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1 JImckpeTHi TIepeTBOPEHHH

1.1 3agaui, B 9KNX BUHIKAIOTH
pi3HuIEeBi piBHAHHS

Kpim mporiecis, 1110 3MIiHIOIOTHCS HEIIEPEPBHO i OMUCYIOTHCsI 3BUYAHUMA THrde-
PEHIIAILbHUMHY DIBHSHHAMHU a00 PIBHSIHHSAMY 3 YACTUHHUMU TIOXiTHUMU, iCHY€
BeJINKA KiTbKICTh cucTeM, (QyHKIIOHYBAHHS AKUX BiAOyBa€ThCsS CTPHOKOMOM-
6HO, TOOTO CTaH CHCTEMU 3MIHIOETHCSA B OKpeMi, i30/ib0BaHi MOMenTH dacy. [Ipu-
KJIaJaM7 MOXKYTb OyTH peseifHi MpucTpol, aBTOMATHYHI PEryIaTOpH, KEPOBaHi
EOM ra in. Taki cucremu HA3uBaOTh QUCKPEMHUMY 1 3BUYARHO MOJIETIOIOTH
34 JOHOMOIOI0 TAK 3BAHUX PI3HUUEBUT PIBHSHbD.

IIpukaax 1.1 (maremaruunuii). Tpeba o6uucAumYU BUSHAYHUK N-20 NOPAIKY
maxoi mpudiazoHaAbHOT MATNPUYI:

4 2 0 0 0
2 4 2 0 ... 0
sn)=10 2 4 2 ... 0
0 0 0O 4

Howamox pose’asanna. KO PO3KIACTH 1€l BUSHAYHUK 33 €JIeMEeHTaMHU I1ep-
IIOT0 PSAJKA, JTICTAHEMO

Takum yunoM, 11106 3HaliTH Bu3HauHUK S$(n), rpeba po3s’s3aru PIBHAHHS
s(n) +4s(n —2) —4s(n — 1) =0, (1.1)
4
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AK€ BITHOCUTBHCA J0 KJIaCy PI3HUIIEBUX DPiBHAHbD. O]

IIpuknazx 1.2 (rexuiunmii). Cucmema <imMnyabcrutll eaemenm — anepiodusa
AGHKG>.

Iocmanosa 3adavi. Po3risHeMo mociiioBHe 3’€QHAHHS iIMIyIHCHOTO €JIeMeH-
Ty, III0 TEHEPYE IMITYIbCH NPSAMOKYTHOI popMu BucoTH 1, i anepionuyaHol janKn
31 craznoro acy T i koedinienrom mincusnenns k (puc. 1.1). Ilepionuuna nocui-

Anepioanuna 2(?)

u(t =
(t) IvmynbcHuit
JIAaHKA

—_—

MosaynsoBanmnit
CHTHAJ

Puc. 1.1: Moaynanis curaasmy
JIOBHICTD IMILYJIbCIB, 110 reHepy€ iMityiibcHuil esement (puc. 1.2), BU3HAYAETHCH
mapameTrpaMu: 1T} — TPUBAJICTIO iMITyabCy i T, — TaKTOM JIUCKPETHOI CHUCTe-
My (mepioZloM MOBTOPEHHS IMOYJbCIB). Anepioguvna JIAHKA 33Ja€ThCA TAKUM

—{ T —

il

Puc. 1.2: Imnynbcn

mbepeHIiaTbHIM DIBHSTHHSIM:
Tt + x = ku,

ne u(t) — eximumit, 2(t) — puxigHuii curnanm naHku, t — vac. Hampuknaz, Hum
Moxke OyTu KosmBaabHuil KouTyp (puc. 1.3). Uoro piBusanmg:

di gLy

— 4+ —i=u

dt L ’
romy T = k = L/R. Moxuna noka3aru, 1o 3a NeBHUX yMOB (DYHKIIIOHYBaH-
Hsl CUCTEMH <«IMITyJIbCHUII €JIEMEHT — alepioguvHa JIAHKA» OIUCYETHCSI TAKUM
Pi3HULIEBUM PiIBHAHHAM

1.1. ITocranoBa 3amau4
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Puc. 1.3: KosiuBasibuuit KOHTYD

z(n+1) —ax(n) = ka(a™ — Du(n), (1.2)
e a=e /T ~v =T, /T, — BiIHOCHA TPUBAJICTH UMILYJILCY. O

B koxxHOMY 3 OTpUMaHUX PiBHSAHB K HeBimoMmi (irypyors dpyHKIIT, 3aamHi
TiTBKHU B IMiaux ToYKax. Taki pyHKIN HA3UBAIOTHCA 2pamyuacmumu. Pakru-
YHO 1€ — CBOEPLJIHO 1HO3HAYEH] [OCJJOBHOCTI.

Pipusuns (1.1) i (1.2) € ainitiHumMu PisHUUEBUMU PIBHAHHAMU 31
cmaaumu Koediutenmamu. Y 3araabHOMY BUMIAJIKY TaKe PIBHSAHHS 3aIlu-
CYIOTh y TaKwuii CIoci6:

apzr(n) + arx(n+ 1)+ ...+ agz(n+ k) = u(n), (1.3)

Je ag, . ..,0 — JiCcHI 4Mciia, IKi HA3UBAIOTh KOEPIUIEHINAMU PIEHAHHS,
x(n) — Hesidoma Tpardacta byHKIisg, u(n) — 3amaHa rpardacra QYHKIIs.
Pizuung mixk HaifOlapmmM 1 HafiMEHITUM 3HAYEHHSIMH apryMeHTy HeBizoMmol
dyHKIIIT HA3UBAETHCA NOPAIKOM Pi3HUTIEBOTO piBHaAHHs. Hampukiam, piBHsH-
usg (1.1) — apyroro nopsnaky, pisasiaus (1.2) — neprioro nopsiziky, a piBHAHHs
(1.3) — k-ro nopsinky. PiBusuns (1.3) MoKHa pO3B’a3aTH PI3HUME CIIOCOOAME
[1, 2]. Omanm 3 HUX € omeparlifiunit Merox [1], M0 6a3yeThCs HA JUCKPETHOMY
nepersopenti Jlamnaca. Tomy Hacammepes BABYUMO JUCKPETHI TIEPETBOPEHHS
rpardacTux pyHKIGHA.

1.2 TIlomsarTga npo z- i D-neperBopenus

Pparyacra dbyukuis f(n) HazuBaeTbcs OUCKPEMHUM OPUTHAAOM, SKILO
1) f(n) =0 gman <0,
2) smaiinyroes koucranTu M > 0, p Taki, mo |f(n)] < Met".

1.2. IloHgrT" mpo Z- i D-nmeperBopeHHst
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Z-nepemeoperrsam TUCKPETHOTO OPHUTIHATY HA3UBAETHCS (DYHKITisT KOM-
rteKcHOT 3miuHOT F'(2) Takoro BUMIISLY:

F(z)=>_ f(n)z™" (1.4)
n=0

MoxHo nokaszaru, mo F(z) anamitudana 330BHI Kpyra |z| = e®. ®opmyna (1.4)
€ poskiagom byskiii F(z) y psazg Jlopana B OKOJIi IpaBUIbHOI HECKIHUYEHHO
Bigganenoi rouku. Ile mo3Bossie g BigHoBsenHs rpardacrol dbyskuii f(n)
3a 11 Z-1eperBopeHHsiM cKopucrarucs koediuienramu pany Jlopana mius F(z),
oTpuMaHuX y Oymab-skuii cnoci6. Hampukiam, moxkua 3actrocyBaru (hOpMyJIy
xoedirmienTiB psamy Jlopauna

1

n)=— [ F(z)z" 'dz

f0) = 5= [ P

L

AKIO Bel ocobnusi Touku byukiii F(z) posramosani ycepeauni KoHTypy L.
Akuo B Z-nepersopenni (1.4) noknactu z = e9, To Buiine D-nepe-

meopenHs abo duckpemne nepemeoperns Jlanaaca IUCKPEeTHOrO OPUTi-

HaJLy:

F*(q) = D[f] =) f(n)e™". (1.5)
n=0

®yukiis F*(q) HasuBaeThcs 300pastcennam GyHKuil f(n), a 3B'M30K Mixk
HUMH MO3HAYAETHCA TaK:

f(n) <= F*(q).
3 dopmysiu (1.5) BuliuBae piBHiCTb, 32 JIOLIOMOIOIO KOI MOXKHA 110 300pazKeH-
Hi0 F™*(¢) BIIHOBUTH AMCKPETHMIT OpUriHAaJ:

] y+mi
— — | F*(g)emdg.
f) = 5= [ Fr@erd
Y7

Hyzke 9acTo A7 OTPUMAHHA 300paskeHb BUKOPUCTOBYIOTH (POPMYITH CyMU
reOMeTPUYHOl IIPOrpeccii:

m
1—gmtl
o~ 1.
Zs — (1.6)
1=0
is"zi, |s| < 1. (1.7)
= 1—5

1.2. IloHgrT" mpo Z- i D-neperBopeHHsi
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IMpuknan 1.3. 3natimu 30bpascenns dynryii e*™.

Pose’azanna. Ockinbku 3aBxKau 3HaMmeTbcs Take > 0, g sKOrO
a < p, 70 e*™ < ef™ i BIaCTUBICTL 2) OpUIHMHAJIA BUKOHYETHCHA MPH TAKOMY
wi M = 1. Buxoauts, 300parkenns 3a1aH01 GyHKII icHye. 3HaAHI€MO WOro 33
dbopmynamn (1.5) i (1.7):

0o o0 1 el
Dl — an ,—nq __ n(a—q) — =
[eon] =D e e =3 e .

ex—4d ed — e®

n=0 n=0

Takum ymHOM,

ed

ed —e®

IMpuknan 1.4. 3natimu 30bpascenns dynryii a™.
Posé’saszanns. BUKOPHUCTOBYIOUN Pe3yIbTaT MOMEPETHBOTO TPUKIAIY, JICTAEMO

q q
D[an] _ D[enlna] _ e _ €

el —elna ¢4 —q’

Tob6ro,
n eq 1 8
a <« el —a - ( - )
O
IIpukaan 1.5. 3natimu 306pasicenns Pynryii
1 =0
o) =< "
0, n#0.
Posé&’azanna. -
Dio(n)] = Z o(n)e™™ = 1% = 1.
n=0
Tomi
o(n) 1| (1.9)
O

1.2. IloHgrT" mpo Z- i D-nmeperBopeHHst



1. /duckpeTHi mepeTBOPEeHHH 9

IIpukaan 1.6. 3natmu 306pasrcenns 00uHUYHOT CMyninwacmol GyHryii

1, n>0

1(n) = {0 n<0.

Posé’asanna.

el
el —1°

D[i(n)] =) le™ = : _le,q —
n=0

ITe o3mauae, 1o

(1.10)

O

B 6inbmm ckmagamnx Bumaakax Tpeda 3acToCoByBaTH BiaacTuBocTi D-miepeTrBopenHs.

1.3 BuaacruBocti D-neperBopeHHs

Teopema 1.1 (ainiiinocri). Jlinitina xombinayis opueinanrie 300pascyemvcs
ATHITHOMW KOMOTHAUTEN TTHIT 300patcens:

filn) = F(@),i=T,m =Y _Cifi(n) < Y_CiF(q),
i=1 i=1

de C; — dosiavni cmani.

Llosederna. OckinbKu 30iKHI pSaM MOYKHA, JTOJABATH 1 MHOYKUTH HA, 9UCJIO, TO

? [Z Cifi(n)] =2 Cz‘fi(n)] e = Ci ) filn)e " =
i=1 n=0 Li=1 i=1 n=0

= ZCZD[f'L(n)]

O

Hpukaan 1.7. 3natimu 306pascenns Gynryii sin fn, sukopucmosyrouu me-
opemy AIHITHOCT.

1.3. BuacruBocti D-nieperBopeHHus
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Posé6’azanna.
: 1 iBn —j0Bn 1 iBn —jBn
Dilsinfn] = D | —(e/P" —e™/P™)| = —_(D[ej | — Dle™’ ]) =
2j 2j
1 ed ed ed el — e I8 _ ed 4 £iB
B Z <e‘1 _ eiB N ed — e_jﬁ) B Z ' e2a —e‘I(ejﬁ +e_]6> +1 B
B ed (e’ —e98)/(27) B e?sin 3
€20 —2¢4(eif +e7IB) /241 €29 —2edcos B+ 1
Orxe,
elsin g
) : . 1.11
sinpn —— 7 2etcos g1 1 (1.11)
O
IMpukaax 1.8. 3natimu 30bpascenna Pynryii cos fn.
Posé’azanna.
1 iBn —jBn 1 iBn iBn
DicosBn] = D §(€] +e 7P| = 3 (D[e’""] + D[e’""]) =
1 ed ed ed el — e I8 4 e _ ¢iB
T2 (eq — eif + ed — e—Jﬂ) T2 e —ei(eiB e B +1
el(e? — (9P +e79P)/2)  el(e? — cos3)

= e2q _ 2ed(eiB +e=3B)/2+1 €20 —2edcosf+1°

e?(e? — cos 3)

€29 —2e4cos B+ 1"

cos ffn «—— (1.12)

O

AnasorngHo MOXKHA 3HANTH, 110

elsh
h : )
shfn —— €24 —2edch B+ 1
e?(e? — ch 3)
h : .
hon = g1

1.3. BuacruBocti D-nieperBopeHHus
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Teopema 1.2 (3araioBanis). 300pasicerns 3a2a106aioH01 PynKyii mooce 6y-
MU OMPUMAHE 3 300DAHCEHHA 0PULIHAAY bE3 302a108AHHA MHOHCEHHAM HA €KC-
nonenmy. Touniwe, axwo f(n) —— F*(q) i 0 <k <n — yise wucao, mo

fln—k)—— e_qu*(q).

Hoesederns. Pobisan 3aMiny 3MiHHOI Mi/ICYyMOBYBAHHS, JIiICTAEMO, 1110

D[f(n — k)] Zf(nfk)e*"q =<m=n—k, n=m+k>=
= 3 fm)e = S e e =
m=—k m=—k
— S fm)e™ = e HD(f(),
60 f(—s) =0, s> 0. O

Mpuknan 1.9. 3uatimu 306pasicenmna dynruii a™ .

Poss’asanna. Panime Gyna orpumana Bianosimaicts a” «— e?/(e? — a). Bu-
KOPUCTOBYIOUH 11 1 TeopeMy 3araloBaHH« Aj1d k = 1, 3HAXOIMMO
g 1
_ _, €
a7 = .
el—a el—a

O

Teopema 1.3 (Bunepemxkenns). dxwo f(n) —— F*(q) i k > 0 — uise wucao,

mo
F( Z f(m m‘I]

Joeedenns. 3HOBYy BUKOHYIOUN 3aMiHy 3MIiHHOI TiCYyMOBYBaHHS, AiCTAEMO

fln+k)—— e

D[f(n+ k)] an—i—k TM=<m=n+k, n=m-—k>=
=D flm)e (M1 = ¢ka [Z flm)e™™1 — Z f(m "W] -
m=0
k—1
= chs {D[ﬂnn -3 f(m)emq} .

m=0

1.3. BuacruBocrti D-nieperBopeHHs
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Ipuknam 1.10. 3uatimu s06pasicenna dynwyii a™ 2.

Pos’sasanna. Buxongum 3 Bignosignocti a” «—— e?/(e? — a) i 3acTocoByoun
TeOpeMy BHIEDPEIKCHHH I k = 2, MaeMo

3q 2.9

el _ e a‘e

a2 20 | = 00 _glem ) = 20 gt = 7
el —a el —a el —a

O

Teopema 1.4 (mpo 3cyB). 3cysy 306pasicenhns 6i0N06i0ae MHONHCEHHA 0PURi-
Haay Ha excnonenmy. Toomo, axwo f(n) —— F*(q), mo

e f(n) = F*(g - a).

Llosederna.
D™ f(n)] = > e f(n)e™™" =Y f(n)e” =" = F*(¢ — a).
n=0 n=0

HMpukaan 1.11. 3natimu 306pasicenns dynxyii e~ " sin fn.
Pos’sazannsa. 1o orpuManol paHiiie BiIIOBiIHOCTI

elsin 8

sinfn = €21 — 2edcos 3+ 1

3aCTOCYEMO TEOPEMY IIPO 3CYB 1, MHOXKAYM YHCEJbHUK 1 3HAMEHHUK APOo0y Ha
€2 3HaxXOIUMO
et sin 3 ed~“sin 3

2(ata) —eatacos B+ 1 €2 — 29 cos B+ e 20

e~ " sin Bn «——

AnajiornysHo MOXKHa JIicTaTH, 1110

el(e? — e *cos f3)
€24 — 2ed~cos 3 + e~20"

e~ " cos Bn +—

1.3. BuacruBocti D-nieperBopeHHs
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Teopema 1.5 (npo audepennioBanus  300paxkenns). ugpeperui-
1068aHHI0 300PANCEHHA BION0BI0AE MHONCEHHA OPULIHAAY HA —T:

F*(q) = f(n) = [F"(9)]" = —nf(n).

Josedenns. Bizbmemo noximny iz 06ox dactun pisocri (1.5):

/

[F(q)]" = lz f(n)e_"q] = [nf(n)le ™ = —nf(n).

Bucnosok 1.1. [F*(q)]" —= n2f(n),...,[F*(q)]* —= (=1)kn* f(n).
IIpukaazx 1.12. 3uatimu 306pasicenns dynruyii f(n) = n.

Posé’azanna. Y npuknami 1.6 Oymo 3HaligeHe 300pazkeHHsT OMMHUIHOI CXimTda-
cTol PyHKIIII:
el

I(n) — pramey

Ockinpkn MoxkHa 3amncatn n = —(—n)I(n), To 306pazkenns dyukuii f(n) =n
y CHJIy MONepeIHbOl TEOpeMHU JOPIBHIOE TOXiauii 300parxkents dbyukiii I(n),
y34TOl i3 3HAKOM MiHYC:

( e )’ €29 _ ¢l — 024 e
ed—1) (e1—1)7°  (e1—1)%

ed
(et —1)%

TobTo

n «——

IMpukmaax 1.13. 3uatimu sobpasicenns dynxuii f(n) = n?.

Posé’asanmns. CKOPUCTAEMOCS PE3YIbTATOM TOMEPEIHBOrO TPUKIIAMLY, I 90~

ro 3azany dyukuio 3anumemo Tak: f(n) = —(—n)n. Toxi ii 306pazkenns Gyie
JOPIBHIOBATH IOXiHIM 300pazkeHtst PYHKINI N, B3ATii i3 3HAKOM MiHYC:
!/
el Coel(e?—1)2 —2(e? —1)e?1 e — el — 221
(er —1)* (er —1)* (e7—1)°

e?+e?  ele?+1)

(er—1)* (et —1)°

1.3. BuacruBocti D-nieperBopeHHs
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TakuMm 9auHOM,

q q
2. e (e +13).
(e —1)

Mpuknan 1.14. 3natimu s06pasicenna dynxyii f(n) = CF.

Posé’asanna. Y npuxiazi 1.12 6yno orpumano, mo n «— e/(e? — 1)2, Toni
3a Teopemolo 3arafoBanasg n — 1 «— 1/(e? — 1)2. OTke, 3a Teopemoro 1po
IpepeHIiIoBaHHS 300paYKeHHS

1 " 2e9(et — 1) et
_ - = =2
n(n 1) — <(€q — 1)2> (eq — 1)4 2 (eq — 1)3, (113)
TOMY 3a TE€OPEMOIO JIHITHOCTI
CQ n(n B 1) . el
= — .
" 2! "o(e1—1)3

3  sigmosimmocri (1.13) 3a TeopeMOl 3ararOBaHHS  3HAXOAUMO, IO
(n —1)(n — 2) «— 2!/(e? — 1)? i 3HOBY 3a Teopemoio mpo aubepeHIitoBaH-
Hs 300parKeHHs TiCTAEMO:

I
2
1 )3) _ 2!36‘1(6‘1 -1) 31 el

nn—1)(n—2) «— =2 —— ! 1
( ) ) ((eql (e —1)° (e9 —1)

BUXOJIUTh, 10
n(n —1)(n — 2) et

3 _ .
Cnf 3' — (eq71)4~

Jami HeBaXKKO 370TaJaTUCD, IO

IMpukmaan 1.15. 3naiimu sobpascenna dynryii CFe ™,

1.3. BuacruBocrti D-nieperBopeHHs
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Pose’azanna. BukopucroByodn pe3yabTar mpukaaay 1.14 i teopemy mpo 3cyB,
OTPUMYEMO, III0
k an el”®
Cre®™ e —— .
(eqfoz _ 1)k+1

Mmuozkaun 06uIBi 9acTuHU APOOY HA e(k+1)  3paxoanmo

eq+ak

k .
Cneom — (eq _ ea)kJrl .

O
IMpuknan 1.16. 3nuaiimu sobpascenns dynxyii Cra™.
Pose’asanna. BUKoprCcTOBYEMO TIOMEPEIHIN pe3yIbTaT:
g+klna k_q
k. _n k_nlna € a-e
= — = .
O"a Cne (eq _ eln a)k+1 (eq _ a)k+1
Orxke,
koq
a®e
Cha™ 1.14
n (eq _ a)k+1 ( )
O

Besmuuna Z;ZOI f (i) nasuBaerbcsa cymoro epamuacmot Gyrruii.

Teopema 1.6 (300paxkenns cymu). Sxwo epamyacma Pynryis f(n) mae 30-
bpasicenns F*(q), mo

F*(q)
;fm%eq_l

Zlosedenns. JAuckperne nmeperBopenHs Jlamaaca cymu rpardactol GpyHKIHT Mae

BUTJIA:
oo n—1

D [z; f(i)] Z ; e, (1.15)

IMapu ingekcis (n,4), mo 6epyTh y4acTh y MiACyMOBYBaHHI, yTBOPIOIOTH KO-
OpAMHATHA TOYOK i3 IIINMH KOOPJHUHATAMHE, MOKa3aHWX Ha puc. 1.4. Akmo y

1.3. BuacruBocti D-nieperBopeHHs
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Puc. 1.4: Touku migcyMoByBaHHs

dbopmymi (1.15) mominaTy MicusgMu 3HAKYM TiJACYMOBYBAHHS, TO BIIIOBITHO 10
IIOTO PUC. BUIiE BUPA3:

D [Z f(z')] => > f(z')e*W—Z Z e,
1=0 1=0 n=1+1 =0 n=i+1

Ane BHYTpINIHS CyMa € HECKIHYEHHOIO M€OMETPUYHOIO MPOTPECIEI0, TOMY, 3a-
crocoBytouu (opmyiy ii cymu (1.7), 3HaX0IUMO

e(Jr1

D [io f(Z)] Zf e 1 — Zf e 1 — eq*ﬁ‘]i.

HMpukaax 1.17. 3natimu cymy Z? 01 i2.

Pose’sazanna. Y npukiaaai 1.13 6yno 3unaiinenHo, mo

n? ——el(e? +1)/(e? —1)>.

1.3. BuacruBocti D-nieperBopeHHs
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Toni BUKOPpUCTOBYIOUH JIOBEIEHY TEOPEMY 1 pe3yabTaT mpukaany 1.14, mictaemo

n—1 q(pq q q
Zﬁ(:_e(e —l—l): e i e .
20T e ey ey

_.)C2+203:n(n—1)+2n(n—1)(n—2):

. n n 2 6

B B 1 n-2\_ nm-1)2n-1)

= n(n 1)(2+ 3 > 6 ’

TOOTO
”f n(n—1)(2n —1)
6

O

Bzopmxoro nsox rpardacrux dyskuiit fi(n) i fo(n) HasuBaerbesa cyma,
IO TIO3HAYAETHCA TAaK:

fix fa(n Zfl )f2(n — k).

Teopema 1.7 (upo 300pazkeHHs 3r0PTKU). 320pmKa 060T 2PAMUACMULT OPU-
2THAAI8 300PAHCYEMBCA D0OYMKOM TTHIT 300PAHCEHD:

fi(n) == Fi(q), f2(n) <= F5(q) = f1 * fa(n) <= FT () F3 (@)

Josedenns. 3a o3navenusm D-nepersopenns dynkuii f1(n) maemo

Fy () F3 (@)Y e fi(k) = > [e ™ F; (q)) fa (k).
k=0 k=0

Ba Teopemoto 3araiosanns e *Fy (q) — fo(n — k), Toni 3a Teopemoro Jimiii-
HOCTi, 3 oryIsiny Ha Te, mo fo(n — k) = 0 gusa k > n, oTpuMyeMo

Fr(q)Fy —>Zf2n— )f1(k Zfzn— )f1(k) = f1x fa(n),

k=0

o i Tpeda Oysno goBecTw. O

1.3. BuacruBocrti D-nieperBopeHHs
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IIpuknan 1.18. 3rnatimu opuzinas, wo eidnosidae 300parcerHo

e2a

(e = a)(er — e

F(q) =

Pose’asanna. 3amane 300pakeHHsS MOXKHA TOJATH Y BUTJISAI]

(e —a) (et —e)

F(q) = = Fi(g)F5 (9),

e Fi(q) =e?/(e? —a), Fi(q) =e?/(e? —e®). Y mpukiami 1.4 6ymo nokasaHo,
mo Fif(q) —— a™, a B mpukaazi 1.3 —mo Fy(¢) —— e*”. Tomy, BHKOPHCTOBYIO-
9 TEOPEMY IIPO 3TOPTKY i GOPMYyIy CYMH CKIHYEHHOI T€OMETPHIHOI Iporpecii
(1.6), 3HAax0AUMO

n

n b o K L 1— (ae—a)n—i-l
F* : a(n— — an - — an —
0+ Yae e Yo = e

eQn _ an+1€70¢ ea(n+1) o anJrl

1—ae« e* —a
O

Bnacrusocri D-neperBopennst 3i6pani B momarky B Tabn. A.1, a ocHOBHI
BiAMOBiAHOCTI «opuriHaI-300pakeHHsy — B Taba. A.2. Bigbmr mosui Tadaui
JwB. B [1].

1.3. BuacruBocti D-nieperBopeHHs



2 CxkinvyeHHI pi3HUIL

2.1 O3nauenng

Yacro CKiHYeHHO-PI3HUIEB] PIBHAHHS 3alHUCYIOTh 3 JOIMOMOIOI0 TaK 3BAHUX
CKIHYEHHUX Pi3HUIb, HAJAIOYN IM BUTJISLY, [0 HATAAYE 3amuc audepeHIiaib-
HUX PiBHSHB 3a JOMOMOron audepeniiaais. PidHuuero nepwozo nopsidxy
rpardactol GyHKiil f(n) HA3UBAIOTH BEJIMIUHY

Af(n) = f(n+1) = f(n). (2.1)

Piznuuero dpyz020 nopadky HA3UBAIOTb PI3HUIIO, B3ATY Bia mepuiol pi3Hu-
m A2f(n) = AAf(n)] = Af(n + 1) — Af(n) = f(n + 2) —
—fn+1)=[f(n+1)=f(n)] = f(n+2)—2f(n+1)+f(n). Ocranus Gpopmyrna Ha-
rajye opmysTy KBaJpara pi3uuii ABox BenwuanH. Pianuys k-20 nopsadky —
1e pisHmng, B3aTa Bix pisHum k — 1-ro mopanky: AF f(n) = A[A*~!f(n)]. Mo-
JKHA, TTOKA3ATH, 1110 1 /1T Hel crpaBeminBa popmyia, o Haramaye popmyry k-To
CTeleHd PI3HUIL JBOX BEJIMYUH:

k

AFfn)=> (-D)FCif(n+k—1). (2.2)

i=0
Hagmaku, 3Ha4uenns rpardactol GhyHKIINT MOXKHA BUPA3UTH Yepe3 CKiHYeHH]
pisummi, BBazkaroun, mo f(n) = A% (n): f(n + 1) = f(n) +
+[f(n+1) = f(n)], abo
fln+1) = f(n)+Af(n).

Hami, f(n+2) = f(n+1) + Af(n+1) = f(n) + Af(n) + Af(n) + A% f(n),
oTKe,

f(n+2) = f(n) +2Af(n) + A%f(n).

19
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[IpomoBKy0OYM B TOMY K JyCi, TPUXOAUMO JI0 3arajbHol hopMyJIn:

fn+k) = chA f(n (2.3)

Pisuuni maroTh BaacTuBocTi, cxoxki Ha Biracrusocri nudepenuians (C, a,
b — KoHCTaHTH):
AC =0,
An =1,
Alaf(n) +bg(n)] = aAf(n) + bAg(n),
Alf(n)g(n)] = f(n)Ag(n) + g(n + 1)Af(n).

[leprti Tpm 3 HUX OYEBHUIHI, & YETBEPTA JOBOIUTHCS TaK:

A[f(n)g(n)] = f(n+1)g(n+1) — f(n)g(n) =
fn+Dgn+1)— f(n)g(n+
- f

fn
f( 1
(n)g(n) = g(n+1)Af(n) + f(n)Ag(n).

2.2 3ob0parkeHHH

Teopema 2.1. Hdrxwo epamuacma gynxuis f(n) mae 306pasicenns F*(q), mo
it pisnuua k-20 nopadky 300pancyemsvCs mak:

AFf(n) <= (7= 1)" F*(q ePZ DFIATF0). (24)

JZosedenns. 3 bopmynu (2.1) i Teopem JHiHIRHOCTI i BUNEpEIZKEHHS ICTAEMO

Af(n) = f(n+1) = f(n) « e![F"(q) — f(0)] — F"(q),
abo
Af(n) <= (e = 1)F"(q) — € f(0), (2.5)

w6 Biamosinae dbopmyni (2.4) aua k = 1.
3HalimeMo 300parXkeHHsT PI3HUIIL APYTOro mopsaky. JIjis mporo cnovaTky 3a-
yBaxkumo, 1o ¢dbopmysa (2.5) i TeopeMa BUNEDEIKEHHs JAf0Th BiANOBIIHICTH

Af(n+1) <= e[(e? = 1)F*(q) — e"f(0) — Af(0)].

2.2. 3obpa>keHHH
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A?f(n) = Af(n+1) = Af(n) <
= el[(e? = 1)F*(q) — e f(0) — AF(0)]—
— (e* = 1)F"(q) +€7£(0),

abo

A%f(n) < (e = 1)F*(q) — e9(e? — 1) £(0) — e?Af(0). (2.6)
Ile Binnosigae dopmyai (2.4) pua k = 2. IIponosxkyrouu i Tak gasi, MoxHA
MEPEKOHATHUCS B TOMY, 10 (OPMyJia CIPABEIINBA IJisi OyIb-sIKOTO K. O

2.3 BukopucraHHd B PiBHAHHAX

CkinuenHo-pisuunese pisusang (1.3)
apz(n) + arxz(n+1) + ...+ apx(n+ k) = u(n) (2.7)

3a, gornomoro (gopmyiu (2.3), 3acTocoBanoi 10 HeBimoMol dbyHKIII, Moxke OyTu
TIepeTBOPEHE JI0 BUTISILY

boAFz(n) + by A 1o (n) 4+ ... + bpx(n) = u(n), (2.8)

B SKOMY BOHO Oiibliie, Hixk piBHsinug (1.3), naramaye siniiine qudepenuiaibhe
piBHsHHSA k-rO OpAaKy 31 ctamummu Koedimieatamu. Poap k-1 moxiamoi Bimirpae
pisauns k-ro nopsiaky. Tpeba, omHaK, 3ayBasKUTH, 110 TIOPSIOK PiBHAHHA (2.8)
HE MOYKHA BU3HAUUTH K TOPSIOK CTAPINOI Pi3HWI HEBimoMoi (yHKIII, 110
BXOJUTH y piBHsHHA. [lificHO, v piBHAHHI

A?f(n) +4Af(n) +3f(n) =0

MOPSIIOK CTapInol pi3uuii HeBimomol ¢yHkmnii mopiBaioe 2. IleperBopumo 11e
piBHsHHA 3a JonoMOoro ¢opmyiu (2.2):

fn+2)=2f(n+1)+ f(n) +4f(n+1) —4f(n) + 3f(n) =0,
fn+2)+2f(n+1)=0,

abo
f(n+1)+2f(n)=0.
Ak 6adanMo, PIBHIHHSA MA€ MEPIIHil TOPSIIOK.

Tomy, a Tako:K TOMY, IO BiANTYKYBATH 300pasKe€HHS PI3HUI HEBiIOMOL
dbyukuii 3a popmyoro (2.4) 210CUTh CKIIAIHO, HAMAIAIOTHCH PO3B A3y BATH CKIHYEHHO-
pisuunese pisagnug y suraam (1.3). koo x BoHO 3amane y Burasmgi (2.8),
fforo neperBopio0Th y (opmy (2.7), BUKOPUCTOBYIOUH PiBHICTH (2.2).

2.3. BukopucraHHS B PiBHIHHSX



3 CxkiHYeHHO-PI3HUIIEBI PiBHAHHS

Posryisiremo Ternep po3s’si3aHisa CKIHYEHHO-pi3HUIEBOro piBHganHsA (1.3):
apr(n) +arx(n+ 1)+ ...+ apz(n+ k) = u(n) (3.1)

OTepaIiiiHuM MeToAoM. 3BUYANHO HOro Tpeba po3B’a3yBaTw I 3aJaHUX IM0-
9aTKOBUX yMOB BUIJISIITY

2(0) =z, (1) =x1,...,2(k — 1) = xp_1. (3.2)

Posze’s3rom piznunesoro pisaganus (3.1) HasuBaeTbcs Oyab-fKa rpardacra
dbyukuig f(n), wo nicas mijacTaHOBKU B PiBHsAHHS 3amicTb HeBLIOMOT (yHKIil
x(n) neperBoOpIOE HOro B TOTOXKHICTH 1 33/I0BOIbHAE HOYATKOBL yMoBH (3.2).

3acrocyBaHHs OLePALiiHOIO METOAY 10 PO3B’si3aHHs piBHsHHs (3.1) nousi-
ra€ B TOMY, IO OOMIBI YACTHUHU DPIiBHSHHS TiIJAI0TH JUCKPETHOMY MEPETBO-
pennio Jlamgaca, B pe3ysbraTi 9oro [iCTal0Th TAK 3BAHE ONEPAIMOPHE Pi6-
HanHa (a00 PIBHAHHA 8 300PAHCEHHAT), y IKOMY HEBLIOMOIO € (pyHKIis
X*(q) = x(n). Ockinbku oneparopHe piBHsHHs 3BMYaiiHO — ajrebpaidue, TO
suaiitu 3 Hporo X *(g) nesaxko. 1106 10 HbOMY BUBHAYMTU LIyKaHWil Opuri-
HaJsl x(n), BUKOPUCTOBYIOTh CIENialbHI METOIH, BIacTHROCTI D-nepeTBopeHHst
i TabauIi «opuriHaI-300paykeHHsT». AHAIOTIYHIUM CIOCOOOM PO3B’SA3YIOTH i CH-
CTeMU CKiHIE€HHO-PI3HUIEBUX DIBHSIHbD.

IIpukaazn 3.1 (uponosxkenns upukiaany 1.1). Pose’sazamu pisnanmns (1.1).
Pose’asanna. llepenuiremo 3a3nadene piBHSAHHS Y BUTJISIL
s(n+2)+4s(n) —4s(n+1) =0. (3.3)

Buaiizemo s(1) = |[4| = 4 i nokmazemo s(0) = 1. HeBazkko moba4nuTH, 10 st
s(0) =11 s(1) =4 3 piBusanusa (1.1) sunausae, mo s(2) = 12. Besnocepegabo
00YHUCIIIOIYM BU3HAYHUK S(2), MOXKHA II€PEBIPUTHU CIIYIIHICTD 1bOIO Pe3yJibra-
ry. Takum umuom, $(0) = 11 s(1) = 4 € npuIATHUME TOYATKOBUMHU yMOBAMU

22
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iR v piBHSAHHSA (1.1). Beeemo 300pasKeHHs s(n) —
«—— S5*(q) i 3a Teopemoro BunepeKenHs gicranemMo s(n + 1) «— e?[S*(q) —
—s(0)] = €[S*(q) — 1, s(n +2) < €*[S*(q) — s(0) — s(1)e”] =

= €295%(q) — €21 — 4e?. 3acTOCOBYIOUH MUCKPETHe HepeTBOopenHs Jlammaca 10
piBasHHS (3.3), OTPUMYEMO PIBHSHHS B 300pPAYKEHHAX:

e215%(q) — €21 — 4e? + 45*(q) — 4e1S*(q) + 4e? = 0,
3 SIKOTO 3HAXOUMO

e e 1, 2ef
=—e

SW= G qara @ 2 @

®opmyaia (1.14) nokasye, o

2el

lon , . .
Cn2 — (eq_2)2,

BHKOPHCTOBYIOYH [IaJli T€OpeMy 3araloBaHHs, 3HAXOIMMO IIyKaHU PO3B’sI30K
piBusaHHA (3.3):

1
s(n) = 50,11+12"+1 =(n+1)2".

O

IIpukaazn 3.2 (nponosxkenns npukiany 1.2). Poze’azamu ckinuenno-piznuyese
pienanna (1.2).

Posé’szanns. Tloszuauumo y 3a3nauenomy piBusuni § = ka(a™7 — 1) 1 nogamo
Woro y BUTJISAIL

z(n+ 1) — ax(n) = Bu(n). (3.4)

Beenemo 306paxenss: x(n) <— X*(q), u(n) «<— U*(q). 3a dbopmynono
Bunepemkenus x(n + 1) «— e[ X*(q) — =(0)]. IIpunycrumo, mo x(0) = 0, i
3aCTOCYEMO JAMCKPETHe Lepersopents Jlaaca 1o piBusnus (3.4):

e’ X*(q) —aX(q) = BU*(q).
SHax0 MO 300paykeHHs BUXITHOIO CUIHAJLY:

X*(q) = L0 (3.5)

el —a

Hicranemo po3p’st30k piBusinns (3.4) juist ABOX PI3HUX BXIJHUX CUIHAJIIB.
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a) Hexait u(n) = do(n) «<— d (gus. (1.9)).

[Tomamo 300pazkKeHHsT BUXIHOTO CHTHAJY B TAKOMY BHTJISIJIL:
d q

X*(q) = 24 = paem1©

el — « el — «

i 3ayBaskuMoO, 10 BiAmoBiaHO 10 hopmyan (1.8)

q
e
a” ——

ed — a;
TOfIi 3a Teopemoio 3araopanna x(n) = Bda™"t, n > 1.
el
6) Hexaii u(n) = I(n) «— a1 (mms. (1.10)).
ed —
SanuiemMo 300pakeHHsi BUXITHONO CUTHAJLY TAK:

X*(q) = pet __F (e_q < —ae ! “ )

(ed—1)(e? —a) 1-a el —1 el —

IMpukaan 3.3. Po36’azamu CKiHYEeHHO-DISHUYEEE DIGHAHHA:
z(n+2)—z(n+1)+xz(n)=0
daa nowamxosur ymos x(0) = (1) = 1.

Posé’szanns. Tlozuauumo x(n) «— X*(q) 306paxkenns nesinomol Gynkuii i 3a
TEOPEMOIO BUIIEPE/IZKEHH: 3HAHAEMO

e(n+1) <= ef[X*(q) — 1], 2(n+2) <= [X*(q) ~1-e].  (3.6)

Tomy BUKOPUCTOBYIOYH IIi CITiBBiTHOIEHHS i 3aCTOCOBYIOYH 70 3aJaHOTO PiBHS-
HHs JIUCKpEeTHe TlepeTBopenHs Jlamraca, JicTaHeMO Take OrepaTOpHe PiBHSIHHS:

X" (q) — 1 — e = e?[X"(q) — 1] + X*(q) =0,

abo
X*(q)(e?? — el 4+ 1) = e 4 ¢ — ¢,
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3 SAKOTO 3HailIeMO 300parkeHHsT HEBiTOMOI yHKITII:

e2d
X(qQ)=——"7—.
(@) €2 — el 41
[TeperurieMo #Oro TaKUM YHHOM:
el (e? —cosZ 1 elsin
X*(q) — ( 3) + . 3

€% —2elcos T +1 /3 €20 —2edcosf +1

Buxkopucrosyioun Bimmosigsocri (1.11) i (1.12), MoxkeMo0 3ammcaTy po3B’si30K
33JJaHOTO CKIHYEHHO-PI3HUIEBOTO PiBHSIHHS Y BUTJISI:

x(n)—coszn—i—isinzn—l 1Sinzn—i—ﬁcosﬁn =
3 V33 v3\273 2 37

2 ( m T o g™ T )

= — (sin =ncos — + sin — cos —
3 sin 5 n cos - 3 3")>

abo ) )
z(n) = —si 7(71—'— )

= S1n
/3 3

IMpuknan 3.4. Posg’asamu cucmemy CKIHYEHHO-DISHUUEEUT DIGHAHD

z(n+1) —2z(n) —2y(n) =37,
y(n+1) —z(n) =3y(n)  =2".

ons HYADBOBUT MOUYAMKOBUT YMOE.

Poss’asanna. Beegemo 300paxenus nesizjomux dynkuiit X*(q), Y*(¢) i, Bu-
KODHCTOBYIOUH TOYATKOBL yMOBH 1 TeopeMy BHIEDEXKEHHs, OTPHMAEMO, IO
x(n+1) < e1X*(q), y(n+1) «— e?Y*(q). 306pa3umMo TaKoXK MpaBi YaCTHHU
piBHAHB: 3" «i— €7/(e?—3), 2" «— e?/(e—2). dani, 3acTOCOBYIOUYH TUCKPETHE
neperBopenns Jlamnaca 10 KOXKHOrO PIBHSHHSA 33JaHOI CHCTEMH, IPUIHIEMO 10
TAKOl CUCTEMHU OlIEPATOPHUX PIBHSAHD:

ed

el — 3’
ed

el — 2’

e?X*(q) —2X*(q) —2Y*(q)

e?Y*(q) — X*(q) =3Y*(q) =
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abo
el

el —3’
ed
el —2°

X*(q)(e? = 2) —2Y"(q)

—X*(q) +Y"(g)(e? =3) =

Po3p’sizkeMo 1110 crcTeMy MeTO/IOM BU3HAYHHKIB:

q_ _
A:€f12 eq23’:(eq—2>(64—3)—2:e2‘I—5e‘I+4=
= (e 1)(e" ~4),
el 9
e1—3 2e4 e2d
A = = e4 -
! e? ¢ +e‘172 ed —2’
pra— el —3
ed
a_2
A ‘ el —3 ay e? el(e? — 2)
= = e = .
2 . e? el —3 ed—3 '’
el —2
N ed N el(e? —2
X*(q) = v*(q) = et -2

(e7 = 2)(ed — 1)(et — 4)’ (e7 = 3)(et — L)(et —4)°

Bukonaemo po3ksiafanns OTPUMAHAX BUPA3iB HA ejleMeHTapHi Jpodu:

ed 1 ed 2 e ed
X*(q) = e _ L 2. e
@) = @ — =2 "3 ei—1 3 ei-d w3
e? —2
* — p4 —
V) = e e — )
3 ed 1 ed 8 el

5 e1—3 6 ei—1 73 e_4

Buxkopucrosyrouu dhopmysy (1.8), 3naxonumo opurinanu uux GyHkuiii, aki €
PO3B’SI3KOM 33aHOI CHCTEMU PiBHSHB:

1 2 1
z(n) = 3 + 54" — 2" = §(1 4+ 227t _ 3. 97,

3 18 1
y(n) = —=3" — — 4 4" = (22T _3nt2 ),

2 6 3 6
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st caMOCTIHOrO pPO3B’SI3aHHS 33439 PEKOMEHIYETHCST BUKOPUCTOBYBATH
36ipuukm 3amaq [3] 1 [4].




4 JIiHiitHI JUCKpETHI cCucTeMn

4.1 Ilepeximua dyukiis

B mpuponi, rexnini, cycmiabcTBi MOXKHA crocTepiratd 00’€KTH, MO SIBJISIOTH
cO0OI0 CYKYITHOCTI JeSKOI KiJIbKOCTI YaCTUH, STKi B3aE€MOIIIOTH OIHA 3 OIHOIO i
3MIHIOIOTH CBiit cTaH i3 yacom. Taki 06’€kTr B TeOpii pery IioBaHHs i KepyBaHHs
Ha3UBaOTh duHamiuHumu cucmemamu(JC)[5]. 3BudaiiHo 3a TOBEAIHKOIO
JC moxHa crnocrepiraru, BuBdamoun abo 11 BUXigHWiT curHam, abo, AKINO Ie
MOXKJIUBO, Oe3mocepenuno ii cran. Kpim Toro, 3aBasikm TOMY, IO 3BHIANHO
JIC pearye Ha 3MiHY 30BHIIITHROTO CEPEIOBUIIA, HA HET MOYKHA TIOIATH BXiTHUN
curaaJj i mpoanasizysaru i1 peakiiito. Cropomeno JIC MoxHa momaT y BUTTISI,
IIOKa3aHOMY Ha puc. 4.1.

u(n) A =(n) Buwmipauk ﬂ

Puc. 4.1: Jlunamiuaa cucrema

Ha mpomy u(n) osmadae Bxiguumii curaan, z(n) — cran JIC, y(n) — Buxi-
JHUI CUI'HAJI y MOMEHT JIMCKPETHOIO Yacy 1, a A — rak 3Bauuil oueparop JIC.
Omneparop siBjIsi€ CODOIO 3aKOH, 38 AKUM (DYHKIIIOHYE CUCTEMA; BiH TEPETBOPIOE
BXigHuii curHas w(n) y QyHKIIIO CTaHy CUCTeMHU:

z(n) = Au(n). (4.1)
Haznaui mu 6ynemo npumnyckaru, mo u(n), z(n) — ckansapui GyHkiii i cran z(n)

JOCTYUHU J1J1s1 CIIOCTEPEXKEHHs1, TOOTO BUMIDHUK HaM He HOTpibuuil (aus. puc.
4.2).

28



4. JlimiiiHi AMCKpPETHI cucremMu 29

u(n) a(n)

Puc. 4.2: Cupomiena nuHamidyHa cucremMa

Haiinpoctimmmu cepen IC € ainitint cucmemu (JIC), ix oneparop mage
BJIACTUBICT JiiHifiHOCTI (€1, C2 — KOHCTAHTH):

A(ciui(n) + couz(n)) = c1 Aur(n) + c2 Aus(n), (4.2)

sgKa 103BoJsA€, 3Haoun peakmiio JIC Ha BXimmi curHamwm ui i ug, micrarw il
peakiiio 3a dhopmysown (4.2) ua Oyab-gxy JiHifiHy KOMOIHAIIO UX CUHAJIB.

OckinbKu psz gBjse cOO00 TPAHUINO CKIHYEHHOT CyMH, TO BJIACTUBICTE Jii-
HIHOCTI BUKOHYETHCS 1 B Takiit (opmi:

oo o0
A z c¢(m)u(n,m) = Z c(m) Au(n,m), (4.3)
m=—o0o m=—o0
ne u(n,m) — BXiAHWI CHTHAJ, IO 3aT€KUTH BLI JEAKOTO Tapamerpa m, a

ornieparop A y npasiii yacruni piBHoCTi Ai€ Ha u(n, m) TiabKK fK Ha (DYHKIIO
n (uis dikcoBaHoro m).

JyKe 9acTO AUCKPETH] JIHIfIHI AUHAMIYHI CUCTEMU OMUCYIOTHCI PI3HUTIEBUM
JIHIWHUM PIBHAHHAM 31 crajgumu Koedimienramu:

apz(n) + ...+ agx(n + k) = bou(m) + ... + byu(m +1).

Hamnpuknas, mocaigoBae 3’€IHAHHA IMIIYJBCHOTO €JEMEHTa 3 AlePiOAu<IHOIO
naukoio (mpuknan 1.2) asnse coboio quckperny JIC.

OcHoBHUME 3amadaMu, 0 BUHUKAIOTH ¥ Teopil kepyBauus JIC, € Taki: mo
BxizHomy curnasy u(n) i peakuii JIC x(n) BimmykaTu oneparop A; mocjaiguru
AKICTH Iepexojly CUCTEMH B CTIMKUIA CTaH; 3HANTH 11 YaCTOTHI XapaKTEePUCTUKH.
Posp’a3aru ui 3aga4i MoxkHa, Ko nogaru Ha Bxiz JIC cuenjasbhi curaasiu.

[punycrumo, mo JIC BuBemena 3i cBoro criiikoro crany. ZKImo cucrema
ACHMITOTUYHO CTifiKa, BOHA Yepe3 SKUiCh 9aC MPAKTUIHO MOBEPHETHCSA B HBHO-
ro. Ileit mepexin i3 HECTINKOTO CTaHy B CTIfKWII HA3UBAETHCI NePeridHUM
npouecom. [lepexinunit mporec Mmoxke BimOyBaTHCh HO-pi3HOMY. JIKINO Bif TpH-
BAa€ JOBro i cucrema poOUTH BEMWKI KOJWBAHHs, TO TaKa CHCTEMa, HABITH i
crifika, He MOXKe BBAXKATUCH 33/10BLIbHOIO.

4.1. TIlepeximua dyHKIisz
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[I1o6 omirnTH AKICTH MEPEXiTHOTO MPOIECY, HA 11 BXiT MOJAIOTH OXUHIIHY
cximuacry dbyuknio Xesicaiiga I(n), o3uadeny B npukiam 1.6, i BuBuaoTh
BIAryK cuCTEMH, IO HA3UBAIOTh NepPeridHot0 GYHKUIEI CUCTEMHU 1 IO3HA-
qaiorh h(n,m), ne m — momenT nodarky uozadi ¢ynkuii Xesicaiina. Tpu-
BaJicTh wacy My Bif movYaTKy MEpPExXiTHOTO TPOIeCy A0 MOMEHTY N, KOJ!
|h(n,m) — h(co,m)| < 0,05]|h(co,m)| HABUBAETHCT MpPuUBaAicMIO nepexi-
dnoz0 npouecy. ko nporarom yacy M dbyuxkiia h(n,m) — h(co, m) 3mi-
HIOE 3HAK, TO KOXKHUW €KCTPEMYM HA3UBAETHCA NEPEPE2YAIOBAHHAM, A GU-
CJIO TAKHUX EKCTPEMYMIB 3a 9ac mepexigHoro nporecy M Ha3UBAETHCA HUCAOM
nepepeayao8aHs.

Ilepexigamit mporec BBAXKAOTDH 3aJ0BITHHIM, SKIIO YUCJIO TIEPEPETYTIOBAHD
HE MEPEBUIIY€E ABOX. Y AKX BUIMAIKAX TIEPEPEry/IIOBAHHS B3araJi HE ITOIy-
CKAETHCS.

Mpukaan 4.1. 3natimu nepexiony Pyukyito OUCKPEMHOL CUCMEMU <IMNYAb-
cHUTl eaemenm — anepiodusna AGHKG.

Pose’szamnms. Po3p’sxkemo piBusnus (3.4) 3a yMoBH, 1110 BXIAHUIT CUIHAJ € 01~
HUYHOIO cxiguacroo dyukuieo, u(n) = I(n — k):

z(n+1) —ax(n) = I(n — k), z(0) =0,
ISl 90r0 BBEJIEMO 300parKeHHsI

z(n) <= X*(q), z(n+1) < e'X"(q),
L kg €
]I(n — k) — € qﬁ

i CKJIaJIeEMO OllepaTOPHE PiBHAHHSA
e’X*(q) — aX*(q) = 56_’“‘17&
el —1°

Hictanemo
1 1

X* _ -kq__ — . __ - q
(q) = Be™ 2 - ¢
Opurinan mjist 300parkeHHst
pet
(e —1)(e? — @)

OyB 3HaiiIeHnit y NpUKIaIl 3.2; BUABUJIOCH, IO BiH JOPIBHIOE

g

l1—«

[M(n—-1)—a"].

4.1. TIlepeximua dbyHKIisz
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Towmy ma mizcTaBl TEOpEMU 3aralOBaHHA OTPUMYEMO

xz(n) = 1fo¢ []I(nfkfl)fa"*k];

OTIKe, Tepexinuna PyHKIIA JaHOT JUCKPETHOI CUCTEMY BUPAXKAETHCA (DOPMYIIOI0

hink) =< 1 -«

4.2 Barosa ¢yHKIig

Axmo mogasaru Ha BXix JIC Bce GimbiT KOpOTKU i BCe GiIbIT MOTYXKHUI M-
nysbe («yaap» ), TO, BUSBJISIETHCSA, MOKHA OTPUMYBATH BCe OLIbIN oBHY iHGbOD-
Mariiro 1npo ii oneparop A. B Teopil AMCKpEeTHUX CHCTEM pPOJib TAKOIO BXIiIHOTO
curnaity sigirpae dbyskuis o(n), posmisayTta B npukaam 1.5, 3a i1 gornomorowo
JOBLILHUI BXIJIHUM CUT'HAJ MOYXKHA IOJATU Yy BUIJIsA/I

o0

u(n) = Y ul(m)a(n —m). (4.4)

m=—0o0

Peaknia JIC ma dyskuio o(n), nojzany B MOMEHT 4YacCy k, Ha3UBAETbCH
680208010, ab0 IMNYAbCHOW nepexidnoto dynruyiero JIC i nozHadaeThCA
g(n, k) = Ao(n — k), upuuomy, mist bizuduHo 3aificCHEHHOI cucTEeMU CJiiJ| BBa-
karw, mo g(n, k) =0, xomm k > n.

3acrocyemo 10 pisHocTi (4.4) oneparop A JiHiitHOI cucTeMH, BpaxoByIOUn
fioro Biacrusicts (4.3):

oo o0

z(n) = Au(n) = Z u(m)Ao(n—m) = Z g(n,m)u(m),

m=—0o0 m=—0o0

ne g(n,m) = Ao(n—m). Jua Gisudno 3ailicHeHHOI cucTeMu 3B11CH BUILIIMBAE,
1o

n—1

v(n) = 3 gn,m)u(m) (45)

m=k

4.2. BaroBa dyHKIIig
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3a yYMOBHW, IO BXIJHWH CHTHAJ TIOJaBAaBCd, TMOYWHAIOYM 3 MOMEHTY dYacy
n = k. dkmo B ocranuio Gopmyiy 3amicTb w(m) MiACTABUTH OAMHUYHY CXill-
qacTy QYHKIIIO, BUiige Bupas

h(n, k) = i g(n,m)I(m — k) = z_: g(n,m), k <mn, (4.6)
m=k m=k

KW OB ’sI3y€ BaroBy (PYyHKINO cucremu 3 11 mepexigHo (QyHKIHEO.
MozkHa 3Ha#TH i BUpa3, 1o peasidye mpoTuiekauii 38’ a30kK. /lificHo, dop-
myasy (4.6) MOXKHA LEperucaTu TaK:

h(n,k) = g(n, k) + i g(n,m) = g(n, k) + h(n, k + 1),
m=k+1
a ToJi
g(n, k) = h(n, k) — h(n, k + 1), k <n. (4.7)

IIpuknazn 4.2. Buxopucmosyrouu peaysvmam npuxaady 4.1 i pienicms (4.7),
3HATUMU 60208Y PYHKUIIO CUCTNEMU <EMNYALCHUT eAeMENM — ANePiodUYHA AaH-
Ka».

Po36’s3amnms. 3acTOCOBYIOUYM 3a3HAYEH] PE3YIBTATH, 3HAXOIUMO

g(n, k) =h(n, k) —h(n,k+1) =

_ /8 . n—k] _ ﬁ _ on—k—17 _
gl G e Bl
. fa(anfkfl _ anfk) _ ﬂ Oénfkfl(l _ Oé),

l1—«

abo
g(n, k) = Ba" 1 k<.

Tenep Biaryk miei cucremu Ha Oyab-siKuil BXiAHUI CUTHAJ BiAmOBinHO 10 dOp-
myiu (4.5) MOXKHa IOJATH B TaKuii CIoCi6:

4.2. BaroBa dyHKIIig
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4.3 TlepepaBanbHa PYHKIid

B ycix posrisiHyTHX BuIe TPUKJIaaax, Baroa i mepeximna dyukii JIC 3aire-
JKaJTHA JTUITE BiJl PI3HUIN apryMeHTiB:

h(n,m) = h(n —m), g(n,m) = g(n —m).

JIC, mo MaoTh TaKy BIIACTHBICTH, HA3UBAIOTHCA cMaAUioHapHuMu. [Lia cra-
) b)

MIOHAPHOI CHCTEeMHU BiATYK Ha BXiTHHUIT CUTHAJ 33 JOMOMOIOI0 BaroBoi (PyHKITI
3PYYHO 3aIIUCATH TAKAM THHOM:

z(n)= Y glnmyu(m)= Y gln—mu(m)=
m=—o0 N m=—o0 (48)
=<s=n—m>= Z g(s)u(n —s),

npudomy, miist ¢izuano 3aificaennol JIC ma dbopmyia HabyBae BUTIISIIY:

x(n) = Zg(s)u(n —s), s>0.
s=0

[Momamo wa BXif crarionapuoi ¢gizuuno 3ailicaenHol JIC mOKa3HUKOBY (DYHKITIIO
u(m) = ed™:

(oo} [ee]
z(n) =Y g(s)e? ™) = ety " g(s)e 9.
s=0 s=0
KopoTko 11e MOXKHa 3ammcaT Tak:
xz(n) =e1"G*(q),

ze

G'q) =3 gls)e ™
s=0

— IOUCKDPeTHe IeperBopenHs Jlansaca sarosoi GyHKIil, ske HA3UBAECTHCHA NepPe-
dasaavbHoto yHnKuiero TUCKPETHOI cucTeMu. TakuM YUHOM, TIEpeIaBaIbHA,
dyuknus — peakiiisi cramionapuoi JIC Ha TpaTrdacTy MOKa3HUKOBY (DYHKIIIIO
u(m) = e9™. dxmo noznauntn r(n) «—— X*(q), u(n) <— U*(q) i Bpaxysa-
tu, wo g(n + k) = 0, kK > 0, To 3a Teopemoro PO 3roprky 3 pisHOCTI (4.8)
JICTaHEMO

X*(q) = G*(¢9)U"(q). (4.9)

4.3. IlepemaBasibHa (byHKIIIA
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[punycrumo, mo JIC 3amama CKIHYeHHO-PI3HUNIEBUM DiBHSIHHSIM

k 1
Z arx(n+r) = Z bpmu(n +m).
r=0 m=0

3acTocy€emMo 10 HbOro JUCKpPEeTHE neperBopenHs Jlamnaca:

l

k
D_are X (@) = 3 bue™ U (a),
r=0

m=0

abo

X*(q) = m U (g). (4.10)

1 k
e ©*(q) = > bme™e, v*(q) = > are"?. Iopisuiowoun Bupasu (4.9) i (4.10),
r=0

m=
JOXOJIMMO JI0 BUCHOBKY, 11O

Orpumannii Bupa3 mokasye, mo ajst ganoi JIC nepenaBaibra QyHKILSA € IpiOHO-
parioHaIhHOI QYHKINEN. AKINO 300parkKeHHsT BXiTHOTO CUTHAJIY TAKOXK 3aaHe
JpibHO-panioHa bHO (MYHKINE, TO 3 piBHOCTI (4.9) BUILIMBAE, 1110 1 300pake-
HHSI BHXIZHOT'O CHTHAJY B IIbOMY BHIAJKY € IPiOHO-PAIiOHATBLHOIO (PYHKIIEO.
Takum 9wHOM, BUXiTHUI CUTHAJI-OPUTIHA 3aBXK U MOXKe OyTH 3HAMIeHUN aHa-
JITUYHO 1IPU BUKOPUCTAHHI BiJIIOBIIHUX TEOpEM OLEPALiHOIO YUCJIeHHd 1 Ta-
OUIT «OPUTIHAI-300PAYKEHHST.

IMpuknan 4.3. 3uatimu nepedasaisvhy PyYHKUI0 JUCKPEMHOT CUCTIEMYU <iM-
NYALCHUT AEMEHT, — GNEPIOCUNHE AGHKAS, U0 MOOEANEMBCA PIEHAHHAM

z(n+ 1) — az(n) = Bu(n).

Pose’szanms. Po3p’s3anns upukiany 3.2 masno dopmyiy (3.5), sika upu 1o-
piBusinni 3 pisuicrio (4.10) nokasye, wo uepejasaibia QyHKUis JUCKPETHOL
CUCTEMU <«IMIIYJIbCHUN €IEMEHT — anepioanvYHa JIAHKA> BUPAKAETHCS (HOPMY-
JIOI0

4.3. IlepemaBasibHa byHKIIIA



Homarok A Tabsmiri

A.1 BuaactuBocti D-neperBopeHHS
Beaxaerses, wo f(n) <~ F*(q), fj(n) < F;(q)
1. JliniitaicTs gjl Cifi(n) — i CiF} (q)
2. 3eys e f(n) «— F*(q — a)
3. BaraloBaHHsI f(n—k) —— e MF*(q)
4. BunepemKeHHs f(n+k) «—er | F*(q) — kg f(i)e ia
5. Iloxinua (—=1)fn*f(n) [F*(q)]®
6. 3roprka f1(n) * fa(n) = ;O Hi(@) fa(n — i) == Fy(q)F5(q)
— Sy L
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Homatok A. Tabmamii

A.2 Tabaumnga «opuriHaa-300pa>keHHd »

Opurinan f(n) Bobpaxkemnus F*(q)
1 =0
om)=4" "7 1
0, n#0.
1 > 0: q
In)=4 ' "= i
0, n<O0. el —1
, e?
a”/
el —a
ed
ean
ed — e
ed
" (1 —1)2
q(pd
2 el(e? +1)
CE
4
sin Bn elsin 8

€24 —2edcos B+ 1

e?(e? — cos B)

cos fn €24 — 2edcos B+ 1
sh fn e%—ijz%
ch fn %

cy ﬁ
Ckeom %
Ckam o

(e — a)k+1

A.2, Tabimig «opHUriHAJI-300pa>kKeHHs»
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