAT, I BU3HAYEHOCTI x? Bunyunmo B KBagpaTuyHiit
dopwmi BCi MOMAHKH, IO MICTATH T1:

Q(x1,...,0,) = a112% + 24102122 + . .. + 201,212, + 0(T2, ..., 2,) =

1
2 /
= a—(auxl + a9 + ...+ alnmn) + 0o ((EQ, PN ,l‘n), (337)
11
e o, 0/ — MHOTOYJIEHW, IO HE MICTATH 3MIHHOI 1. 3pOOMMO 3aMiHy 3MIHHWX
Z1 = 1121 + a12T2 + ... + 1Ty, 2k = Tk, k = 2,1, TCasg IKOI KBAIPATHIHA,
dbopma (3.37) neperBopurhcs Ha

Q1(z1,..-,2n) = izf + Q2(z2, ..., 2n)-
ai
B upomy Bupasi Qa(z2,...,2,) TEX € KBaApATHIHOW (HOPMOIO, aje BiKe
MEHIIIOI KITPKOCTI 3MIHHUX, HiXK (). 3aCTOCOBYIOUH /10 HEl TaKWil caMwuii miaxism,
BIJIYyINMO KBAJIpaT 3MIHHOI zp 1 T.J., JOKH KBajaparudHa ¢popma He Habepe
BUIJISATY
Qs(t1, . tn) = M5+ Mt3 + ...+ At

KU 1 HA3WBAETHCA CYMOI0 K8aIPaAMi8, ab0 KAHOHIUYHUM BUAT00M KBA-
JpaTudHOl HOpMH.

3.6. KBagparuuual dbopmu
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IIpuknan 3.14. 3eecmu do KaHoHiwHO20 6uzaAdy KeadpamuuHy Gopmy
Q(x1,2,73) = T102 + X223 + 3123

Posé’asanmns. OCKiTbKE KBAApATH 3MIHHUX y KBaJparwdrii dhopwmi BimcyTHi,
3pobUMO 3aMiHy T1 = Y1 — Y2, T2 = Y1 + Y2, Y3 = T3. B pesynbrari 3amana
KBaJIpaTuvHa hopma Habepe BUTISITY

Q1(y1,y2,y3) =¥ — 3 + (Y1 + y2)ys + 3(y1 — y2)ys =
= Y7 — Y5 + y1Y3 + Yoys + 3y1ys — 3yayz =
=97 —y3 + 4193 — 2y293.

Bukonaemo nepersopenss (3.37):

Q1(y1,y2,y3) = Yi +4y1ys — y5 — 2y2y3 = (1 + 2y3)° — ¥5 — 2y2y3 — 4y3.

3pobumo 3aminy 3MiHHUX 21 = Y1 +2Ys3, 22 = Y2, 23 = Y3 1 HPUILAEMO JI0 TAKOTO
BUTJISITY KBAIpaTUIHO! (hOpMuI:

2 (22 + 23)% — 322

2 2 2
Q2(217227 23) =217 — 29 — 22223 — 42’3 =21
[Micos 3amiam t1 = 21, to = 2 + 23, t3 = z3 JAICTAEMO KBaApaTudHy (HOpMYy y
BUIJISAI CYMU KBaJIpaTiB:

Q3(t1at2at3) = t12 - t22 — 375%
O

Posrnsgaemo Temep immmit migxia, 3acHoBaHHiI HAa MeTogax Teopii JriHii-
HUX TPOCTOPiB. I 1MHOTO TOBEPHEMOCS IO TIPOCTOPY N-OK YUCEST BUTTISITY
x = (21,...,%y,) 3 6azucom (1.8) i ckamgpHuM H00YTKOM, O3HAUEHUM, K OYJIO
posrisayTo Buie. Tozai kBaaparuuny dbopmy (3.36) MOKHA 3amUCaATH B MATPHU-
GHOMY BUIJISII:

Q(x) = [x]"A[x],

ne [x] = (z1,...,2,)T — BexTop-cTOBNEN®, A = {a;;} — cuMeTpuvHA MATPHIS,
[0 HA3WBAETHCI MAMPUUEIO KEAIPAMUNHOL Popmu.

Biamosigmo mo Teopemu 3.2 MaTpuiio A MOXKHA BBayKATH MATPHUIICIO JTiHIHA-
Horo oneparopa A 3 piero Ax = A[x] 1 kBagparuuny Gopmy 3amucaru e i
TaK:

Qx) =x- Ax.

3.6. KBagparuual dbopmu
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Hexait marpumsa A mae BCi pi3Hi BiIacHI 3HAYEHHS P1, - - ., Pn, SKUM BiamoBimga-
IOTh OJJMHAYHI BJIACHI BEKTODH €1,. . . , €, IO YTBOPIOIOTH BIIIIOBIHO /10 TEOpe-
mu 3.14 oproHOpMOBaHUil 6a3uc y po3riasgayToMy mpoctopi. Bizbmemo marpuirio
L = ([&1]...[e.]), [&]T = (€},...,¢!), cropungamu Kol € BacHi BEKTOpH Ma-
rpuni A. g marpuns nepeBoauts 6asuc e 'y 6asuc € 3a dhopmysown (3.6):

[el]” [e1]"e [e1]
= .. |e=| . |=| . |=p,
[En]T [’én}Te [€n]
60
[e1] 1 0
@lfe=@.a) | =gl O || 0=
[en] 0 1
-1 % | =@l

Ajte obuaBa 6asucu OpTOHOPMOBaHI, OTzKe, L — MaTpuIlg 1essKoro OpTOroHab-
HOTO omepaTopa 3a TeopeMoio 3.4. Ile o3nauae, mo LT = L1, Marpuna A mig
JIi€f0 OPTOrOHAJILHOI'O OIIEPATOPA HEPETBOPUTHCA B MATPHUIO A 3a (POPMYJIO0
(3.16) i, BpaxoBytouu, 1O 3a Teopemoio 3.15 marpuiug B 6a3uci 3 BiIaCHUX Be-
KTOPiB MAag€ JlaroHajbHUil BUTJISI, JICTAHEMO:

pr 0 0
A-—LAL-LTAL=| O P 0
0 0 - p,

Kpim Toro, koopunaru Bekropa X y HoBoMmy 6aszuci nabepy s Buruisny y (aus.
(3.14)): [x] = L[y, [y]* = (v1,---,yn), oTxe, kBampaTnuna dbopma Mz JIieio
JIAHOTO OPTOrOHAJILHOTO Oreparopa Oy/e 3BeeHa /0 KAHOHIYHOTO BHUIJISILY:

Quy) = Q- -,yn) = XAy, =
= (Lly])"AL[y] = [y]"L"AL[y] = [y]"Aly] =
=p1yi + ...+ payp.

3.6. KBagparuuual dbopmu
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TakuMm 9wHOM, IS 3BEIEHHS UM METOJOM KBaJIpaTHIHOI (DOPMHU 10 KAHO-
HIYHOTO BUIUIALY TpeOa TiIbKY 3HAWTHM BJIACHI 3HAYEHHS Pq, ..., Pp MATPHUIL

A.

3.7 3acrocyBaHHA KBaJIpaTU4YHUX (hopM

Teopist kBagpaTuIHUX (POPM € BAKJIUBUM IHCTPYMEHTOM It JOCIIKEHHS 16~
SIKAX KPUBUX 1 TTOBEPXOHBb 3 METOIO 3’sICYBaHHS IXHBOTO THILY, 3BEIEHHS /10 Ka-
HOHIYHOTO BUTJISAY i TOOYIOBY y BUXIIHIN cHCTEMi KOODIWHAT.
Hexait anre6paiura KpuBa 2-T0 MOPSAKY 33/1aHA CBOIM 3araJbHUM PiBHSH-
HAM
(Lu.’)ﬁ% + 2a10T12 + aggl'% + bix1 + boxs +c=0. (338)

O6wuBa pO3TJITHYTI METOAM 3BEJIEHHS KBAAPATUIHOI (OPMHU 0 CyMU KBa-
JpaTiB TOAATHCA I 3BEJCHHS aJjreOpaidnol KpuBOi APyroro MOpsaKy 10 Ka-
HOHIYHOTO BUTsAmy. Ilepmnit MeToa MoXKe 37aTHCs OibIn JerKuM, OJHAK BiH
HE JIA€ IPOCTOro HUIAXY Jid no0y 108 rpadika KpuBol y BuxigHomy 6a3uci. 3a
JIOTIOMOT'O0 IPYTOTO METOJIY TaKy TOOYIOBY BUKOHATH HEBAYKKO, aJji€ B JTAHOMY
BUKJIQ/Il BiH He 3aBXKIM MOYKe OyTH 3aCTOCOBAHWI 1 He HACTIIBKY TPOCTHIA, SIK
TIepIIni.

IIpuknam 3.15. Memodom Jlazpanoica 36ecmu pieHAHHA KPUBOT

72?2 — 24x w9 —38x1 + 2415 + 175 =0 (3.39)
N—_————

00 KAHOHINHOZ0 6UAAJY | BUHAYUNU TUN KPUBOT.

Pose’asanna. PirypHOO 1yKKOIO TOKA3aHA KBaApaTuIHA (POPMA, 110 BXOAUTH
y JiBy 4acTHHY piBHsHHSA. Buiydumo /jid Hel MOBHUI KBApAT TaK, siK 1e Oyo
BUKOHAHO B MOMEPEJHBOMY 1I.:

1 144
?(7331 — 1229)? — 7963 — 382 + 24wy + 175 = 0.

3pobumo 3aminy 3miaaEX: §y1 = Tx1— 1219, Yo = x2. PiBHAHHST HAOEpE BUTTISTY:

1, 144 12
- =3 - :agyﬁfy2 + 24y, + 175 = 0,
1, 38 144 , 988
—_ —_ — —_— _— 1 = U.
7y1 7 Y1 7 Yo 7 Y2 +175 =10

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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Buryunmo moBHI KBaApaTH [1J1st BUPA3iB, MO3HAYEHUX (DITyPHUME [Ty KKAMU:

1 361 144 144
-y — 19 — — — — (2 + 1)* + — +175=0,

7 7
1 144
?(yl —19)? — 7(y2 +1)% 4144 = 0.

Ilicna zamiam 21 = ys + 1, 29 = y1 — 19 micramemo

1 144
i 4
7 1008

OcranHe piBHAHHS TO3BOJIsI€ 3POOUTH BUCHOBOK, ITI0 33/IaHa KPUBa — rinepbo-

J1a. O

IMosepuemocs 10 piBuanns (3.38). Iepiii Tpu 10JAHKU B HHOMY yTBOPIOIOTH
kBagparudny dhopmy. Beegemo marpuio A, BekTop X (mis n = 2), gk ue 6yJ10
3po6sieHo B TonepeHboMy 1., i BekTop [b]? = (b1, be). Toxi piBHAHHA KpUBOI
MOKHA 3aIMCATA B MATPUIHOMY BULJISI:

xI"Alx] + [b]"[x] + ¢ = 0.

s 3BeZieHHs HOro 10 KAHOHIYHOTO BUTJISY 3a JOIMTOMOTOI0 OPTOTOHAJIBLHOTO
omnepaTropa HeOOXiTHO BUKOHATH TAaKi Iii.

1. 3uaittu Bracui 3HaveHHs p1,pe Marpuii A. Ilepekonarucs, mo i 3Ha-
yens pizui. (SIkmo p; = pa, TO B JAHOMY BUKJIAJAHHI METOJ HE LiIXOJUTD).
3uaiiTu BJACHI BEKTOPU S1, So Marpuui A, 110 BiLALOBIAAIOTH 3HAWIEHUM BJia-
CHUM 3HAYEHHSIM.

2. HopmyBaru BiacHi BEKTODH 3a MPAaBHUIIOM: €; = S;/[s;], i = 1, 2.

3. Cknacru oproronanbay mMarpuiio L = ([€;] [€2]) 1 3pobuTu 3aminy 3miH-
uux [x] = Lly], y = (y1,y2), upu ubomy xpaaparuuna dbopma Habepe BULIIsLY
(x]TA[x] = p1y? + pay3-

4. 3naiitn pesyanrar nepersopenns ginifinoi dopmn [b]? [x] = [b]T Lly].

5. Y mepersopenomy pisasami p1y? + pays + [b]TLy] + ¢ = 0, axmio me-
00Xi/THO, BUJIyYUTH TIOBHI KBAAPATH JJIs BUPA3iB, IO MICTATH 3MiHHI y1 1 yo, 1
OCTATOYHO 3BECTH PIBHSHHS JI0 KAHOHIYHOIO BUTJISIILY.

IIpukaazn 3.16. 3a donomoz0t0 0pMO2OHAALHOZO ONEPATNOPE 36ECTNU PIEHAHHA
(3.39) do xanoniunozo euzandy i nobydysamu kpusy 6 basuci e; = (1,0), ex =
=(0,1).

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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Pose’azanna. Ak yxe Oya0 Big3HadeHO, KBaApaTwdHa (HOpMa, 10 BXOIUTH Y
PIBHSIHHS, Ma€ BUTJISA]

(P(xl,-’EQ) = 7.’1)% — 24x1x5.

Ckutasiemo Jijist MaTpuiii KBaaparudaol popmu

A — 7 —12
—12 0

XapaKTEePUCTUYIHE PiBHAHHSA

— —12
A—pE|=| P =p? —Tp— 144 = 0.
—-12  —p
Kopensimu piBHsinms € BiacHi 3nadenns marpuii: p; = —9, po = 16. IIlob
3HAATH BJIACHI BEKTOPH, CKJIAJEMO CHCTEMY
- — 1289 =
(T=p)s1 52 =0, (3.40)
71251 — PSg = 07
ne [s] = (s1,82)7 — mykanuit Bracuuit sekrop. IlizcraBumo B 1i0 cucreMmy
p=p1=-9
1681 - 1252 = O,
—12s1 +9s9 = 0.
Posp’azyroun ii, smaxommmo, mo [s1] = (3t,40)T, [e)] = [s1]/Is1] =

= (3t,4t)T/(5]t]) = £(3/5,4/5)T. Bubepemo 3HaK «+», TOGTO BeKTOp [€1] =
= (3/5,4/5)T. Amnanoriuno, mincrasnsioun B cucremy (3.40) p = py = 16,
OJIEP2KYEMO CUCTEMY

—981 — 1232 = O7
1251 — 1655 = 0,
3 SIKOI 3HAXOAWMO BJIACHWH BeKTOD [so] = (4t,—3t), [€2] = [s2]/|s2| =
(4t, =3)T/(5|t]) = +(4/5,-3/5)T. [das smaka «+» omepkyemo [€s] =
(4/5,-3/5)T. Cxmagemo 3 MUX BEKTOPIB MaTPHIIIO

L= (@] &) = ( Ty )

3.7. 3acrocyBaHHA KBaJApaTHIYHUX (HOpPM
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i 3pobumo 3aminy 3minenx [x] = Lly], y = (y1,y2)- B pe3ynbrari niniiina
bopma —3871 + 245 nepersopuThesa Takum wmnOM ([b] = (—38;24)T):

—38x1 + 245 = [b]"[x] = [b]"Ly] =

_ (_ag. 3/5  4/5 v\ _
csan (3 05) ()

[ —18 —224 Y1 77& 7%
- 5 9 5 Yo - 5y1 5 Y2.

OT2ke, i1 A1€10 OPTOrOHAJILHOTO OMEPATOPA 3alaHe PiBHAHHSA HaOEpe BULIISITY

18 224
—9y? + 16y2 — TN e 175 =0.

Jami BuydaemMo MOBHI KBaApaTh /I Y1 1 Yo 1 HOCTITOBHO IiCTAEMO

2 2
1 7 9 784
— — 1 — = =——+4+ ——-1
9 (y1 + 5) + 16 (yz 5) 25 + 25 75,

1\? 7\ >
-9 ) 416(yp— <) =—144
(y1+5) + (y2 5) ’

2 2
(vit+s) (-3 _,
16 9 '

Takum 9UHOM, 33]aHa KPUBA TiHICHO SBJIsi€ COOOO TinepOoy 3 IIEHTPOM Y TOUII
(—=1/5;7/5) B cucremi xoopauHat Y1 Oys. Kpecienus rinepbosn mokasaHe Ha
puc. 3.4.

O
Hexaii Temep 3amaHa aareOpaivHa MOBEPXHS 2-TO TOPSIIKY:
2 2 2
1177 + a22x5 + a33w3 + 20127172 + 24130173 + 20237273+
—+ blxl —+ bQZL'Q —+ bgiﬂg +c= 0

3BeeHHS TAKOrO PIBHSIHHS J0 KAHOHIYHOTO BUIJISLY SK 34 JOMOMOTOI0 METOLY
Jlarpan:ka, Tax i 3a JIOMOMOTr0I0 OPTOTrOHAJIBHOTO OTIEPATOPA TPUHITATIOBO HIYUM
He BiJIPI3HAETHCA BiJl PO3IVISHYTOrO BUIIIE.

Hpukaan 3.17. Memodom Jlazpansica 36ecmu pi6HAHNA NOBEPTHI

5mf + 119:3 + 233% — 162122 + 20z 23 + 42023 +

+ 300y — 1229 + 2425 +27 =0 (3.41)

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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Puc. 3.4: T'imep6oaa
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00 KAHOHINHO20 6UAADY T BUSHANUMY TMUN NOBEPTHI.

Posé’azanna. @irypHoio AyKKOIO IMOKa3aHa KBajparudna dpopma. Buaydammo
MOBHUN KBaAPAT JJIsi 3MIHHOI 7!

1 64
g(51;1 — 8xy + 1023)* — ng 2023 + 32x9x3 + 113 + 223 + daoxs+
+ 301 — 1229 + 24x3 + 27 =0,
1 9
3(51‘1 — 8z + 10x3)? ng 1822 + 36xow3+
+ 30x1 — 1229 + 2423 + 27 = 0,

i 3pobumo 3aminy 3minauX: Yy = bx1 — 8xo + 103, Y2 = X2, Y3 = T3:

1 9 + 8yy — 10
5.@%—5113—18y§+36yzy3+30yly;—ys—12y2+24y3+27:0,
12—92—182 36 6 36ys — 36 27 =0
5?/1 51/2 Yz + 306y2ys + 6y1 + 56y ys + =0,

y? — 9y3 — 90y + 180y2ys + 30y; + 180y, — 180ys + 135 = 0.
Temep BuIydInMO MOBHUIT KBAAPAT I 3MIHHOI ¥o:
y? — 9(y2 — 10y3)? + 900y3 — 90y3 + 30y; + 180y, — 180ys + 135 = 0,
—9(y2 — 10y3)? + 810y2 + 30y; + 180y, — 180y + 135 = 0.
3HOBY 3p0oOMMO 3aMiHy 3MIHHUX: 21 = Y1, 22 = Y2 — 10ys3, 23 = ys:
2% — 923 + 81023 + 302, + 180(2 + 1023) — 18023 + 135 = 0,
— 922 + 81022 + 3021 + 18025 + 162023 + 135 = 0.
Bunyunmo noBHi KBaJIpaTH i 3MiHHUX:
(21 + 15)% — 225 — 9(2z — 10)% 4+ 900 + 810(z3 + 1)* — 810 4+ 135 = 0,
(21 4 15)% — 9(zo — 10)% + 810(z3 + 1)? = 0.

Hapemrri, Bukonaemo ocrannio 3aminy 3miHHuX: w1 = 21 + 15, wy = 29 — 10,
wg = 23 + 1 i oTpUMaEMO KaHOHIUHE PiBHSIHHS

wi — 9w + 810w3 = 0,

2 2
Wi Wy, 2y
810 90 3T
3 AKOr'0 BHJHO, IO 33JaHa IIOBEPXHA — KOHYC APYyIroro IOPAAKY. O

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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3acTocyBaHHSI METOY OPTOrOHAJIBLHOTO OMEpaTopa J0 PiBHSHHS ajredpai-
YHOI TIOBEPXHi JIPYTOTO TMOPSIKY aHAJOTIYHO 3aCTOCYBAHHIO IIHOTO METOIY /10
piBHSHHA ajaredpaidHol KpUBOI APYTroro mopsaky. Jleram 3acTocyBaHHS PO3-
[JISHEMO HA IIPUKJIAJI.

IIpukaan 3.18. 3a 00nom02010 0PMO20HANLHOZO ONEPAMOPA 36ECTNU PIEHAHHA
(3.41) do kanoniunozo euzandy i nobydyeamu noseprio 6 basuci e; = (1;0;0),
ez = (0;1;0), e3 = (0;0;1).

Pose’azanna. KBagparnana (opma, M0 BXOAUTD y PIBHAHHS, MA€ BUTIST
o(z1,T2,23) = 53:% + 11x§ + 2x§ — 16x129 + 202123 + 4023,

Tit Bimmosinae MAaTPHUIS

5 =8 10
A= -8 11 2
10 2 2

CkitaieMo XapakTepuCTUIHe DiBHSIHHS:

5-p -8 10
|JA-pE/=| -8 11—-p 2
10 2 2-p
= (5—p)(11 = p)(2 — p) — 160 — 160 — 100(11 — p)—
—4(5 — p) — 64(2 — p) = (55 — 16p + p*)(2 — p) — 320—
— 1100 + 100p — 20 + 4p — 128 + 64p =
=110 — 32p + 2p* — 55p + 16p* — p® — 1568 + 168p =
= —p® +18p% 4 81p — 1458 = p*(18 — p) + 81(p — 18) =
(18 = p)(p* — 81) = (18 = p)(p — 9)(p + 9) = 0.

OT:ke, BIacHI 3HAYEHHS MATPUI JOPIBHIOIOTEL p1 = 9, po = 18, p3 = —9. [lna
BIJIIIYKAHHS BJIACHUX BEKTOPIB, CKJIAJIEMO CUCTEMY

(5 —p)s1 —8s2 + 10s3 =0,
—8s1 + (11 — p)sy + 255 = 0, (3.42)
1031 + 252 + (2 *]9)83 = 0,

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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ne [s] = (s1,82,83) — mykanuit BiacHuii BekTop. IlizcTaBumo B 10 cucremy
p=p1=9%
—4s1 — 8s9 4+ 10s3 = 0,

—8s51 + 259 + 253 = 0,

1081 + 282 — 783 =0.
Posp’asytoun ii, smaxomumo [s;] = (t,2t,26)7, [&1] = [s1]/|si] =
= (t,2t,2)T /(3|t|]) = £(1/3,2/3,2/3)T. Bubepemo 3naK «+» i micramemo Be-
ktop [€;] = (1/3,2/3,2/3)T. Amamoriuno, miacrasmsioan B cuctemy (3.42)
p = pg = 18, IPUXOAUMO 10 CUCTEMU

71351 — 852 + 1053 = 0,
—8s1 — 789 4+ 253 = 0,
1081 4 259 — 16s3 = 0,

3 dKOI 3HAXONMMO BJacHuil BeKTOp [so] = (2t,—2t,t), [€2] = [s2]/|s2] =
= (2t,—2t, )T /(3|t]) = £(2/3,-2/3,1/3)T. [Mnsa smaka «—» gicraemo [€3] =
= (—2/3,2/3,—1/3)T. Hapemri, s TPerboro BJIACHOIO 3HAYEHHHA P = Py =
= —9 oepKy€eEMO CUCTEMY

1457 — 8s9 + 10s3 = 0,
—8s1 4+ 2082 + 253 = 0,
10s1 + 259 + 11s3 =0,

pO3B’si3aHHS KOl 1a€ Tperiit BiacHuil BeKTOp [s3] = (2t,t,—2t), [€] =
= [sa]/|s2] = (2t,t,—2)T/(3|t|) = £(2/3,1/3,-2/3)T. na snaka «+» mi-
craemo [€3] = (2/3,1/3,—2/3)T. TloGyayemo 3 MUX BEKTOPIiB MATPHITIO

1/3 —2/3  2/3
L=([e [eo] [es]) = | 2/3 2/3 1/3
2/3 —1/3 —2/3

i 3pobumo 3aminy 3minaux [x] = Lly|, y = (1, ¥2,ys3). B pesyubrari siniitna
bopma 30z, — 129 + 2473 nepersoputhes Takum aunom ([b] = (30; —12;24)T):

3021 — 1225 + 24z5 = [b]" [x] = [b] " L[y] =

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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1/3 —2/3 2/3 n
=(30;-12;24) | 2/3 2/3 1/3 y2 | =
2/3 —1/3 —2/3 ys
n
= (18;-36;0) | w2 | =18y1 — 36y2.
Y3

Buxonurh, nis Ji€0 opTOroHaabHOro oneparopa 3ajane piBHsanHs (3.41) nabe-
pe BUrIs Ly
9y? + 18y2 — 9y2 + 18y; — 36yz + 27 = 0.

Jasi BuyYaeMo MOBHI KBaJPATH U Y1 1 Y2 1 MOCTIAOBHO OFEPIKYEMO

9(y1 +1)° =94+ 18(y2 — 1)> — 18 — 9y2 + 27 = 0,
9(y1+1)* +18(y2 — 1)* — 9y3 = 0,

(1 +1)°
2

4

2:0.

2
+(y2—1)

TakuM 9MHOM, 3aJ]aHa MOBEPXHA JIHCHO ABJIAE COOOI0 KOHYC JAPYIOro IOPSIKY
3 BepwmHoio B Touni (—1;1;0) B cucremi koopaunar (yi,ye2,ys). Kpecienuns
KOHyCa TOKa3aHe Ha puc. 3.5. O

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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€3

Puc. 3.5: Konyc npyroro nopsaaky

3.7. 3acrocyBaHHA KBaJpaTHIYHUX (HOpPM
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— n-oK [gucen, 6
— adinnmii, 19
- BiJICTaHb MiXK TOYKaMH, 22
- JIeKapTOBa CHUCTEMA KOOD-
auHaT, 19
- MOYaTOK KoopauHat, 19
— adinnamii eBKIIIAIB, 21
— BUMIipHICTB, 13
— BCIX MHOTOYJIEHIB, &8
- BuMipHicTb, 16
- JiHiliHa HE3AIeXKHICTh, 12
- CKaJIgpHmii 100y TOK, 25
— eBKJIiIB, 21
— JiHIAHEUX onepaTopis, 37
- BUMipHICTB, 38
— pimitiawii, 4
- mificHwmit, 5
- KOMILJIEKCHUH, 5
— MaTpHIp, 8
- bazuc, 16
- BUMIpHICTB, 16
- JiHiliHa HE3A/IeXKHICTh, 12
- CKajIgpHmii 100y TOK, 26
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— MHOTOYJIEHIB CTeleHs HEe BU-
me n-ro, 7
- 6azuc, 16
- BUMipHiCTB, 16
- JiHifiHa He3aJIeXKHICTh, 12
- CKaJIApHmii T00yTOK, 25
— HerepepBHUX (DyHKINH, 8
- BUMIipHICTB, 16
- JjiHifiHa HE3aJIeXkKHICTD, 12
— HECKIHYeHHOBUMIipHHUiL, 13
— posp’azkis CJIAP, 45
- bazwuc, 46
— CKiHYeHHOBUMIipHWMIT, 13
— TOYEIHO-BEKTOpHMII, 19
npama, 20
— BEKTOpHEe piBHAHHSA, 20
— cucreMa piBHAHB, 20
pi3HUISA BEKTOPIB, 5
PO3KJ1a BEKTOpa 3a 6azmcom, 13
— koedinienTu po3kiamy, 13
CKaJsgpHe MHOMXKeHHd, 21
cyMa
— BEKTOpiB, 4
— omeparopis, 37
TOYKa JIiHIHOTO TIpocTopy, 18
dyHIaMEHTATbHA CHCTEMA PO3B’ 513~
ki onnopignoi CJIAP, 46
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Boauyenko FOpiit MuxaitioBuu

Meroau4ani pekoMeH1aril 3 JUCIUILTiHA
«Bwurma maremarnkas

Texniunnit pegakTop Pocrosuesa O.0.

Iligmucamo mo ApyKy

Dopmar 60*84/16 BywM. k#. x)ypH.

JpyK KCEepOKCHMIA

Bumg. Ne 1 3amoBients Ne 4x Haxman 50 mpum.

JoHenbKuil iHCTUTYT 3aMI3HUIHOIO TPAHCIOPTY
83018 m. lownenpk, Byn. l'opua, 6
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